
AMS 301.2 (Spring, 2016) Estie Arkin

Exam 1 – Solutions

Mean 80.83, median 84, top quartile 94, bottom quartile 71, high 100, low 29.

1. (12 points) Are the two graphs shown below isomorphic? If so, give the isomorphism; if not,
give careful reasons for your answer.
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No. Graph on left is not bipartite (odd circuit A-C-E) graph on the right is bipartite (nodes on
the left are 1,3,4, nodes on the right 2,5,6).

2. (12 points) Compute the chromatic number (vertex colouring number) of the graph G shown
below. Justify your answer! (Show a colouring with χ(G) colors (label each node with its colour),
and argue that fewer colours cannot suffice.)
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At least 3 colours are needed as there is a K3 G,H,I. 3 colours suffice: Colour 1 nodes F,G,C, colour
2 nodes B,H,E and colour 3 nodes A,D,I.

3. (24 points, 3 points for each part) Answer TRUE or FALSE:

True A subgraph of a bipartite graph is also bipartite.

False If a graph G has a Hamilton circuit it must also have an Euler cycle.
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True If a graph G has a Hamilton circuit and all its vertices have even degree, it must also have
an Euler cycle.

True If a graph G can be coloured by k colours, then every subgraph of G can also be coloured
by k colours.

False If the chromatic number of a graph G is k, then every subgraph of G also has chromatic
number k.

False The complement of a connected graph must also be connected.

False The complement of a bipartite graph must also be bipartite.

True If two graphs are isomorphic then their complements must be isomorphic.

4. (10 points) Model the following problem as a graph colouring problem: An animal rescue group
is planning several fund raising and adoption events at various locations. It has limited volunteers
and each volunteer had specified which events they are willing to help at. The group now wants
to schedule the events in such a way that no volunteer has a conflict (meaning that events are
scheduled at different times if there is a volunteer that agreed to help at the two events). The
group wants to know what are the fewest time slots it needs to allocate to all the planned events.

(a). What exactly does the set of vertices V correspond to? Events

(b). What exactly does the set of edges E correspond to? An edge connects 2 vertices if the
corresponding events have a volunteer that wants to participate in both.

(c). What is being coloured, the vertices or the edges? Vertices.

5. (8 points) Consider a graph G in which each edge joins an odd degree node to an even degree
node. Prove that G is a bipartite graph. Define the nodes on the left to be the nodes of odd degree,
and the nodes on the right as those of even degree. We are given that there is no edge between two
left nodes or between two right nodes, hence by definition the graph is bipartite.

6. (12 points) Show that the following graph is non planar by showing the K3,3 or K5 configuration
it contains.
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Remove edges (H,J) and (C,E) and get a K3,3 with nodes A,D,G on one side and B,F,I on the
other:
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7. (10 points) An Icosahedron can be defined as a planar connected graph G with 20 faces, each
with the same number of bounding edges, in which every vertex has degree 5.

(a). How many edges does the Icosahedron graph G have? 2e = 5v and r = e − v + 2 for r = 20
yields e = 30

(b). How many vertices does the Icosahedron G have? v = 12

(c). Is it possible that the Icosahedron graph is bipartite? Explain. No, there are circuits of 5
edges, such as the circuit bounding each face. Since we know that bipartite graphs can not have
odd circuits (and 5 is odd) we conclude the graph is not bipartite.

8. (12 points) Prove that no Hamilton circuit exists in the following graph:
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Method 1: Use Theorem 0. Remove 3 nodes C,G,K and get 4 connected components: {I, J,H},
{A,B,L}, {D,E, F}, and M . Since the number of connected components is larger than the number
of nodes removed, no Hamilton circuit exists.

Method 2: Use rule 1 at A,E,I. By rule 2 edges (B,L) (D,F) and (H,J) cannot be used. Now
consider node M: 2 of the 3 edges touching it must be used, and they are symmetric. Without loss
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of generality, we can assume that (M,C) and (M,G) are use but (M,K) is not. Next consider node
D. Another edge touching it must be used. There are 2 cases:

Case 1: Use (D,C) then by rule 2 cannot use (C,F) (as there would be a subcircuit C,D,E,F), so
we must use edge (F,G) touching F, as it is the only possible remaining edge touching F. However,
now another subcircuit was formed M,C,D,E,F,G,M, violating rule 2.

Case 2: Use (D,G) then by rule 2 cannot use (G,F) (as there would be a subcircuit D,E,F,G), so
we must use edge (F,C) touching F, as it is the only possible remaining edge touching F. However,
now another subcircuit was formed M,C,F,E,D,G,M, violating rule 2.
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