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Abstract

We study optimal admission of arriving customers to a Markovian finite-capacity queue, e.g. M/M/c/N
queue, with several customer types. The system managers are paid for serving customers and penalized
for rejecting them. The rewards and penalties depend on customer types. The penalties are modelled by
a K-dimensional cost vectofy’ > 1. The goal is to maximize the average rewards per unit time subject
to the K’ constraints on the average costs per unit time.Agtdenotemin{ K, m — 1}, wherem is the
number of customer types. For a feasible problem, we show the existenckE gfrandomized trunk
reservation optimal policy, where the acceptance thresholds for different customer types are ordered ac-
cording to a linear combination of the service rewards and rejection costs. In addition, we prove that any
K,,-randomized stationary optimal policy has this structure.

1 Introduction and Problem Formulation

In this paper, we consider a controlled finite capacity Markovian queuenvithl, 2, . . . types of customers
arriving according to independent Poisson processes with the intensities= 1,...,m, respectively.
When a customer arrives, its type becomes known. When the®¥ arestomers in the system, the system

is full and new arrivals are lost. If the system is not full, upon an arrival of a new customer, a decision of
accepting or rejecting this customer is made. A positive rewgigicollected upon completion of serving an
accepted typécustomer. A nonnegative cost vect@y= (C1;,Ca, ..., Ck,)" incurs due to the rejection

or lost of an arriving type customer, wherés is the number of constraints in this problem. The service
time of a customer does not depend on the customer type. When thetecastomers in the queue, the
departure rate ig,, n = 1,...,N. The numbers.,, n = 1,..., N, satisfy the conditions,,_1 < un,
wherepy = 0 anduy > 0. In particular, for amV/ /M /c/N queue, for some > 0,

), ifi=1,...,¢,
Hi cu, ifi=c+1,...,N.



Unless otherwise specified, we do not assumerthat ro > -+ - > 7.

Our goal is to maximize the average rewards per unit time, subject to multiple constraints on average
costs per unit time. This research is motivated by the following question: what is the structure of optimal
policies for the problem when the blocking probabilities for some of the customer types do not exceed
given numbers? The answer to this question is given in Corollary 4.3 below. Previously Fan-Orzechowski
and Feinberg [3] solved such a problem with a single constraint on the blocking probability of one type of
customers. Feinberg and Reiman [8] solved a more particular problem when all the rewards are different
and the constraint on the blocking probability is applied to the most profitable type of customers.

ConsiderlC = 0,1,...,m — 1. A K-randomized trunk reservation poligyis defined bym numbers
MP?,0 < M < N—1,i=1,...,m. Among these numbera/{, ..., My,, at mostk. numbers are
non-integer and at least one number equéls 1. For a numbetl/ we denote by M | the integer part of
M. If the system is controlled by the poligy a type: arrival will be admitted with probability 1 if it sees
no more thar{Mf’J customers in the system, it will be rejected if the number of customers it sees in the
system exceed@Mf’ | + 1, and it will be accepted with the probabili(;Mf — LMf’J) if there are exactly
LMf’J + 1 customers in the system prior to the time of its arrival. In particular, if the num&}‘@ris an
integer, a type arrival will be admitted if and only if it sees no more thlmf customers in the system.
Thus,Mf = N — 1 means that a typearrival is admitted whenever the system is not full. A randomized
trunk reservation policy is called consistent with a functiori defined on the sefl,...,m} if r{ > r;
impIiest > M]‘? fori,j = 1,...,m. If all the thresholds are integer, the randomized trunk reservation
policy is called a trunk reservation policy. We sometimes whkifginstead ofo for the thresholds when
there is only one policy in the context and no confusion will occur.

In this paper we consider a more general setting where the number of consiifamtsot necessarily
less thanm and introducek,,, = min{K,m — 1}. We prove that, if the problem is feasible, there exists a
K,,-randomized trunk reservation policy which is consistent with the reward function

K
Tézri+2ﬂkC’k7i, i=1,...,m, (1.1
k=1

whereu, > 0 is the Lagrangian multiplier with respect to tketh constraint of the linear programming
problem formulated in this paper. In addition, Theorem 4.1 shows thatrgmrandomized stationary
optimal policy is aK,,,-randomized trunk reservation policy consistent with

In Feinberg and Reiman [8, Sections 6 and 7], several more predictable optimal policies and optimal
non-randomized strategies were constructed. Similar results can be obtained for the more general problem
considered in this paper. In fact, these constructions hold as long as the optimality of randomized trunk
reservation policies is established.

