
Computer Physics Communications 176 (2007) 531–538

www.elsevier.com/locate/cpc

Performance of the 3D FFT on the 6D network torus
QCDOC parallel supercomputer ✩

Bin Fang a, Yuefan Deng a,∗, Glenn Martyna b

a Department of Applied Mathematics and Statistics, Stony Brook University, Stony Brook, NY 11794-3600, USA
b IBM Research, Physical Sciences Division, IBM T.J. Watson Laboratory, Yorktown Heights, NY 10598, USA

Received 24 May 2006; received in revised form 28 December 2006; accepted 28 December 2006

Available online 1 February 2007

Abstract

QCDOC is a massively parallel supercomputer with tens of thousands of nodes distributed on a six-dimensional torus network. The 6D structure
of the network provides the needed communication resources for many communication-intensive applications. In this paper, we present a parallel
algorithm for three-dimensional Fast Fourier Transform and its implementation for a 4096-node QCDOC prototype. Two techniques have been
used to increase its parallel performance: simultaneous multi-dimensional communication and communication-and-computation overlapping.
Benchmarking experiments suggest that 3D FFTs of size 128 × 128 × 128 can scale well on such platforms up to 4096 nodes. Our performance
results suggest stronger scalability on QCDOC than on IBM BlueGene/L supercomputer.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction

Investigation of biological, physical and chemical phenom-
ena by means of computer simulation has been a wide scientific
computing area since the end of last century. From the first
computer simulation of the simplest system, hot-gas plasmas,
reviewed in [1,2], to the current simulation of the small protein
‘trpcage’, consisting of 20-residue sequence [3], many signif-
icant improvements have been made both computational effi-
ciency and accuracy. In recent years, the molecular dynamics
simulations of more complex biological systems has become
one of the more interesting and challenging research areas, at-
tracting more and more researchers [4–7]. However, there is an
inherent bottleneck in MD simulation, the calculation of the
long-range interaction, which makes simulating large systems
impractical because of its quadric computational complexity
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when formulated in the most basic way [5,8]. In the past two
decades, researchers have developed many methods to handle
long range forces efficiently, an effort which involved both the-
oretical and algorithmic advances [9–11]. One of the most pop-
ular approaches involves the expression and computation of the
dominant portion of the long force in reciprocal space to yield
accurate and numerically efficient description of long range in-
teractions with O(N logN) computational complexity [6,7,10,
11]. There are several commonly used reciprocal space based
methods. The most commonly used methods in MD simulation
include the Particle Mesh Ewald, Particle–Particle Ewald, and
Smooth-particle mesh Ewald methods [4,12–17]. Besides their
utility in increasing the efficiency of classic molecular dynam-
ics, the reciprocal space based method has many other appli-
cations, such as in treating long range interactions in ab initio
calculation in clusters [18] and even in non-three-dimensional
spaces [19,20]. However, no matter what flavor of reciprocal
space method is employed, the Fast Fourier transform [21,
22] is the only means to access the reciprocal space in order
O(N logN); so, therefore, the 3D-Fast Fourier Transform (3D-
FFT) plays an important role in the computation of the long-
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range interaction in a variety of important computer simulation
methods.

Much effort has been put into improving the sequential ef-
ficiency of the 3D-FFT [22–26]. In this paper, we focus on
improving the scalability and efficiency of the 3D-FFT run on a
specific parallel supercomputer QCDOC, which has the ability
to expand up to more than 10,000 nodes, with a six-dimensional
torus network topology [27–29]. This is actually the most chal-
lenging computational phase implemented in MDoC [30], our
new parallel MD simulation package, that is designed to simu-
late globular proteins in aqueous solution which involves treat-
ing systems containing between 10,000 and 100,000 atoms.

The most common parallelization scheme adopted to treat
3D-FFTs of size N × N × N is the so-called slab decompo-
sition [31,32], in which a three-dimensional (3D) data array is
decomposed along one single axis into “slabs”. For instance, to
perform the computation on N nodes, each node will have par-
tial data of size N × N × 1. The scalability of this method is
limited by the number of data points along a single axis. In ad-
dition, the slab decomposition does not map naturally to torus
architecture, such as QCDOC and IBM’s BlueGene/L super-
computer [33,34], with tens of thousands of nodes.

