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ON HOMOGENEOUS MARKOV MODELS WITH CONTINUOUS TIME AND
FINITE OR COUNTABLE STATE SPACE

A. A. YUSHKEVIC AND E. A. FAINBERG

(Translated by E. Lukacs)

Without assuming the homogeneity in time, processes indicated in the title of this
paper were investigated in [13]. In our note, the results of [13] are applied to the
homogeneous case, and the concept of canonical strategy is carried over from 16], [17] to
models with continuous time. In contrast to papers [1], [3]-[11], it is assumed that the
controls depend on the whole history. We note that, aside from [13] and [14], in-
homogeneous models with more general controls were studied by Gikhman and Skorok-
hod under additional conditions of compactness and continuity ([12], Chapter 2, 5). The
physical aspects of descriptions depending on the past of the strategy were first discussed in
[2].

1. The homogeneous model Z is given by the following elements: (i) the state space
X--a finite or denumerable set; (ii) the space of controls A--a Borel space (in 4, it is an
arbitrary measurable space); (iii) the projection/’m a measurable mapping of A to X, where
A(x)=]-l(x) is the set of controls admitting the states x; (iv) the transition density
q(a, F)ma measure depending measurably on the state a and satisfying the conditions
q(a,.i(a))=O, q(a,X)<=K<; (v) the rate of payoff r(a)ma measurable function on A;
(vi) the coefficient of discontinuity a--a non-negative constant.

The estimate of the policy zr and the estimate of the model on the time interval [s, u]
are given by the formulas

(1) w( r,R)=E e-r(r[x])dt+e-"R(x,), v(x,R)=supw2(x,r,R),

where the final payoff R is a lunction on X (equal to 0 for u eo), x is a random trajectory
of the controlled process, x’ is the segment of this trajectory in the time interval [s, t], E" is
an integral with respect to the probability measure P in the space of trajectories which
corresponds to the initial state x and the policy -. The formal definitions of the space of
trajectories, of the arbitrary policy - and the measure P are given in [13]. For s 0,
u oo, R 0, these arguments are omitted in the notation of the estimates. The model is
summable (.from above orJ’rom below) provided the estimate w(x, -) is finite for all x and r
if in the model with the function r either its positive or its negative part is substituted for r.
The Markovian property is given by the formula -[x] q(t, x) by means ol the mapping
o(t; x) of the space [0, oo)xX on A such that o(t; x)A(x) and that o(.; x) is Borel
measurable. If o does not depend on t, then the policy is called stationary and the mapping
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itself is called the selector. The policy r is optimal if w(., zr)= v and it is e-optimal if
w( r) >- v e.

2. We introduce the operators

Qf(a)= q(a,y)f(y)-q(a,X)f(j(a)), Uf=r+Of,
yX

Qf(x) Qf(q(x)), Tf(x) Uf(o(x)), Vg(x) =sup g(a), Tf VUf
A(x)

(a A, x X, f is a function on X, g is a function on A, is the selector; the expressions
Of(a) and so on are defined if they do not contain the indeterminacy c-). The norm of
functions is understood to be the supremum of their modulus.

Theorem 1. Let 0 -<_ -<_ u < oo, a 0, Vrll / IIR <. We put w,(., w (. ,., R),
v,(’)=vT(’,R).

A. The function v,(x) is continuously differentiable with respect to and is the unique
solution ofBellmann’s equation

T
ot

with the boundary condition v, R.
B. For any Markovian policy p(t, )= qt(" and initial state x, we have

(2) v(x)- w(x, q)= M(T- T’)v,(xt) dt,

C. A Markovian e-optimal policy exists ]:or any e > O.

PROOF. It is clear that v,(x) <= ullVrll / IIRII. For any 6 > 0 there exists a selector with
r(p) > Vr- 8 -->-Ilvrll- . Therefore,

vt(x) >- w(x, q, R)>= -u(ll Vrll+ )-IIR

Hence v, u Vr + R II. For uniformly bounded v,, Corollary 4.1, Lemma 5.1 and
Theorem 5.1 of [13] yield B and C and the weaker assertion A’: v,(x) is the unique
bounded, absolutely continuous solution of the equation

