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Abstract This paper addresses constrained Markov decision processes,

with expected discounted total cost criteria, which are controlled by non-

randomized policies. A dynamic programming approach is used to construct

optimal policies. The convergence of the series of finite horizon value func-

tions to the infinite horizon value function is also shown. A simple example

illustrating an application is presented.

1 Introduction

This paper addresses constrained Markov decision processes (MDPs) with

expected discounted total cost criteria and constraints which are controlled

Send offprint requests to: Richard Chen
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by policies which are restricted to be non-randomized. The dynamic pro-

gramming approach introduced in [3,5] is extended. Specifically, this paper

describes how to construct optimal policies by using the dynamic program-

ming equations presented in [5]. In [5], dynamic programming equations

were introduced, and the infinite horizon dynamic programming operator

was shown to be a contracting mapping, but methods for finding optimal

policies were not presented.

Additionally, for the class of non-randomized policies, it is shown here

that the series of finite horizon value functions converges to the infinite hori-

zon value function. For a particular problem, this fact was established in

[2]. In view of the dynamic programming approach considered in this paper,

the convergence of the series of finite-horizon value functions to the infinite-

horizon value function can be interpreted as value iteration for constrained

MDPs. The convergence of another value iteration scheme follows from [5],

in which it was shown that the infinite horizon dynamic programming oper-

ator corresponding to the constrained MDP is a contraction mapping. As a

consequence, repeatedly composing it yields a series of functions that con-

verge to the infinite horizon optimal cost function. For randomized policies,

the convergence of the series of finite horizon value functions to the infinite

horizon value function was established in [1] for constrained MDPs by using

a different approach.

The dynamic programming approach to constrained MDPs has also been

studied in [6] and [7]. In [6], it was utilized for optimization of the total
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expected costs subject to sample-path constraints. In [7], a dynamic pro-

gramming approach was applied to constrained MDPs with the expected

total cost criteria as is the case here, although [7] considers the case of

randomized policies versus the non-randomized policies assumed here. The

dynamic programming approach described here and in [5] is different from

that of [7]. Specifically, the value function here and in [5] is a function of

the system state and a constraint threshold, whereas the value function in

[7] is a function of the state distribution and the expected total cost.

It should be noted that the approach described here and in [5] can prob-

ably be applied to constrained MDPs with randomized control policies.

Non-randomized control policies were assumed since this restriction simpli-

fies the exposition and since they are the appropriate policies to consider in

many applications. For example, for certain command, control, and decision-

making applications there may be a doctrine that dictates that randomized

policies cannot be used; see [2] and [4] for examples illustrating possible

applications.

2 Model Description and Optimality Equations

A finite MDP is a 4-tuple (S, A, q, A(·)) where S, the state space, is a finite

set; A, the action or control space, is a finite set; for every x ∈ S, A(x) ⊂ A

is a nonempty set which represents the set of admissible actions when the

system state is x; q is a conditional probability on S given K, where K
def
=
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{(x, u)|x ∈ S, u ∈ A(x)} (i. e. q(·|x, u) is a probability distribution on S for

all (x, u) ∈ K).

Define the space Hk of admissible histories up to time k by Hk = Hk−1×

A × S for k ≥ 1, and H0 = S. A generic element hk ∈ Hk is of the

form hk = (x0, u0, . . . , xk−1, uk−1, xk). Let G be the set of all deterministic

policies with the property that at each time k, the control is a function of hk.

That is, G = {{g0 : H0 → A, g1 : H1 → A, . . . , gk : Hk → A, . . .}|gk(hk) ∈

A(xk) for all hk ∈ Hk, k ≥ 0}.

For any policy g ∈ G and any x0 ∈ S, let x0, u0, x1, u1, . . . be a stochastic

sequence such that the distribution of xk+1 is given by

q(·|xk, gk(x0, u0, . . . , xk−1, uk−1, xk))

and uk = gk(x0, u0, . . . , xk−1, uk−1, xk). We define by Eg
x0

the expectation

operator for this sequence.