Miller [15] studied a one-criterion problem for aW /M /c/loss queue when; > rg > -+ > 1.
In this case, there exists an optimal non-randomized trunk reservation policy which is consistent with
In other words, all the threshold¥; are integers an&v — 1 = M; > My > --- > M,,. Feinberg and
Reiman [8] studied a constrained problem with> r > --- > r,, where the goal is to maximize average
rewards per unit time subject to the constraint that the blocking probability for type 1 customers does not
exceed a given level. Feinberg and Reiman [8] proved the existence of an optimal 1-randomized trunk
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reservation policy withV — 1 = My > My > --- > M,,. Fan-Orzechowski and Feinberg [3] considered

a problem with a single constraint and the goal is to maximize average rewards per unit time subject to the
constraint on average costs. They proved the existence of a 1-randomized trunk reservation policy which is
consistent with the reward function

! —
T =T+ uic,

whereu, > 0 is the Lagrangian multiplier with respect to the first constraint of the linear programming
problem formulated in that paper. In particular, Fan-Orzechowski and Feinberg [3] solved the problem with
one constraint on the blocking probability for type&ustomersk = 1,...,m.

In addition to the classical Miller’s [15] problem formulation, various versions and generalizations of the
admission problem have been studied in the literature. The references could be found in Fan-Orzechowski
and Feinberg [3]. Recent research in this area includes Lewis et al. [10, 11], Lewis [9], Lin and Ross [12,
13], Altman et al. [1], and Altman [2]. If service times depend on customer types or different types of
customers require different numbers of servers, the problem becomes NP-hard and trunk reservation may
not be optimal; see Ross [16, p.137] and Altman et al. [1].

This paper is organized as follows. We formulate the problem as a Semi-Markov Decision Process
(SMDP) and give preliminary results in Section 2. In section 3 we give the formulation of a linear pro-
gram (LP) that identifies an optimal policy and introduce Lagrangian relaxation to reduce the number of
constraints. In section 4, the proof of the main theorem and its applications are presented.

2 Semi-Markov Decision Model and Preliminary Results

Following Feinberg and Reiman [8], and Fan-Orzechowski and Feinberg [3], we model the problem via a
semi-Markov decision process (SMDP). Since the sojourn time between actions are exponential distributed,
this problem is an exponential semi-Markov decision process (ESMDP); please refer to Feinberg [7] for
more details. Notice that this problem can also be formulated as a continuous time Markov decision process
(CMDP). The extra technical difficulty in using CMDP is to prove that the controlled process has no absorb-
ing states; see Feinberg [6]. We then can reach the same preliminary result as by using the SMDP model
in this paper: when the problem is feasible, there exists a randomized stationary optimal policy that uses a
randomization procedure in at madst,, states.

In the framework of an SMDP model, we define the state spaeq0,1,..., N—-1}|J ({0,1,..., N} x
{1,...,m}), which represents the departure and arrival epochs. If the state of the systeafis .., N —
1, it means that a departing customer leavesistomers in the system. The state:) means that an arrival
of typei seesn customers in the system.

The action setl = {0,1}. Forn =0,...,N —1andi =1,...,m, we setA(n,i) = A = {0,1} and
A(N,i) = {0}, where the action 0 means that the tyg@rival should be rejected or is lost and the action
1 means that it should be accepted. In any state0..., N — 1, we setd(n) = {0}. These are departure
epoches and the decision maker does not decide to accept or reject customers in these states. Therefore, we
model these actions set§n) as singletons. The definitions of the sojourn time and transition probabilities
are presented in [3, section 2] and we do not repeat them here.



For simplicity, let the reward be collected when an arrival is accepted. Therefore,

r(s,a){”’ if s=(n,i),n=0,...,N—1,and a=1;

0, otherwise,
andfork =1,..., K,

Cki, if s=(n,i),n=0,...,N,and a = 0;

ck(s,a) = ’ _
0, otherwise.