Tv, (a.e. int)

with boundary condition v, R. It remains to show that Tv, is continuous in t. It follows
from the definition of the operators Q, V and T that

vrll- 2Kll/:ll-< W(r -IIOWII) --< TW-< Wrll + 2gll/ql,

so that the uniqueness of the estimate IITv, ll--< c < holds uniformly in t. Hence, by virtue
of A’, we have I1,- wll--< c(t- s); therefore, IIOv,- Ov, ll--< 2gflt- sl, and hence,

ITv,- Tvsl <= 2KCIt
Defining v, as the supremum of w,(., ) with respect to the Markovian policies , Miller

13] obtained Bellmann’s inequality in the form A’ for finite, and Kakumanu [61, Lippman
[11], for denumerable jump models, and (in the form A) Pliska for semicontinuous jump
models. They also proved that the policy q (t, x) is optimal among the Markovian policies if
T’v, Tv, for all t.

3. Theorem 2. Let 0 <- < oo. A. If either r <= 0 or the model ofsummation from above
and v O, then Bellmann’s equation av Tv is satisfied at all points xforwhich v(x) is finite.
For a > 0 and Vr <, the estimate v is the unique bounded solution of av Tv.
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B. If the model is summable and Ilvl[< , then for any Markovian policy q(t,. )=
,,( ),

(3 v(x-w(x, ,-- e-’:(r r’lv(x,l tit +iN e-’Fv(x,l.

Moreover, the last limit (different.from zero only i" o O) is non-negative.
C. I[r >-0, then v(x) sup w(x, o) where o varies over the class o.fMarkovian policies.
D. I.f r <- 0 and Ilvll < o, then there exists an e-optimal policy ’or any e > O.
E. I." > 0 and gll < oo, then there exists a stationary e-optimal policy ]’or any e > 0.
F. I" A is a metric space, A(x) is compact, q(a, y) is continuous in a, r(a) is

semicontinuoustrom above, Vr < and either > 0 or r <-_ 0 and v < c, then there exists a
stationary optimal policy.

G. I.f X and A are finite, the model is summable and v is finite, then there exists a
stationary optimal policy.

PROOF. According to Theorem 4.2 from [13], the equation of optimality

(4) vt +K vs ds vu + (KI + Ts)v ds, <- u,

is valid under the assumptions A. Here I is the unit operator and vt e-tv due to the
homogeneity of the model. The operator T is expressed in terms of T by the formula
T,(e-t]) eTl Substituting these expressions into (4), we obtain, for finite v(x), the
equation v(x) Tv (x). It follows easily from (1) that Ilvll -11 gll for c > 0 (see the proof
of Theorem 1). The uniqueness of the bounded solutions is seen from the known
representation of Bellmann’s equation in the form

v (o + K)-I(KI + T)v,

where on the right hand side the contraction operator is obtained for > 0. If c > 0, Ilrll < o
and v(. sup w(., o) then o is a Markovian policy. The result A is well-known (cf. [5], [8],
[9]).

Under the conditions of B, one has, on account of Theorem 4.1 of 13] and by virtue of
the homogeneity of the model, v(x, e-%) e-%(x) and according to Lemma 5.1 from
[3]

e-’E(T T’)v(x,) dt= v"(x, e-v)-wU(x, e-Uv)o,

v(x)- w(x, o)- Exe-v(x,).

For u o, we obtain formula (4). According to Theorem 3.2 from [13], we have

w(x, o)= w(x, ) + Ew(xu, q)= w"(x, q) + e-Ew(x, o’),

where ’ is the policy obtained from o by shifting the time to u. Since w"(x, o) w(x, o) as
u oo we have

lim e-"Exw(X, o’) O.