Let c : S × A → R and d : S × A → R be functions which denote costs

associated with state-action pairs. Assume without loss of generality that c

and d are nonnegative; see Remark 2. Let

cmax = max
(x,u)∈S×A

c(x, u)

and

dmax = max
(x,u)∈S×A

d(x, u).
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Let β ∈ (0, 1) and βd ∈ (0, 1) be given constants. For N = 1, 2, . . ., define

the objective as

Jg
N (x0) = Eg

x0
[
N−1∑

j=0

βjc(xj , uj)] (1)

and the constraint function as

Hg
N (x0) = Eg

x0
[
N−1∑

j=0

βj
dd(xj , uj)]. (2)

For a given initial state x0 and a given constant κ0, the goal is to minimize

Jg
N (x0) subject to the constraint Hg

N (x0) ≤ κ0.

Let WN (x) = infg∈G Hg
N (x), where N = 1, 2, . . . . Observe that WN (x) ≤

Hg
N (x) ≤ dN for any policy g, where dN = dmax(1 − βN

d )/(1 − βd). Define

a set of feasible constraint thresholds for a given system state as

ΦN (x) = [WN (x), dN ]. (3)

Define the value function or optimal cost function VN for N ≥ 1 by

VN (x, κ) = inf
{g∈G|Hg

N (x)≤κ}
Jg

N (x) (4)

for all (x, κ) such that κ ∈ ΦN (x) and VN (x, κ) = C for all other (x, κ),

where C is a constant that is large enough to ensure that VN (x′, κ′) < C

for any (x′, κ′) for which the problem is feasible. For example, we may set

C = cmax/(1 − β). Let g∗N,κ denote the policy that achieves the inf in the

definition of VN (x, κ) when VN (x, κ) 6= C. Such a policy exists because the

set of all non-randomized policies for a finite-horizon problem is finite. We

also define V0(x, κ) = 0 for all x ∈ S and for all κ ∈ R.
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Let Φ0(x) = {0} for all x ∈ S and for N = 0, 1, . . . define

FN (x, κ) = {(u, γ′)|u ∈ A(x), γ′(x′) ∈ ΦN (x′) for all x′ ∈ S, (5)

and d(x, u) + βd

∑
x′∈S γ′(x′)q(x′|x, u) ≤ κ}.

The dynamic programming operator TFN
: B(S×R) → B(S×R) is defined

by

TFN
V (x, κ) = inf

(u,γ′)∈FN (x,κ)
{c(x, u) + β

∑

x′∈S

q(x′|x, u)V (x′, γ′(x′))} (6)

if FN (x, κ) 6= φ and

TFN
V (x, κ) = C (7)

if FN (x, κ) = φ. Note that B(S × R) denotes the space of real-valued

bounded functions on S × R.

Theorem 1 [5, Theorem 3.1] The optimal cost functions {VN |N ≥ 0} sat-

isfy the dynamic programming equations

VN+1(x, κ) = TFN
VN (x, κ). (8)

Now consider the infinite-horizon problem with the objective function

Jg
∞(x0) = Eg

x0

∞∑

j=0

βjc(xj , gj(hj)) (9)

and the constraint function

Hg
∞(x0) = Eg

x0

∞∑

j=0

βj
dd(xj , gj(hj)). (10)

Again, the goal is to minimize Hg
∞(x0) subject to the constraint Hg

∞(x0).
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Define the set of feasible constraint thresholds for a given state as

Φ∞(x) = [W∞(x), d∞],

where W∞(x) = infg∈G Hg
∞(x) and d∞ = dmax/(1 − βd). Define the value

function or optimal cost function V∞ by

V∞(x, κ) = inf
{g∈G|Hg

∞(x)≤κ}
Jg
∞(x) (11)

for all (x, κ) such that κ ∈ Φ∞(x) and V∞(x, κ) = C for all other (x, κ).