In this paper, we adopt an efficient method, implemented
on BlueGene/L [35,36], to a new and much more complicated
six-dimensional (6D) torus network architecture. With this de-
composition, an N × N × N array is distributed on a 6D grid
P1 × P2 × P3 × P4 × P5 × P6, each node having a subset of
data of size N

P1×P2
× N

P3×P4
× N

P5×P6
. The main difference of our

implementation from IBM’s volumetric method is that, instead
of communicating along one-dimensional axis and within two-
dimensional plane, we communicate within two-dimensional
plane and within four-dimensional space, respectively.

Our goal is to provide a highly scalable 3D FFT framework
for QCDOC that can use any serial 1D FFT solver as a build-
ing block. Here, we use FFTW [24,25,32] as the sequential 1D
FFT solver and QMP [37] as the communication protocols to
assess the performance of our parallel scheme. The metric for
efficiency used in this paper is the “total running-time to fi-
nal solutions” for the problems. We conclude that although the
efficiency is worse than IBM’s volumetric 3D-FFT run on Blue-
Gene/L within the factor of hardware difference, the (strong)
scalability for relatively small data sizes, such as 323, 643, and
1283, is much better and the approach presented here actually
can scale well up to 4096 nodes.

The rest of the paper is organized as follows. Section 2 de-
scribes the architecture of QCDOC relevant to our method.
Section 3 presents the parallel algorithm we have developed.
Section 4 provides the model for the performance analysis, fol-
lowed by actual performance results and their comparison with
BlueGene/L results.

2. QCDOC supercomputer

QCDOC (Quantum Chromodynamics On a Chip) [28,29,38]
is a massively parallel computer developed by a group of re-
searchers at Columbia University, the RIKEN BNL Research
Center (RBRC), IBM’s Watson Research Laboratory, and the
UKQCD collaboration. QCDOC uses a six-dimensional, low-
latency mesh network to connect processing nodes, each of
which includes a single custom application-specific integrated
circuit (ASIC) and an industry-standard DDR memory module.
Each node has a peak speed of 1 Gflops. Larger systems can be
built by integrating many such processing elements with pre-
scribed resource requirements on a certain topology.

The main components of the QCDOC ASIC are:

(1) 500 MHz, 32-bit PowerPC 440 processor core;
(2) 64-bit, 1 Gflops floating-point unit;
(3) 4 Mbytes embedded DRAM on-chip memory;
(4) nearest-neighbor serial communications unit (SCU) with

aggregate bandwidth of 12 Gbps in 12 independent bi-
directions (for six-dimensional mesh);

(5) other components such as Ethernet controller, JTAG, and
interrupt controller.

With the ordinary inexpensive computing nodes, and the unique
interconnection, QCDOC can deliver a price/performance of
less than $1 per sustained Mflops [29]. The most important
characteristic of QCDOC system for parallel 3D-FFT is the six-
dimensional torus network, in which every processor is directly
connected to 12 other nearest neighboring processors with bidi-
rectional communication channels.

3. 3D-FFT and its parallelization

Although there exist many mature parallel 3D-FFT methods
[22–26], they are not efficient on QCDOC if they are routinely
ported in. In this section, we first briefly review the basic 3D-
Discrete Fourier Transform (DFT), layout the data mapping,
followed by a description of the parallel 3D-FFT developed for
and run on QCDOC.

3.1. Basic 3D-DFT

Let X(jx, jy, jz) ∈ C
Nx×Ny×Nz be a three-dimensional com-

plex matrix. The 3D DFT of matrix X, also a 3D matrix
Y(kx, ky, kz), is defined as

Y(kx, ky, kz) =
Nz−1∑

jz=0

Ny−1∑

jy=0

Nx−1∑

jx=0

X(jx, jy, jz)W
jxkx

Nx
W

jyky

Ny
W

jzkz

Nz
,

kx = 0, . . . ,Nx − 1, ky = 0, . . . ,Ny − 1,

kz = 0, . . . ,Nz − 1,

where WNα = e−2πi/Nα , Nα ∈ Z and α = x, y, z [21,22].
This 3D-DFT computation can be decomposed in three suc-

cessive stages.
First, we compute the one-dimensional DFT of X(:, jy, jz)

for all (jy, jz) pairs

X1(kx, jy, jz) =
Nx−1∑

jx=0

X(jx, jy, jz)W
jxkx

Nx
,

kx = 0, . . . ,Nx − 1, jy = 0, . . . ,Ny − 1,

jz = 0, . . . ,Nz − 1,
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by evaluating Ny × Nz independent one-dimensional DFTs of
size Nx along x-axis.

