MATHEMATICAL STATISTICS QUALIFYING EXAM
Fall 2002

NAME: ID:

Instructions: Work four of the following six problems. You may not use notes or any other
assistance.

The four problems you have attempted:

1. Let X1, Xs,... be a sequence of iid random variables with a common uniform distri-
bution on (0, 1).

(a) Let Z, = ([T, X,-)l/" be the geometric mean of X,...,X,. Show that 7,
converges in probability to a constant ¢ as n — oo and find c.

(b) Let W, = max{Xy,...,X,} and show that W, converges in probability to 1 as
n — 0o.

2. A random variable X possesses a skewed-normal distribution with mode p and scale
parameters o2 and o2 if its density is given by
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(a) Show that
PX<p=—22" and P(X >p) =
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(b) Show that
1/2
E(X)=p+ (2> (09 — 01).

m
3. Let X4,...,X, be iid random variables with
Pg(Xj: 1) =6 and PQ(XJZO) :1—0, jzl,...,n,

where n is a fixed constant and 0 < € < 1. Let

(a) Show that X is a complete sufficient statistic.

(b) Show that an estimator 7' = T'(X1,..., X,) is a UMVUE of its expectation if and
only if it is a function of X.

(c) Show that a function g(-) of # has an unbiased estimator if and only if g(-) is a
polynomial of degree less than or equal to n.

(d) Let T}, denote the UMVUE of #*. Give an explicit formula for Ty, k = 1,...,n.



4. An observation y is normally distributed with unknown mean # and known variance
2

T

(a) Before observing y, you have prior probabilities ¢, that # = 6y, and 1 — ¢, that

0 = 0., where 6, and 6, are specified. Find your posterior probability that § = 6,
after observing y.

(b) Before observing y, you have prior probabilities ¢, that § = 6y, and 1 — ¢, that

0 # 0. Given that 6 # 6y, your prior distribution on # is normal, with known

mean #; and variance o2. Find your posterior probability that § = 6,, after

observing .

5. Assume Xi,..., X, and Yi,...,Y, are independent random samples of size n from
N(p1,1) and N(ug, 1), respectively. Further, it is known that ps < p9. Under this
ordering of the parameters u; and ps, answer the following questions.

(a) Derive the maximum likelihood estimator of (u1, po)-

(b) Derive A, the likelihood ratio test statistic for testing Hy: p; = po versus Hi:
11 > pg, and indicate the rejection region for the likelihood ratio test.

(c) What is the distribution of —21n A when uy = po?

6. Consider independent Bernoulli random variables X; which have known covariate val-
ues (constants) z;, i = 1,2,...,n, such that

1 exp(p + 0z;)
= =PF d P(X;=1)=
1+exp(p+0z) and P(X;=1) 1+ exp(p + 0z;)

P(X; =0) =1— Py,

where (u, ) are unknown.

(a) Determine a complete sufficient statistic for (u,6).

(b) Derive the form of the UMP unbiased test of the hypothesis Hy: 6 < 0 versus
Hi: 0 > 0. An explicit expression for the exact “constants” required to carry out
the test is not readily available and hence not required, but you should give some
indication of how the test would be carried out in practice.