Define

F∞(x, κ) ={(u, γ′)|u ∈ A(x), γ′(x′) ∈ Φ∞(x′) for all x′ ∈ S,

and d(x, u) + βd

∑

x′∈S

γ′(x′)q(x′|x, u) ≤ κ}.
(12)

Note that FN (x, κ), F∞(x, κ) ⊂ A× R|S|.

Lemma 1 The sets FN (x, κ), N ≥ 0, and F∞(x, κ) are compact.

Proof Since

FN (x, κ) = ∪u∈A(x){(u, γ′)|γ′(x′) ∈ ΦN (x′),

and d(x, u) + βd

∑

x′∈S

γ′(x′)q(x′|x, u) ≤ κ},

where each of the sets FN (x, κ) is a union of a finite number of compact

sets. The result for F∞(x, κ) follows similarly.

The dynamic programming operator TF∞ : B(S × R) → B(S × R) is

defined by

TF∞V (x, κ) = inf
(u,γ′)∈F∞(x,κ)

{c(x, u) (13)

+β
∑

x′∈S

q(x′|x, u)V (x′, γ′(x′))}
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if F∞(x, κ) 6= φ and

TF∞V (x, κ) = C (14)

if F∞(x, κ) = φ. The following lemma shows the existence and uniqueness of

the solution of the infinite horizon dynamic programming equation, which

will be subsequently defined.

Lemma 2 [5, Lemma 3.1] TF∞ is a contraction mapping.

The following theorem defines the dynamic programming equation that

the optimal cost function satisfies.

Theorem 2 [5, Theorem 3.2] The optimal cost function V∞ satisfies the

infinite horizon dynamic programming equation

V∞ = TF∞V∞. (15)

3 Value Iteration

Though Theorems 1 and 2 that establish the validity of the optimality equa-

tions were proved in [5], the important question of how to construct optimal

policies from these equations was not addressed in that paper. As the first

step, we shall show that inf can be replaced with min in the optimality

equations (8) and (13). To do this, we shall establish continuity properties

of VN (x, κ) and V∞(x, κ); see Lemma 4. These properties also lead to main

result of this section, that VN (x, κ) → V∞(x, κ) as N → ∞. We note that

an alternative approach to computing V∞ approximately is to use the fact

that limN→∞ TN
F∞V0(x, κ) = V∞(x, κ), which follows from Theorem 2.



Non-Randomized Policies for Constrained Markov Decision Processes 9

Define

V∞
N (x, κ) = inf

{g|Hg
∞(x)≤κ}

Jg
N (x), (16)

if {g|Hg
∞(x) ≤ κ} 6= ∅, and V∞

N (x, κ) = C if this set is empty. Note that since

the set of all non-randomized finite-horizon policies is finite, the infimum in

(16) can be replaced with the minimum. Indeed, suppose that the infimum

in (16) cannot be replaced with the minimum. Then there is a sequence of

non-randomized policies {g1, g2, . . .} such that Hgi

∞(x, κ) ≤ κ and Jgi

(x) >

Jgi+1
(x) for all i ≥ 1. However, the latter inequalities are impossible because

the set {Jg
N |Hgi

∞(x, κ) ≤ κ} is finite. This contradiction implies that the

infimum in (16) can be replaced with the minimum.

Lemma 3 V∞
N (x, κ) ≤ V∞

N+1(x, κ) ≤ V∞(x, κ) and limN→∞ V∞
N (x, κ) =

V∞(x, κ).

Proof The inequalities follow from c(x, u) ≥ 0. The equality follows from

V∞(x, κ) ≤ lim
N→∞

V∞
N (x, κ). (17)

To verify (17), consider policies α(N) such that H
α(N)
∞ (x) ≤ κ and

J
α(N)
N = V∞

N (x, κ).

Then

V∞(x, κ) ≤ EαN
x [

∞∑

k=0

βk
dck(xk, uk)] ≤ V∞

N (x, κ) + εN ,

where εN = cmaxβN/(1− β). This implies (17).