Second, we compute the one-dimensional DFT of X1(kx, :,
jz) for all (kx, jz) pairs

X2(kx, ky, jz) =
Ny−1∑

jy=0

X1(kx, jy, jz)W
jyky

Ny
,

kx = 0, . . . ,Nx − 1, ky = 0, . . . ,Ny − 1,

jz = 0, . . . ,Nz − 1,

by evaluating Nx × Nz independent one-dimensional DFTs of
size Ny along y-axis.

Third, we compute the one-dimensional DFT of X2(kx, ky, :)
for all (kx, ky) pairs

Y(kx, ky, kz) =
Nz−1∑

jz=0

X2(kx, ky, jz)W
jzkz

Nz
,

kx = 0, . . . ,Nx − 1, ky = 0, . . . ,Ny − 1,

kz = 0, . . . ,Nz − 1

by evaluating Nx × Ny independent one-dimensional DFTs of
size Nz along z-axis.

3.2. The parallel algorithm

The QCDOC network topology is a truncated 6D torus that
can be expressed as px × 2 × py × 2 × pz × 2, where pi = 2ci

represents the number of nodes in each of the three regular di-
mensions and ci can be any positive integer. The other three
dimensions are truncated, with two nodes in each of them.
Along every regular dimension, there is a bidirectional link
between each pair of nearest neighbors; while along every trun-
cated dimension, there are two bidirectional links connecting
the two nearest nodes, which can do the data communication
independently and simultaneously. Technically, we manipulate
QCDOC as if every processor was directly connected to 12
nearest neighboring processors with bidirectional communica-
tion channels. Let Px = px × 2, Py = py × 2, and Pz = pz × 2;
i.e. Pi is the number of nodes in two-dimensional mesh con-
sisting of one regular dimension and one truncated dimension.
Without loss of generality, we assume the data matrix is of size
N = Nx × Ny × Nz.

Initially, a node with the coordinate (a, b, c, d, e, f ), where
a = 0, . . . , px − 1; b = 0,1; c = 0, . . . , py − 1; d = 0,1; e =
0, . . . , pz −1; f = 0,1, stores a sub-block of data nx ×ny ×nz,
where nt = �Nt/Pt� with t ∈ {x, y, z}. We define submatrix

Xi,j,k ≡ X
(
(i − 1)nx : inx, (j − 1)ny : jny, (k − 1)nz : knz

)
,

(1)i = b · px + a, j = d · py + c, k = f · pz + e

and store this submatrix in this node (a, b, c, d, e, f ), with the
following constraints on the sizes of these sub-matrices:

nx · ny = α × Pz, nx · nz = β × Py, ny · nz = γ × Px,

where α, β , and γ are integers.
As mentioned earlier in Section 3.1, 3D FFT is computed
dimension by dimension.

First, along the z-axis, we compute Nx × Ny independent
1D FFTs of size Nz each. Before the actual 1D transform, we
rearrange the scattered data along the z-axis to let each of the
Nx ×Ny 1D FFTs be stored locally. To do this, an all-to-all per-
sonalized communication along the z-axis must be performed.
Serial 1D-FFT computations are carried out in each node in-
dependently, followed by the same communication as above
to transfer the data back to the original distribution described
by Eq. (1). Thus, we have completed the 3D-FFT computation
along one dimension and obtained the intermediate array X1,
as in Section 3.1. Next, along the y-axis, Nz × Nx sets of in-
dependent 1D FFTs with the size of Ny are performed. Finally,
we perform similar operations along the x-axis. All of them
consist of the same three steps, i.e. forward transpose (FT), ser-
ial computation (SC), and backward transpose (BT), as solving
z-directional FFTs. Among these three steps, communication is
needed for the transposes.

In our implementation, the most straightforward scheme is
to link the three steps as shown in Part A of Fig. 1, resulting
in utilization of communication channels in only two out of six
dimensions concurrently. There are at least two improvements
that can be made to increase the efficiency.

Since the forward transpose along one axis and the backward
transpose along the next axis are applied within different 2D
torus plane, we can combine them to reduce the communication
as shown in Part B of Fig. 1. That is, the backward transpose
along the z physical axis can be done on the ab torus plane
simultaneously with, and independently upon, its succeeding
forward transpose along the y physical axis done on the cd

torus plane, exploiting the independent bidirectional commu-
nication channels in four dimensions concurrently. The same
manipulation is applied to the backward transpose along the
y-axis and its succeeding forward transpose along the x-axis.
In this way, instead of six, we actually count only four times of
communication, which has already been taken into considera-
tion in the model next section.