The limit in formula (3) is non-negative, since v(x) >- w(x, ’).
Points C and D are particular cases of Theorems 6.1 and 5.1 from [13].
Under the conditions of E, the model is summable from above and Ilvll < o; therefore,

according to formula (3), the selector q with (T-T)v <=e generates an e-optimal
stationary policy. For the optimality of the class of Markovian policies for Ilrll < oo the
result E is known (cf. [6]).

In case F, the function Uv(a) is upper semicontinuous on the compact set A(x) and
attains on it its upper bound so that a selector o with Tv Tv exists. According to B, the
stationary policy o is optimal. For finite A(x), c > 0 and Ilrll < o, the existence of stationary
optimal (among Markovian) policies was established by Miller [4] and Kakumanu [5];
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Pliska [8] and Doshi [9] obtained various forms of sufficient conditions for general
semicontinuous jump models.

The point G is proven in the same way as for discrete time’ For a > 0, a stationary
optimal policy exists by virtue of F; the case a 0 is obtained by going to the limit which is
possible in view of the finiteness of the set of selectors (cf. [17], 6.3).

Some generalizations of Theorem 2 for the case of jump models with Borel spaces of
states were announced, without proof, in [14].

3. Let 0 <, a 0 and Vr[[ < o. We say that the selector and the bounded
function g and R on X form a canonical triple if for all x and t,

(5) w’(., q, R) tg +R vt(., R).
The corresponding stationary policy is also called canonical. Similarly as in the case of
discrete time (el. [17], 7.1), it follows from (5) that g is an asymptotic estimate of the
model and that the canonical policy is asymptotically optimal in the sense that for any
policy

li’-- w’(x, or) <= g(x)= lim
w’(x, q._._..).

Theorem 3. The selector and the bounded[unctions g andR ’orm a canonical triple
and only if
(6) O’g VOg O,

(7) T*R TR g.

PROOF. Since v’(x, R) v,_,(x, R) it follows from Theorem 1.A that v’(x, R) is the
unique, locally bounded (i.e., bounded on any set [0, u] X, u > 0) solution of the equation

(8)
Ovt(x, R.___._) Tv’(x, R), 0,

Ot

with the initial condition v(x, R)= R(x).
If (5) is satisfied, then (8) takes the form

g T(tg +R V[r + tQg + QR ].
For 0, we obtain g TR. Dividing by in the limit as t--, oo, we have

[ r(a)+ OR (c)]0 lim sup Qg(a) +
A(x)

Under the given assumptions, the function r + QR is bounded from above, and hence the
right-hand side is SUpAx)Qg(a)= VQg. The right-hand sides of relations (6)-(7) are
established. The function w’(x, , R) is, in view of (5), also locally bounded and, according
to Corollary 3.2 from [13], satisfies almost everywhere in the equation

(9) Ow’(x, , R)
Twt(x , R).

Ot

Substituting (5) into (9) we have g T*(tg + R)= r()+ tQg + Q’*g (a.e.). The equalities
g T*R and Q’*v 0 are obtained by letting 0 and oo. The necessity of equations
(6)-(7) is proven.

We prove their sufficiency. The function tg +R is locally bounded, and in order to
obtain the right-hand equation in (5), it remains to verify that it satisfies (8), i.e.,

(10) g(x)=sup[r(a)+tQg(a)+QR(a)].
A(x)

On account of (6)-(7),

(11) sup[r(a)+OR(a)]=g(x), suptOg(a)=tsupOg(a)=O,
A(x) A(x) A(x)
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Moreover, both suprema are assumed for the same value a =p(x). Therefore, the
supremum of the sum equals the sum of the suprema, and (10) follows from (11). In order to
obtain the left equation in (5), it is sufficient to apply what has just been said to the model
Z1, obtained from Z by reducing the set of controls A(x) to one-point sets consisting of
points q(x) (in the model Z1, the role of v’(x,R), VO, T and Vr is played by w’(x, q,R),
Q, T and r(q), and the boundedness of the function r() necessary for the application of
Theorem 1.A follows from the boundedness of g and R and from the formula TR g).
The theorem is proven.