We define the long-run average rewards earned by the system as

N(t)-1
Wo(z,7) = liminf ¢t 'ET Z r(Xn, an),

t—o00
n=0
and the long-run average costs of the system as
N(t)—1
Wi(z,7) = limsupt 'ET Z ck(xn,an), k=1,...,K,
t—o00 n—0

wherez is an initial statesr is a strategyz,, is the state at epodh, ET is the expectation operator for the
initial statez and the strategy, and N (t) = max{n : ¢, < t} is the number of jumps by time epoth

A strategy is called a randomized stationary policy if assigned actigrdepend only on the current
stater,,. In addition, ifa,, is a deterministic function af,,, the corresponding strategy is called a stationary
policy. A randomized stationary policy is calledk-randomized stationary, = 0, 1, . . ., if the number of
stategn, i) such that < ¢(n,i) < 1isless than or equal to. The notions of stationary and O-randomized
stationary policies coincide.

Notice that the Unichain Condition, any stationary policy defines a Markov Chain with one recurrent
class, holds for this model. If an SMDP satisfies the Unichain Condition then, according to Feinberg [5,
Theorem 9.2], for a feasible problem with average rewards per unit timédagmhstraints, there exists an
optimal K-randomized stationary policy. Therefore, similarly to Fan-Orzechowski and Feinberg [3], we
model our problem as:

maximize Wy(¢)

_ (2.1)
subjectto Wi(¢) < Gg, k=1,...,K,

with a randomized stationary poliey as the variable. Since the action sets are non-singletons only at the
arrival epochs, a randomized stationary policfor our problem is defined by(n,i),n =0,...,N — 1,
i = 1,...,m, the probability of accepting an arrival of typevhen the arrival sees customers in the
system.

Similar to [3], we consider the following unconstrained problem:

maximize W (¢). (2.2)

Note that we do not assume distinct rewards among different customer types. This extension may not seem
significant at first glance but it is important. In fact, even if we assume that all rewgadsdistinct, after the
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Lagrangian relaxation, it is possible that= r§. for somei, j = 1,...,m, in a new unconstrained problem;
see Section 3, where the Lagrangian relaxation is introduced and the connection between an unconstrained
problem and a constrained problem is established in Lemma 3.1.

The following lemma is used in the proof of Theorem 3.3 and Theorem 4.1.

Lemma 2.1. [3, Lemma 3.3] Consider any randomized stationary optimal palidgr the unconstrained
problem (2.2). (i) For any, j, such that~; > r;,

¢(n,i) > o(n,j),n=0,...,N—1,4,7=1,...,m. (2.3)

(i) For eachn = 0,..., N — 1, if there exist two customer typgsand j» such thatd < ¢(n,j) < 1,

Jj = ji,je, thenr; = r;,. In particular, if all the rewardsry, ..., r,, are different, then for each =
0,..., N —1all the probabilitiesp(n, j), 7 = 1,..., m, except at most one, are equal to either O or 1.

(iii) There exists at least one customer type, say #y@eich that

o(n,l)=1,n=0,...,N — 1. (2.4)
In particular, if r; = max{r;|7 = 1,...,m} then (2.4) holds witld = j.
(iv)
¢(TL,]) > ¢(n+ 17j)7n = Ov-"7N - 27.] = 1)" -y, (25)
and for eachj = 1, ..., m, all the probabilitiesp(n, j),n = 0,..., N — 1, except at most one, are equal to
either O or 1.

Corollary 2.2. Any randomized stationary optimal poligyfor the unconstrained problem (2.2) is ém —
1)-randomized trunk reservation policy consistent with the rewayd#n addition, if all the rewards-; are
distinct, such a policy is-randomized, where = min{m — 1, N }.

Corollary 2.3. Any stationary optimal policy for the unconstrained problem (2.2) is a trunk reservation
policy consistent with the rewarads.