Furthermore, within each one of the three-dimensional FFT
computations, instead of doing all local 1D-FFTs sequentially
with the communication channels idle, followed by an intensive
communication with all CPUs idle, we chop the local data into
pieces by means of giving another input parameter, indicating
how big the chop is. By doing this, we perform the sequen-
tial 1D FFT computation on one piece, while simultaneously
transferring the next piece. This communication-computation
overlapping, shown in Part C of Fig. 1, accrues from the un-
blocking communication scheme of QMP [37]. Some remarks
here are necessary. First, the parameter we choose to indicate
the size of the chopped data is dependent upon the hardware,
including the speed of CPU, the communication latency and
the channel bandwidth. In this paper, all the efficiencies shown
in the next section are obtained on QCDOC by choosing op-
timal parameters empirically. Second, in Part C of Fig. 1, we
only depict the communication part, which is the bottleneck in
parallel 3D FFT computation, with darker shaded areas mostly
representing the time spent on unavoidable memory access and
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Fig. 1. This image shows different steps in 3D FFT computation. Both of the communication steps, forward transpose (FT) and backward transpose (BT), are shown
in shallow shaded area; the sequential computation part (SC) is shown in dark.
little non-overlapped sequential 1D FFT computation. Most of
the sequential computation time (darker shaded area) appearing
in Part A and B has been overlapped with communication.

4. Performance analysis

In this section, both the theoretical model and the actual per-
formance are presented. We also analyze the deviation of actual
performance from the model.

4.1. The model

QCDOC inter-node network’s store-and-forward routing de-
termines our communication model [39]:

tcomm = ts + (mtw + th)l

where ts is the start-up time, tw the per-word transferring time,
th the per-hop time, m the number of words transferred and l

the number of hops. The fact that QMP supports non-blocking
communication allows us the convenience of building commu-
nication handlers before actual data transfer, justifying neg-
ligence of start-up time. Moreover, because the memory-to-
memory transfer time for nearest neighbors is around 0.6 µs,
the total per-hop time in the 3D-FFT implementation is so small
that it can be ignored. Additionally, we may assume the actual
link transferring speed is approximately 90% of its theoretical
peak value. With these assumptions, we simplify the communi-
cation model as tcomm = mtw × l/0.9.

Because the parallel 3D-FFT is communication-intensive,
we only include the communication time in our model. How-
ever, for the computation part, we may adopt the idealized
bound [35] given by IBM. Although the theoretical complexity
of 1D FFT on a problem of size N is 5N log2 N , data depen-
dencies force a fused multiply-add (FMA) machine to use eight
cycles when a fused multiply-add is issued every cycle, result-
ing in a more accurate bound of 8N log2 N clock cycles.

4.2. Performance and its analysis

We have benchmarked our parallel 3D-FFT algorithm on
three QCDOC prototypes. The first, with fewer than 16 nodes
running at 360 MHz, resides at Columbia University; the sec-
ond, with up to 64 nodes running at 420 MHz, resides at
Brookhaven National Laboratory (BNL); the third, up to 4096
nodes running at 400 MHz, also resides at BNL. Among all
three prototypes, the 4-node and 8-node systems are config-
ured as two-dimensional tori, while the 16-node and 32-node
systems are configured as four-dimensional tori. All others are
configured as truncated six-dimensional tori.

Our implementation is based on QMP message-passing in-
terface and FFTW 3.1 library as its 1D FFT solver. The running
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Fig. 2. Speed-up for 3D-FFT on grids 323, 643 and 1283 for up to 4096 nodes.

Fig. 3. The experiment and model performances, measured by the total running time in solving 323, 643 and 1283 3D-FFTs on different systems, vs. number of
nodes.
time is collected from the experiments of varying node num-
bers, with fixed problem sizes—strong scaling experiments.

Fig. 2 shows the speedups of three sets of experiments for
three problem sizes: 323, 643 and 1283.

Fig. 3 shows the actual running time compared with our
models. In the 323 case, all original data can fit into the fast
EDRAM, the sequential performance on one node is much bet-
ter than that for 643 and 1283 cases, for which the data have to
be stored in slower DDR memory. So we notice the deviation of
the experiment performance from the model, for the 323 case,
is smaller than that for the other two cases. The performance for
larger systems deviates from the model due to memory hierar-
chy effect, i.e. data prefetching from the two types of memory
at different speeds. Also, the store-and-forward routing of the
system makes intra-memory data transfer inevitable. The exis-
tence of non-overlapping of communication and either memory
access or sequential computation, as shown in Part C of Fig. 1,
causes additional deviation from our model. Table 1 lists the
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Table 1
The modeled communication time, the measured non-overlapped 3D-FFT computation time and memory hierarchy time are shown, for problem of size 1283 on 64
and 512-node systems, in addition to their actual running times