If g is a constant, then (6) is automatically satisfied and only equations (7) remain. In
this form, equations (7) were used as sufficient conditions of asymptotic optimality in the
class of Markovian policies in the sense of the criterion limt_ -1 w t(x, 7r) by Kakumanu [7]
(in the case of denumerable X and A), by Doshi [9] (in case of semicontinuous jump
models with generalX and A), and by Bather 10] (for denumerable X, unbounded q and r
but only in the class of stationary policies).

Theorem 4. 1]: the spaces X and A are finite, then there exist canonical policies in the
model Z.

The proof is analogous to the case of discrete time (cf. [17] chapter 7). Miller has
shown that, in the model considered, the procedure of improving the policy according to
Howard, leads finally to a selector such that

(12) Qg(x)=O, xX, Qg(a)<-O a

r(p(x))+QRl(x)=g(x), xX,

(13) r(a)+QR(a)<-g(x) asaeA(x), Qg(a)=O,

where the functions g and R1 are taken from the decomposition w,,(x,p)=
a-lg(x)+ R(x)+ o(1) of the estimate of the policy q with discount coefficient a x0 ([4],
Theorem 8.10 and Lemma 11). As Denardo and Fox [15] have pointed out, it follows from
(12) and (13) that

(14) r(p(x))+QR(x)=g(x), r(a)+QR(a)<-g(x), aA(x), xeX,

for the function R R1 + cg, provided that c > [Qg(a)]-[g(](a)) r(a) QR(a)] for all a
for which Qg(a) < 0. Relations (12) and (14) are equivalent to the system (5)-(6) so that q is
a canonical policy.

4. It follows from Corollary 6.2 and Theorem 4.1 in [13] that the results of 2-3
remain valid for a more generally defined model in which A is an arbitrary measurable
space, provided one introduces the supplementary condition r < in the assertions 1,2B
and 2E, and the condition r / v < in the formulation of 2A. These supplementary
conditions are, in fact, unnecessary but in order to get rid of them one must modify the
derivation of the equation of optimality in 13] using in it the homogeneity of the model in
an essential way.
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SOME EXAMPLES OF EQUIVALENT AND ORTHOGONAL GAUSSIAN
DISTRIBUTIONS

S. M. KRASNITSKII

(Translated by A. B. Aries)

Let EN be N-dimensional Euclidean space, let T c EN, let ([l, ) be a measurable
space, and let P1, P2 be probability measures on (fl, ). Assume that the function
r/ E x fl --> E is a homogeneous random Gaussian field in E with respect to P, as well
as P2.

Let " T x f - E(: (., )) be the restriction of r/on T. Let us assume also that the
correlation functions of the field , determined with respect to P1 and P2 (we denote them
byR and RE, respectively), are distinct. The expectations of the field " are taken to be zero.
Furthermore, we assume the existence of spectral densities f: Er - [0, 0o),/’ 1, 2, that is,

S) [_ve-i(x’t-s)(A) da, / 1, 2,R,(t,

a=(al,...,a)eEu, t=(t,. ,t)eT, s=(s,,...,s)eT,

(h, r) h lr +" +
for r (rl, ’rN).

Let c be the r-algebra generated by the family of random variables {(t), e T},
and let v, v,. be the restrictions of Pa, P2 on . As is well known (see [1]-[6]), there exists a
definite connection between the behavior of the pair (fl,/2) and the equivalence (or
orthogonality of v and v2. The case N > 1 differs essentially from the univariate case in
several respects. Some examples illustrating this difference are given in [4], [5]. The
examples given below demonstrate other aspects of the difference.