Lemma 4 For any x ∈ S the functions VN (x, κ), N = 1, 2, . . . , and V∞(x, κ)

are right-continuous, non-increasing, and lower semi-continuous in κ.
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Proof Let N < ∞. For g ∈ G, denote by gN the N -horizon policy that coin-

cides with g at the first N stages. If κ < κ′ then {gN |Hg
∞(x) ≤ κ, g ∈ G} ⊆

{gN |Hg
∞(x) ≤ κ′, g ∈ G} ⊆ {gN |g ∈ G}. Therefore, the function V∞

N (x, κ)

is non-increasing in κ. Since all these three sets of finite-horizon policies

are finite, the function V∞
N (x, κ′) is piecewise-constant and discontinuous

at at most a finite number of points κ. Therefore, for any κ there exists

ε > 0 such that the set {gN |Hg
∞(x) ≤ κ′, g ∈ G} remains unchanged when

κ′ ∈ (κ, κ + ε) and therefore V∞
N (x, κ′) is constant when κ′ ∈ (κ, κ + ε).

Let κ be given. Let f∗ be a stationary optimal policy that minimizes

Hg
∞(x′), x′ ∈ S. For any policy g, consider the policy < gN , f∗ >∈ G

that coincides with g at the first N stages and then switches to f∗. Then

H<gN ,f∗>
∞ (x) ≤ Hg

∞(x). Therefore,

{gN |Hg
∞(x) ≤ κ′, g ∈ G} = {gN |H<gN ,f∗>

∞ (x) ≤ κ′, g ∈ G}

for any κ′.

Consider any finite-horizon policy fN ∈ {gN |Hg
∞(x) ≤ κ′, g ∈ G}. Since

the set {gN |Hg
∞(x) ≤ κ′, g ∈ G} remains unchanged for all κ′ ∈ (κ, κ+ε), we

have that H<fN ,f∗>
∞ (x) ≤ κ′ for all κ′ ∈ (κ, κ+ε). Taking the limit as κ′ → κ

yields H<fN ,f∗>
∞ (x) ≤ κ. This implies that fN ∈ {gN |Hg

∞(x) ≤ κ, g ∈ G}.

Therefore, V∞
N (x, κ) ≤ V∞

N (x, κ′). Since V∞
N (x, κ) ≥ V∞

N (x, κ′), we have

V∞
N (x, κ) = V∞

N (x, κ′). That is, the function V∞
N (x, κ) is right continuous

in κ. Since it is non-increasing in κ, V∞
N (x, κ) is also lower semi-continuous

in κ. A simpler version of these arguments (there is no need to consider f∗)

implies the lemma for N = 1, 2 . . . .
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Lemma 3 implies that V∞(x, κ) = sup{N=1,2,...} V∞
N (x, κ). Since the

supremum of lower semi-continuous functions is a lower semi-continuous

function [8, p. 22], V∞(x, κ) is lower semi-continuous in κ. Lemma 3 also im-

plies that the function V∞(x, κ) is non-increasing in κ. Therefore, V∞(x, κ)

is right-continuous in κ.

Lemma 5 The infima in Theorems 1 and 2 can be replaced with minima.

Proof According to Lemmas 1 and 4, TFN
VN (x, κ) and TF∞V∞(x, κ) are the

infima of lower semi-continuous functions over compact sets. Consequently,

the infimum may be replaced with a minimum in each case.

The following theorem establishes the convergence of optimal finite-

horizon value functions to the infinite-horizon value functions. For the set of

all policies, such a convergence was established by Altman and Shwartz [1]

by using different methods.

Theorem 3 For all x, κ such that κ ∈ Φ∞(x),

lim
N→∞

VN (x, κ) = V∞(x, κ).

Proof The inclusion {g|Hg
N (x) ≤ κ} ⊇ {g|Hg

∞(x) ≤ κ} implies VN (x, κ) ≤

V∞
N (x, κ). In view of Lemma 3, lim supN→∞ VN (x, κ) ≤ V∞(x, κ).