3 Linear Programming Formulation and Lagrangian Relaxation

Consider the following Linear Program (LP) with variables P), wherex = {z(n,i) : n =0,...,N —
1,i = 1,...,m},P: (P(),...,PN).

m N-1

maximize, p Z)\m Z z(n, 1) (3.1)
i=1 n=0
m N-1

subjectto Y NCri(1—- > a(n,i) <G, k=1,...,K, (3.2)

i=1 n=0
> Xiw(n,i) = pni1Pap1, n=0,1,...,N -1, (3.3)
=1
N
> Po=1, (3.4)
n=0
0<z(ni)<P,, n=0,....N—1,i=1,...,m. (3.5)



In view of (3.4) and (3.5), the feasible region of LP (3.1)-(3.5) is bounded. Therefore, this LP has an
optimal solution, if it is feasible. If LP (3.1)-(3.5) is feasible, we consider an arbitrary optimal dual solution
(a,v),u = (ay,...,d9mN+rk) @ando = (v1,...,0x+1), Whereu corresponds to the inequality constraints
andv corresponds to the equality constraints, and introduce the following LP:

m K N-1 K m
maximize, p Z Ai (1 + Z Chi) Z x(n,i) — Z ak(z XiCk,i — Gi) 6
i=1 k=1 n=0 k=1 i=1 :

subjectto  (3.3) — (3.5).

Hereu, is also called the Lagrangian multiplier with respect tokkté constraint in the prime LP (3.1)-
(3.5). More details about the Lagrangian function and multipliers can be found in Appendix A. Lemma A.1
and explanations preceding it imply the following result.

Lemma 3.1. If the LP (3.1)-(3.5) is feasible then: (i) any optimal solution of the LP (3.1)-(3.5) is an optimal
solution of the LP (3.6), and (ii) the optimal values of objective functions for these two LPs are equal.

This lemma plays an important role in the proof of our main theorem, Theorem 4.1. We refer to this
technique as the Lagrangian relaxation in our paper. In general, the Lagrangian relaxation refers to using
weak duality theorem in obtaining lower bounds for non-linear programming problems. We use the term
“relaxation” here in the sense that, although the optimal set is enlarged after the transformation, the optimal
value remains the same.

For a vector(z, P) satisfying (3.2)-(3.5), consider a randomized stationary palisych that:

(3.7)

i)/Py, ifP,>0,n=01,....,N—1,i=1,2...,m;
¢<n?z)_{x(nz)/n if P, n i m

arbitray, otherwise.

Lemma 3.2. [3, Corollary 2.1] (i) If (x, P) is an optimal solution of LP (3.1), (3.3)-(3.5) théhy > 0 for
aln=0,1,...,N.
(i) A randomized stationary policy is optimal for the problem (2.2) if and only if

o(n, 1) = x(n,i)/Pp, n=0,1,....N—1,i=1,2,...,m, (3.8)

holds for an optimal solutiofx, P) of LP (3.1), (3.3)-(3.5). In addition, ifz, P) is a basic optimal solution
of LP (3.1), (3.3)-(3.5), then the poligydefined in (3.8) is (non-randomized) stationary optimal.

Theorem 3.3. (i) A randomized stationary policy is feasible for the problem (2.1) if and only if (3.7) holds
for a feasible vectofz, P) of LP (3.1)-(3.5).

(i) If (x, P) is an optimal solution of LP (3.1)-(3.5) then, > Oforalln =0,1,..., N.

(iii) A randomized stationary policy is optimal for problem (2.1) if and only if Eq. (3.8) holds for an
optimal solution(z, P) of LP (3.1)-(3.5). In addition, ifz, P) is a basic optimal solution of LP (3.1)-(3.5),
then the policy defined by (3.8) i¥(,,-randomized stationary optimal.



Proof. The proof of (i),(ii), and the first statement of (iii) are identical to the proof of Theorem 2.1 in [3].
We shall prove the second statement of (iii). First, consider the case Whenn. We represent LP (3.1)-

(3.5) in a standard LP form, where non-negative variablgsk = 1,..., K, are introduced to replace
m N-1

(8.2) with >~ \;Cy (1 — > x(n,i)) + Sk, = Gj, and non-negative variablegn,i), n = 0,..., N — 1,
i=1 n=0

i=1,...,m, are introduced to replace (3.5) wiifin, ) + y(n,i) = P,. TherearedX + N +1+ N xm
constraints andl + 1 + N + 2(N x m) variables for this new LP. Therefore, any basic optimal solution of
this new LP has at modt + N 4+ 1 + N x m basic variables. SincB,, n = 0,..., N, are positive, there
are at mostX + N x m basic variables among(n, i) andy(n, ). Becauser(n,i) + y(n,i) = P, > 0,
x(n, 1) andy(n, ) cannot be equal to zero simultaneously. Therefore, for eacttpal, eitherxz(n,i) =0
ory(n,i) = 0, except at mosk pairs where botk(n, i) andy(n, ) are not equal to zero. Sinegn, i) =
x(n,i)/P,, we have that for all pairén, i), except at mosk, ¢(n, i) equals eithef or 1. Therefore, the
policy ¢ is K-randomized stationary optimal. F&f > m, we note that the matrix’ = (Cj ;) is K x m