Tmodel
(10−3 sec)

Tnon-overlapped FFT

(10−3 sec)

Tmemory hierarchy

(10−3 sec)

Tactual performance

(10−3 sec)

64 nodes 41.6 7.2 15.9 69.0
512 nodes 6.4 0.6 2.2 12.2

Table 2
QCDOC and BlueGene/L hardware parameters are listed. These parameters are all relevant to the parallel 3D FFT computation

Dimensionality Processor
clock
speed

Bandwidth
per link

Message
passing
interface

Communication
routing

QCDOC 6-dimensional torus
px × 2 × py × 2 × pz × 2

400 MHz 1 bit/clock
cycle

QMP Store-and-forward
routing

Blue
Gene/L

3-dimensional torus
bx × by × bz

700 MHz 2 bits/clock
cycle

1. MPI
2. Active

Cut-through
routing

packet

Fig. 4. The 3D FFT performance comparison between QCDOC and BlueGene/L, for problems of size 643 and 1283.
time attributed to each of these two parts and the modeled
communication time for a problem of size 1283 using 64 and
512-node systems.

For asymptotic analysis of scalability, the bandwidth-only
model is inadequate because of the increasing hardware and
software overheads for larger systems. For example, with
more than 512 nodes, the software and hardware overheads in
communication become significant and prevent the running-
performance from increasing, as evident in Table 1. On the
64-node system, the running time for the non-overlapped mem-
ory access and the 3D-FFT computation is more significant in
the actual performance than it is on the 512-node system. The
software and hardware overheads for the 512-node system can
no longer be neglected. Even with the increased overhead, our
algorithm can scale well up to 4096 nodes for problems of size
1283, as shown in Fig. 3.

4.3. Comparison with volumetric 3D FFT on BlueGene/L

In [35,36], Eleftheriou et al. presented the volumetric 3D
FFT method and its performance on BlueGene/L [33,34]. Here,
we compare the performance obtained on QCDOC with that
on BlueGene/L. The performance on QCDOC is obtained from
BNL’s 512-node system running at 400 MHz, while the perfor-
mance on BlueGene/L is quoted from [35].

Table 2 lists hardware parameters for QCDOC and Blue-
Gene/L, which are relevant to parallel 3D-FFT computation.
Fig. 4 represents, in solving 3D FFTs of size 643 and 1283,
the comparison of the actual performances of our FFT run on
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QCDOC, and Eleftheriou et al.’s run on BlueGene/L. The ef-
ficiency deviation is within the factor of hardware difference,
according to Table 2. For bigger machines of more than 1000
nodes, the better scalability of our method on QCDOC is ap-
parent.

5. Conclusions

We present our approach for mapping 3D data arrays to
QCDOC supercomputer with 6D tori network for efficient 3D-
FFT performance. The communication-and-computation over-
lapping strategy, coupled with the data distribution and the
added communication channels, gives us very favorable perfor-
mance compared with IBM BlueGene/L. On BlueGene/L, the
parallel 3D-FFT scales linearly up to 1024 nodes and well up to
about 2048 nodes, while on QCDOC the performance for prob-
lems with the same size scales beyond 4096 nodes, which is the
largest system we have available. We speculate this scalabil-
ity will extend beyond tens of thousands of nodes on QCDOC
based on performance modeling. This suggests much broader
application space for QCDOC than was originally designed for
QCD and that future architectures consider the use of a 6D
torus.

Additionally, the model and experimental performances and
their discrepancies are given. We observe that there are two
major reasons causing these discrepancies from the bandwidth-
based model. One is the memory hierarchy effect, including
the time for storing and forwarding data; the other is the non-
overlapped sequential 1D-FFT computation.

Just as Volumetric 3D-FFT has been applied in Blue Matter
[40] on BlueGene/L as the core part to give the accurate evalu-
ation of the long-range interaction for complex biological sys-
tems, we anticipate our parallel 3D-FFT framework could also
be used to enhance our parallel MD software, MDoC, which
runs well on QCDOC. We expect that much better scalability
could be achieved in classic MD simulation for two reasons.
First, MD needs real to complex FFT computation, which can
save half of the communication of its complex to complex coun-
terpart. Second, interpolation error makes the implementation
of a spherical cutoff in the 3D-FFT possible which reduces
more communication yet further [41].
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