Let εN = cmaxβN/(1 − β) and εd
N = dmaxβN

d /(1 − βd). Then Jg
∞(x) ≤

Jg
N (x) + εN for any policy g. Therefore, for any κ′

V∞(x, κ′) ≤ V∞
N (x, κ′) + εN . (18)
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Since {g ∈ G|Hg
∞(x) ≤ κ + εd

N} ⊇ {g ∈ G|Hg
N (x) ≤ κ},

V∞
N (x, κ + εd

N ) ≤ VN (x, κ). (19)

Set κ′ = κ + εd
N . Then (18) and (19) yield

V∞(x, κ + εd
N ) ≤ V∞

N (x, κ + εd
N ) + εN ≤ VN (x, κ) + εN . (20)

By Lemma 4, V∞(x, κ) is right-continuous with respect to κ. Taking the

limit as N →∞ on both sides yields lim infN→∞ VN (x, κ) ≥ V∞(x, κ).

4 Construction of Optimal Policies

In this section, we show how to construct optimal policies for the con-

strained problems given the solutions to the optimality equations. First,

consider the finite horizon case N < ∞. For j = 1, . . . , N, consider func-

tions fN−j : {(x, κ)|x ∈ S, κ ∈ Φj(x)} → A×B(S) such that fN−j(x, κ) =

(fN−j
1 (x, κ), fN−j

2 (x, κ)) = (u∗, γ∗) ∈ Fj−1(x, κ) and

c(x, u∗) + β
∑

x′∈S

q(x′|x, u∗)Vj−1(x′, γ∗(x′)) = TFj−1Vj−1(x, κ)). (21)

Let x ∈ S and κ ∈ ΦN (x) be given. Assume x0 = x and κ0 = κ. For each

history hk, define the function κk(·) by κ(hk) = κk, where the sequence

{κ0, κ1, . . . , κk} is recursively defined by

κi+1 = f i
2(xi, κi)(xi+1), i = 0, . . . , k − 1. (22)

For the original constrained problem, define a policy

gN,κ = {gN,κ
0 , gN,κ

1 , . . . , gN,κ
N−1}

with gN,κ
k (hk) = fk

1 (xk, κk(hk)), k = 0, . . . , N − 1.
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Theorem 4 Consider a finite-horizon problem with the initial state x and

constraint κ. If VN (x, κ) = C then the problem is infeasible. If VN (x, κ) < C,

then κ ∈ Φ(x) and gN,κ is an optimal policy, i.e., JgN,κ

N (x) = VN (x, κ) and

HgN,κ

N (x) ≤ κ.

Proof If VN (x, κ) = C̄ then according to the definition of the value function

(4), the problem is not feasible. The proof for feasible constraints is by

induction. First note that the definition of g1,κ, formula (21), and Theorem 1

imply that Jg1,κ

1 (x) = V1(x, κ) and Hg1,κ

1 (x) ≤ κ. For j = 1, 2, . . . assume

as the induction hypothesis that Jgj,κ

j (x) = Vj(x, κ) and Hgj,κ

j (x) ≤ κ for

all x and κ such that κ ∈ Φj(x).

Let u∗ = f
N−(j+1)
1 (x, κ) and γ(x′) = f

N−(j+1)
2 (x, κ)(x′), where x′ ∈ S.

Note that by using (5), we have that

γ(x′) ∈ Φj−1(x′) (23)

for all x′ ∈ S. Then

Jgj+1,κ

j+1 (x) = c(x, u∗) + β
∑

x′∈S

q(x′|x, u∗)Jgj,γ(x′)
j (x′)

= c(x, u∗) + β
∑

x′∈S

q(x′|x, u∗)Vj(x, γ(x′))

= Vj+1(x, κ),

where the first equality above follows from the definition of the policy gj+1,κ,

the second equality follows from the induction hypothesis, and the last one

follows from the optimality equation stated in Theorem 1. More specifically,

the induction hypothesis can be applied to derive the second equality above
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since it holds due to (23). Similarly,

Hgj+1,κ

j+1 (x) = d(x, u∗) + βd

∑

x′∈S

q(x′|x, u∗)Hgj,γ(x′)
j (x′)

≤ d(x, u∗) + βd

∑

x′∈S

q(x′|x, u∗)γ(x′) ≤ κ,

where the first inequality follows using the induction hypothesis, which is

applicable due to (23), and where the last inequality follows from the defi-

nitions of (u∗, γ) and (fN−(j+1)
1 , f

N−(j+1)
2 ).