for constraints in (3.2) and thus, its rank is at mastAfter removing redundant constraints in (3.2), if there
arel constraints left in (3.2) antl < m, we are back to the previous case and the proof is completed. If
[ = m, the only extra piece we need to add is to show that the pglisy(m — 1)-randomized. Lemma 3.1
and 3.2 imply that) is optimal for an unconstrained problem. The rest follows from Lemma 2.1 (iiik.

We remark that, in the case &f > m, it is also intuitive that the randomized trunk reservation policy
actually has at most: — 1 randomized entries. Indeed, for the most profitable customer type, who has the
highest reward’, we will always accept it when the system is not full. Otherwise the system will be idling
and waiting to serve the next less profitable customer, thus, the policy is suboptimal. This is also consistent
with the definition of aiC-randomized trunk reservation, in which at least one threshold eglals .

4 Main Theorem and Its Applications
We recall that’,,, = min{K, m — 1}.

Theorem 4.1. Any K ,,,-randomized stationary optimal policy for problem (2.1) i&g,-randomized trunk
reservation policy, which is consistent with the reward functibn= r; + aC;, i = 1,...,m, where
" = (4y,1s,..., k) > 0is a vector of Lagrangian multipliers with respect to the fifstconstraints in

LP (3.1)-(3.5).

Proof. Consider anyK,,-randomized stationary optimal poliey for problem (2.1). Corollary 3.2 (ii),
Theorem 3.3 (iii), and Lemma 3.1 imply thatis optimal for an unconstrained problem with the rewards
rh=r;+ Zszl u,Cyr ;. Lemma 2.1 implies thap is a randomized trunk reservation policy consistent with
Tg =7r;+ Zle akC;m-. n

Consider an average reward SMDP withconstraints. If the Unichain Condition holds and a feasible
policy exists, then there existsia-randomized stationary optimal policy; see [5]. It is well known that for
any LP which has at least one optimal solution, there exist an optimal basic solution. Therefore, Theorem 3.3
(iii) implies the existence of &,,,-randomized stationary optimal policy.



Corollary 4.2. If the problem (2.1) is feasible, then there exists an optifigtrandomized trunk reserva-
tion policy which is consistent with the reward functidrdefined in Theorem 4.1.

According to [8, p. 471], for the costs vectOf defined by

(4.1)

otherwise,

{ N L, ifik=1,...,mandi=k;
Cki= 0

the average codVy (z, 7) is the blocking probability for typé customers. In addition, as mentioned before,
since there exists at least one type of the most profitable customers in terms of re\wtrdsystem will
always accept this customer type as long as there is empty seat to maximize the average rewards.

Corollary 4.3. Consider a special case of the problem (2.1) wittconstraints on the blocking probability
of K types of customerdy’ < m. Denote these customer types.hy|J| = K. If this problem is feasible
then anyK,,-randomized stationary optimal policy fs,,-randomized trunk reservation policy consistent
with the reward function’ defined as

o T‘i-l-ﬂi/)\i, iEJ;
’ T, otherwise,
wherea®» = (uy,1s,...,uk,,) > 0 is the vector of Lagrangian multipliers with respect to the fifst
constraints in LP (3.1)-(3.5), and

Ck,z‘Z{/\kl’ ifi,k=1,...,m,1 € J, andi = k; 4.2)

0, otherwise.

Therefore, there exists &,,,-randomized trunk reservation optimal policy consistent with the reward
if the problem is feasible.

References

[1] ALTMAN, E., JMENEZ, T. AND KOOLE, G. (2001). On optimal call admission control in a resource-
sharing systemEEE Transatcions on Communicatiod®, 1659-1668.

[2] ALTMAN, E. (2002). Applications of Markov decision processes in telecommunications: A survey.
In Feinberg E. and Shwartz A. (edgjandbook On Markov Decision Processpp, 489-536. Kluwer,
New York.

[3] FAN-ORZECHOWSKI, X. AND FEINBERG, E. A. (2004). Optimality of Randomized Trunk Reserva-
tion for a Problem with a Single Constraint. http://www.ams.sunysb-eeuiberg /public/ FanFein-
bergl.pdf

[4] Fiacco, A. V. AND McCoRrMICK, G. P.(1969).Nonlinear programming: sequential unconstrained
minimization techniquefeserach Analysis Corporation, McLean, Virginia. Republished in 1990 by
SIAM, Philadelphia.



[5] FEINBERG, E. A.(1994). Constrained semi-Markov decision processes with average rezéx@s.
Mathematical Methods of Operations Resea@$, 257-288.

[6] FEINBERG, E. A. (2002). Constrained finite continuous-time Markov decision processes with aver-
age rewardsProceedings of IEEE 2002 Conference on Decisions and Commeember 10-13, Las
Vagas, 3805-3810.

[7] FEINBERG, E. A. (2004). Continuous time discounted jump Markov decision processes: a discrete-
event approactMathematics of Operations Resea2® 492-524.

[8] FEINBERG, E. A. AND REIMAN, M. |. (1994). Optimality of randomized trunk reservatidAtoba-
bility in the Engineering and Informational Scienc8s463-489.

[9] Lewis, M. E. (2001). Average optimal policies in a controlled queueing system with dual admission
control.Journal of Applied Probability38, 369-385.

[10] LEwis, M. E., AYHAN, H. AND FOLEY, R. D.(1999). Bias optimality in a queue with admission
control. Probability in the Engineering and Informational SciencE3, 309-327.

[11] Lewis, M. E., AvHAN, H. AND FOLEY, R. D.(2002). Bias optimal admission policies for a nonsta-
tionary multi-class queueing systedournal of Applied Probability39, 20-37.

[12] LIN, K. Y. AND ROSS S. M. (2003). Admission control with incomplete information of a queueing
systemOperations Researchl,645-654.

[13] LIN, K. Y. AND ROSS S. M.(2004). Optimal admission control for a single-server loss quismenal
of Applied Probability41,535-546.

[14] MANGASARIAN, O. L. (1969).Nonlinear ProgrammingMcGraw-Hill, New York.

[15] MILLER, B. L. (1969). A queueing reward system with several customer cldgsemgement Science
16,235-245.

[16] Ross K. W. (1995). Multiservice Loss Models for Broadband telecommunication Networks.
Springer-Verlag, London.

A Appendix: Lagrangian Relaxation

In this appendix we present the results on Lagrangian optimization in convex programming and linear pro-
gramming used in this paper. Let us consider a mathematical programming prBblem

minimize  f(z)
subjectto g;(z) < 0, i=1,...,s,
hi(x) = 0, i=1,...,p,
xr € R".



The problemP is a convex programming problem if (f)andgs, . . ., gs are convex functions and (ii)
h1,...,h, are linear functions. If all the functiong, g;, 7 = 1,...,s, andh;, ¢ = 1,...,p are linear,
problemP becomes a linear programming problem.

The setS = {z € R" : gi(x) < 0,i = 1,...,s;hi(z) = 0,7 = 1,...,p} is called a feasible set
and anyz € S is called a feasible point. We consider the vector-valued funcgoas(gi,...,gs)" and
h = (h1,...,hp)". For a vector-valued functioR'(z) = (Fi(x),...,Fn(x))” defined for some: € R,
where N = 1,2,..., we denote byWF'(z) the N x n gradient matrix with the elemen®F;(x)/0x;
whenever all these partial derivatives exist at the point (z1,...,z,). The following two statements
are well-known [14, p. 201]: (i) iV F(z) exists atr and VF is continuous at, thenF is differentiable
atz, and (i) if F' is differentiable atz, it is continuous atr and VF'(x) exists. Define two row vectors
u=(u1,...,us) andv = (vy,...,v,). The function

L(z,u,v) = f(x) + ug(z) + vh(x)

is called the Lagrangian function.
Karush-Kuhn-Tucker (KKT) PoirjL4, p. 94]: A point(z, u,v), wherez € R", u € R®, andv € R?, is

called a KKT point if the vector functiof, g, andh are differentiable at = (z,,...,z,) and
V.L(z,u,v) = Vf(z)+uVg(z)+0Vh(z) =0, (A1)
9(z) <0, (A.2)
h(z) =0, (A.3)
u >0, (A.4)
ug(z) = 0. (A.5)
The vectorsu = (uy,...,us) andv = (v1,...,7,) are called the Lagrangian multipliers. Sometimes we

say thatu; (7;) is the Lagrangian multiplier with respect to the constrgink 0 (h; = 0). Note that the
value ofu; (7;) might not be unique.