Now consider the infinite-horizon problem. Define the mapping f : S×R→

A × B(S) such that f(x, κ) = (f1(x, κ), f2(x, κ)) = (u∗, γ∗) ∈ F∞(x, κ)

where

c(x, u∗) + β
∑

x′∈S

q(x′|x, u∗)V∞(x′, γ∗(x′)) = TF∞V∞(x, κ)). (24)

Assume x ∈ S and κ ∈ Φ∞(x) are given. Let κ0 = κ and x0 = x. For each

history hk, define the function κk(·) by κk(hk) = κk where the sequence

{κ0, κ1, . . . , κk} is recursively defined by

κi+1 = f2(xi, κi)(xi+1). (25)

Let g∞,κ = {g∞,κ
0 , g∞,κ

1 , . . .} be the policy such that

g∞,κ
k (hk) = f1(xk, κk(hk)).

Theorem 5 Consider the infinite-horizon problem. If V∞(x, κ) = C̄ then

the problem is infeasible. If V∞(x, κ) < C̄ then κ ∈ Φ∞(x) and g∞,κ is an

optimal policy, i.e. Jg∞,κ

∞ (x) = V∞(x, κ) and Hg∞,κ

∞ (x) ≤ κ.



Non-Randomized Policies for Constrained Markov Decision Processes 15

Proof The result for V∞ = C follows from the definition of V∞. For V∞ 6= C,

we have that κ ∈ Φ∞(x). Define W (x, κ) = Jg∞,κ

∞ (x). Let u∗ = f∞1 (x, κ)

and γ(x′) = f∞2 (x, κ)(x′), where x′ ∈ S. Then,

W (x, κ) = Eg∞,κ

x lim
N→∞

N−1∑

j=0

βjc(xj , g
∞,κ(hj)) (26)

= c(x, u∗) + β
∑

{x′∈S}
q(x′|x, u∗)W (x′, γ(x′)). (27)

Equations (26) and (27) follow from the definition of g∞,κ and the definition

of W . Now define the operator T f by

T fW (x, κ) = c(x, f1(x, κ)) + β
∑

{x′∈S}
q(x′|x, u∗)W (x′, f2(x, κ)(x′)).

This operator is a contraction and therefore has a unique fixed point. Since

(26) implies

W (x, κ) = T fW (x, κ),

we have that W is a fixed point of T f . However, from the fact that V∞ is

a fixed point of TF∞ and the definitions of TF∞ and (f1, f2), V∞ is also a

fixed point of T f . Consequently, W = V∞. That is, Jg∞,κ
∞ (x) = V∞(x, κ).

We will show by induction that Hg∞,κ

j (x) ≤ κ for all j = 0, 1, . . . , x ∈ S,

and κ ∈ Φ∞(x). The base Hg∞,κ

1 (x) ≤ κ follows from the definition of

g∞,κ and the definition of F∞(x). Assume as the induction hypothesis that

Hg∞,κ

j (x) ≤ κ for all j = 1, 2, . . ., x ∈ S and κ ∈ Φ∞(x).

Note that by using (12), we have that

γ(x′) ∈ Φ∞(x′) (28)
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for all x′ ∈ S. Then

Hg∞,κ

j+1 (x) = d(x, u∗) + βd

∑

x′∈S

q(x′|x, u∗)Hg∞,γ(x′)
j (x′)

≤ d(x, u∗) + βd

∑

x′∈S

q(x′|x, u∗)γ(x′)

≤ κ,

where the first inequality follows using the induction hypothesis, which is

applicable due to (28), and the last inequality follows from the definitions

of (u∗, γ) and (f∞1 , f∞2 ). Then Hg∞,κ

∞ (x) = limN→∞Hg∞,κ

j (x) ≤ κ. That is,

g∞,κ is feasible.