Constraint qualification (CQ) [14, p. 171] for functiopsand h play an important role in nonlinear
programming. However, since we deal with linear programming in this paper, CQ holds at any minimal
point (local minima are global minima in linear programming). Therefore, we won't introduce the definition
of CQ here.

First Order Necessary Optimality Conditi¢gh4, p. 173]: Suppose that: (f)is a local minimal solution
of problemP, (ii) the vector functionsf, g, andh are differentiable at, and (iii) CQ holds at: for ¢ and
h. Then there existu, v), whereu € R® andv € R?, such tha{z, u, v) is a KKT point.

First Order Sufficient Optimality Conditiofi4, p. 162]: Suppos’ is a convex programming problem.

If a KKT point (z, u, v) exists, therx is a global minimizer.

If the objective is tanaximize f(x), we observe thahax f(z) = — min{— f(x)}. The corresponding
Lagrangian function id.(z, u,v) = —(—f(z) + u"g(x) + v"h(z)) = f(x) — u"g(x) — v"h(x). Since in
our paper all the functiong, g andh are linear, the negative functions of them are still linear and therefore,
COnvex.
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Lemma A.1l. Let(z, u,v) be a KKT point of a linear programming problef Consider problem B:

minimize f(z) 4+ aFg(z)

subject to gi(r) < 0 for i=k+1,... s,
hi(z) 0 for i=1,...,p,
r € R”,
wheregk = (g1,...,g1)7, @¥ = (41, ...,u;), andk < s. Then problem¢> and B have the same optimal

values and any optimal solution of problem P is an optimal solution of problem B.

Proof. Consider a KKT poin{(z, @, v) of the problemP. Let us denote by’ the objective function of
problemB, Zg(x) = f(x) + @*g(x)*. Forz € R", consider

Z1(x) = L(x,4,) = f(x) + tg(z) + vh(x).
In view of the First Order Sufficient and Necessary Conditions, any poistoptimal for the linear pro-
gramming problen® if and only if there exist vectors, v such tha{z, u, v) is a KKT point of the problem

P. Notice thatz is also a global minimizer of the linear functidi(x, w, v) sinceV,L(z,u,v) = 0. We
denote the feasible sets Bfand B by Sp andSp respectively. Therefore,

[(Z) = minges, f(x) = Z1(T) = mingern Z1,(x). (A.6)
Notice thatSp C Sp implies
MiNges, Zp(r) > minges, Zp(x). (A.7)

First, let us consider any point € Sp. For two vectors: andb we writea > b (or a < b) if this
inequality holds for all coordinates. Sinae> 0, g(z) < 0, andh(x) = 0, we have thaff (z) > Zg(z) >
Zr,(x). Therefore,

minges,y f(x) > minges, Zp(x) > mingern Z1,(x). (A.8)

Second, for any point € Sg, sincea > 0, gi(z) < 0,i =k +1,...,s, andh(xz) = 0, we have that
Zp(x) > Zr(x) and therefore,

Minges, Zp(x) > mingern Zr,(z). (A.9)
In view of (A.7)-(A.9), we have
Minges, f(x) > minges, Zp(x) > minges, Zp(x) > mingern Z,(z). (A.10)
In view of (A.2)-(A.5), we have thaf (z) = Zp(z) = Z1(z), which along with (A.6) and (A.10) imply
that all the inequalities in (A.10) are equalities and therefore, for any optimal soleittbproblemP,
f(Z) = minges, f(x) = minges, Zp(r) = Zp(%),
which completes the proof. .

WhenP is an LP,(z, u, v) is a KKT point if and only ifz is an optimal solution o and(, ) is an
optimal solution of the dual problem 8 [14, p.115, p.127]. Thus, to find*, we need to solve the LP
dual to problemP. However, most of contemporary LP solvers use interior point methods and calculate the
primal and dual solutions simultaneously. Therefore, we do not formulate the dual LP in this paper.
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