Remark 1 From a computational point of view, the action sets FN (x, κ),

N = 1, 2, . . . ,∞, should be as small as possible. Therefore, it may be use-

ful to replace the constant dN = dmax(1 − βN )/(1 − β) in (5) and (12)

with a smaller constant or a function dN (x, x′, u) ≤ dN . Let W ∗
N (x′) =

maxg∈G Hg
N (x′) for N = 1, 2, . . . ,∞. Of course, W ∗

N (x′) ≤ dN for all x′ ∈ S.

Let

dN (x, x′, u) = min{W ∗
N (x′),

κ− d(x, u)
βdq(x′|x, u)

}.

Then all the above results hold for the smaller action sets FN (x, κ) defined

by these functions dN .

Remark 2 The above results describe optimality equations, value iteration

algorithms, and computation of optimal non-randomized policies for prob-

lems with cost functions c and d that are nonnegative. Negative cost func-

tions can be addressed by adding a sufficiently large constant K to the func-

tions c and d. This results in nonnegative cost functions c′(x, u) = c(x, u)+K
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and d′(x, u) = d(x, u) + K, and the new constraint κ′, with κ′ = κ + (1 −

βN
d )K/(1−βd) for finite-horizon problems and with κ′ = K/(1−βd) for the

infinite horizon problem. A policy is optimal (or feasible) for the original

problem if and only if it is optimal (feasible) for this new problem with

nonnegative costs.

5 Example

In this section, we illustrate the process of solving the dynamic program-

ming equations and constructing an optimal policy for a manufacturing

or communications system which is subject to failure. The state space is

X = {1, 2}, the set of actions is U = {1, 2}, and the transition kernel is

denoted by q. State 1 represents the normal working state, while the other

state 2 represents a failed or degraded state. The two actions assumed avail-

able are a null action 1 which represents doing nothing and a maintenance

action 2. If the system is working and nothing is done, then with the prob-

ability q(1|1, 1) = p the system remains working, and with the probability

q(2|1, 1) = 1 − p the system fails. If the system is broken, then it can be

maintained by repair or replacement and with probability given by q(1|2, 2)

the system becomes working. If the system is working and a maintenance

action is taken, then the system will remain working with the probability

q(1|1, 2). It is assumed that

q(1|2, 2) = q(1|1, 2) = q. (29)
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Also, it is assumed that

q(1|1, 2) = q > q(1|1, 1) = p. (30)

That is, it is better to repair the system than to do nothing. If the system is

broken and nothing is done, then the system remains broken, i.e., q(2|2, 1) =

1. A cost c1 is assumed to be associated with operation in the broken state:

c1 = c1(2, 1) = c1(2, 2). (31)

It is assumed that c1(1, 1) = c1(1, 2) = 0. Additionally, a cost c2 is assumed

to be associated with the repair action:

c2 = c2(1, 2) = c2(2, 2). (32)

It is also assumed that c2(1, 1) = c2(2, 1) = 0. Assume that

Jg
N (x0) = Eg

x0
[
N−1∑

j=0

βjc2(xj , uj)] (33)

is to be minimized subject to a constraint on

Hg
N (x0) = Eg

x0
[
N−1∑

j=0

βj
dc1(xj , uj)]. (34)

Then V1(1, κ) = 0 for κ ≥ 0, V1(2, κ) = C for κ < c1, and V1(2, κ) = 0 for

κ ≥ c1. Note that Φ1(1) = [0,∞) and Φ1(2) = [c1,∞). Note also that

F1(2, κ) = ∅ for κ < c1 + βd(1− q)c1,

F1(2, κ) = {(1, γ′)|γ′ ∈ [0,∞)× [c1,∞),

c1 + βd(γ′(1)q + γ′(2)(1− q)) ≤ κ}

for c1 + βd(1− q)c1 ≤ κ < c1 + βdc1,
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F1(2, κ) = {(2, γ′)|γ′ ∈ [0,∞)× [c1,∞),

c1 + βd(γ′(1)q + γ′(2)(1− q)) ≤ κ}

∪{(1, γ′)|γ′ ∈ [0,∞)× [c1,∞),

c1 + βdγ
′(2) ≤ κ}

for c1 + βdc1 ≤ κ,

F1(1, κ) = ∅ for κ < βd(1− q)c1,

F1(1, κ) = {(2, γ′)|γ′ ∈ [0,∞)× [c1,∞),

βd(γ′(1)q + γ′(2)(1− q)) ≤ κ}

for βd(1− q)c1 ≤ κ < βd(1− p)c1,

F1(1, κ) = {(2, γ′)|γ′ ∈ [0,∞)× [c1,∞),

βd(γ′(1)q + γ′(2)(1− q)) ≤ κ}

∪{(1, γ′)|γ′ ∈ [0,∞)× [c1,∞),

βd(γ′(1)p + γ′(2)(1− p)) ≤ κ}

for βd(1− p)c1 ≤ κ.
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Then the following can be determined from the dynamic programming equa-

tions:

V2(2, κ) =





C for κ < c1 + βd(1− q)c1,

c2 for c1 + βd(1− q)c1 ≤ κ < c1 + βdc1,

0 for c1 + βdc1 ≤ κ,

V2(1, κ) =





C for βd(1− q)c1 < κ,

c2 for βd(1− q)c1 ≤ κ < βd(1− p)c1,

0 for βd(1− p)c1 ≤ κ.

Note for example that for V2(2, c1+βd(1−q)c1), the infimum in the dynamic

programming equation is achieved by

u = 2, γ′(2) = c1, γ
′(1) = 0.

For V2(2, c1 + βdc1), the infimum is achieved by

u = 1, γ′(2) = c1, γ
′(1) ∈ [0,∞).

That is, if κ is in the second region in the above expression for V2, then

the optimal policy dictates that a repair action be taken. More specifically,

in order to keep the operating cost within the prescribed level, a repair

action must be taken. Additionally, if κ is in the third region in the above

expression for V2, then the optimal policy dictates that no action should be

taken. That is, the required level of the operating cost is high enough so that

no action needs to be taken. By continuing the finite horizon value iteration

procedure, the optimal policy for longer time horizons can be derived.

Consider the following infinite horizon problem of the optimizing ex-

pected operation cost subject to a constraint on the expected repair cost.
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Suppose the objective is

Jg
∞(x0) = Eg

x0
[ lim
N→∞

N−1∑

j=0

βjc1(xj , uj))] (35)

while the expectation constraint is given by

Hg
∞(x0) = Eg

x0
[ lim
N→∞

N−1∑

j=0

βj
dc2(xj , uj)]. (36)

Figures 1 and 2 show the optimal cost as a function of constraint thresh-

old for the following parameter values: objective discount = 0.7, constraint

discount = 0.8, degraded operation cost = 0.4, repair cost = 0.5, break-

age probability = 0.3, and repair success probability = 0.9. As expected,

the optimal cost can be seen to be a decreasing function of the constraint

threshold. Figures 3 and 4 show the optimal action as a function of the con-

straint threshold for the initially working state and initially broken state

respectively.
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Fig. 1 Optimal expected operating cost subject to expected
repair cost constraint for initially working state with objec-
tive discount = 0.7, constraint discount = 0.8, degraded op-
eration cost = 0.4, repair cost = 0.5, and breakage prob. =
0.3
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Fig. 2 Optimal expected operating cost subject to expected
repair cost constraint for initially broken state with objective
discount = 0.7, constraint discount = 0.8, degraded opera-
tion cost = 0.4, repair cost = 0.5, and breakage prob. = 0.3
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Fig. 3 Optimal action for given constraint threshold for
initially working state
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Fig. 4 Optimal action for given constraint threshold for
initially broken state


