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1. Introduction

In the theory of controlled Markov processes with discrete time we study,
as a rule, controlled processes either with the total reward criterion or with
criteria for mean reward per unit time.

The theory of controlled Markov processes with Borel state and control
spaces in the case of the total reward criterion was developed by D. Blackwell
[1], [2] and R. Strauch [3]. In [4]-[6] the basic results of the investigations [1]-[3]
were extended to nonhomogeneous models, the foundations of the theory of
which were laid in [7]-[9]. The study of controlled processes with mean reward
criteria was started at the end of the 1950s. The first fundamental results were
obtained in the publications by R. Howard [10], C. Derman [11], [12], O. V.
Viskov and A. N. Shiryaev [13].

In addition, there exist publications (for example, [14]-[16]) in which con-
trolled processes with other numerical criteria are investigated. There also exists
a number of works in which the value of the criterion constitutes a finite-
dimensional or infinite-dimensional vector (for example, [17]-[19]), or the value
of the criterion is not computed, but a rule is given according to which one
strategy is more preferable than others (for example, [19]-[23]).

In connection with the existing variety of criteria and methods of their
investigation, the problem arises, concerning development of general methods
for the investigation of all or individual groups of criteria.

One such group of criteria, the so-called expected utility criteria, were
studied in [27], [34]-[38]. In this case the criterion is the expectation of a
functional specified on the trajectory space of the process. The total reward
criterion is a particular case of the expected utility criterion. When expected
utility criteria are investigated, additional conditions to those of [1]-[3] guaran-
teeing existence of optimal strategies are imposed as a rule on the model.
Regrettably, criteria of mean reward per single step are not expected utility
criteria.

In the present paper we consider nonhomogeneous Borel models with
discrete time and nonbounded horizon. We investigate arbitrary numerical
criteria, i.e., criteria the values of which are given by numerical functions defined
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on the space of strategic measures. We introduce three properties of a criterion"
measurability, convexity and decomposability (Definitions 2.1-2.3). We establish
that from these properties of a criterion follows the existence of nonrandomized
strategies and nonrandomized Markov strategies, while in the case of a specified
initial measure there follows existence of nonrandomized Markov strategies that
are close to optimal strategies. Thus, in the case of a particular criterion, for the
proof of existence of the strategies mentioned above, it is sufficient to verify
that the criterion possesses certain properties.

In Theorem 3.1, it is established that from measurability of a criterion
follows the existence of strategies that are close to optimal strategies ((/x, e)-
strategies and (tz, e, K)-optimal strategies). From convexity of a criterion it
follows that in each of the classes of Markov, semi-Markov and all strategies,
for an arbitrary strategy a nonrandomized strategy exists which is not worse
(Theorem 3.2). From decomposability of a criterion follows sufficiency of Markov
and semi-Markov strategies (Theorem 3.3; in essence, this result is known from
[3]).

We point out that in this paper we study a broader concept of a (, e )-optimal
strategy than the generally accepted concept introduced in [3]. In [3], it was
assumed that e is a constant, while everywhere below, with the exceptions of
examples to the contrary, it is assumed that e is a function on the set of initial
states. Since the values of the criterion are not assumed to be bounded, the
concept of a (/z, e, K)-optimal strategy (see Remark 2.1) is introduced.

The general results obtained are applied to concrete criteria. In the case of
the total reward criterion it is proved that, for an arbitrary strategy, there exists
for all initial states a nonrandomized semi-Markov strategy which is not worse,
while for a specified initial measure there exists a Markov strategy which is not
worse. (The article [23], giving answers to the questions from [3], [4], is devoted
to this result. In contrast to [23], we suppose that if the value of a criterion is
transformed into indeterminacy of the form (+c)- (+c), then the value of the
criterion, following the approach of [24], Chapter 2, Section 1, is assumed to
be the worst possible quantity, i.e., -c, while in [23] it was assumed that in this
case the value of the criterion is not defined.) An analogous result is established
for the criterion of the upper estimate of mean reward (this criterion was
introduced for the first time in [12]).

For the total reward criterion we have proved the existence of nonrandom-
ized semi-Markov (tz, e, K)-optimal strategies, while for the criterion of the
upper estimate of mean reward we have proved the existence of nonrandomized
semi-Markov (, e)-optimal strategies (the last result was pointed out in [25] as
an open question).

For the criterion of the lower estimate of mean reward, we have established
the existence of semi-Markov (, e)-optimal strategies (this result was presented
without proof in [25]). Existing examples (see [25]) show that for mean reward
criteria without additional restrictions, stronger statements are not true even for
homogeneous models.

To illustrate the fact that the results of the paper are applicable for the
study of other criteria, we have considered asymptotic reward criteria. Closely
related criteria were investigated in [14]-[16].
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The theorem on decomposition of a randomized strategy is fundamental
for the proofs in the present paper. This result was proved by N. V. Krylov [26]
in the case of a denumerable state space (in [26] it was mentioned that a similar
theorem was formulated by I. V. Girsanov) and by I. I. Gikhman and A. V.
Skorokhod [27] in the case of a Borel state space. In [23] this result was extended
to the case of Markov and semi-Markov strategies.

2. Basic Concepts

For an arbitrary Borel space E, we denote by B(E) the Borel o--algebra on
E, and by II(E) the set of all probability measures on (E, B(E)). If E’e B(E),
then B(E’) is the tr-algebra on E’ formed by elements of B(E) that are contained
in E’. Everywhere in the paper measurability is understood in the Borel sense.
We denote by J//(E) the minimum r-algebra on II(E), relative to which for all
E’e B(E) the mappings /x-/x(E’), with /x eli(E), are measurable. The pair
(H(E), :///(E)) forms a Borel space (see [4], Appendix 5, Section 2). We note
that everywhere in this paper we keep to the notation from [4].

2.1. The probability structure of a nonhomogeneous Borel controlledMarkov
model is specified by the collection {X, A,/(. ), p (. [. )}. The sets X and A are,
respectively, the Borel spaces of states and controls, with X t_J=l Xt-1 and
A (_J= At, where Xt-a and At are the sets of states and controls at the time
instants 1, 2, . It is assumed that Xt-1 e B(X) and At e B(A) for all t, and
Xt-1 fqXt,-x =At VIAt,= f for all t’. The connection between the state and
control spaces is specified by the mapping/of the set A onto X. At the same
time, Xt-x =/’(At) for all t, and for each x eX the set of controls in the state x
is A(x)=/-X(x). The mapping/is assumed to be uniformizable. The conditional
measure p(.[a) on X (where a cA) is the transition function of the model
satisfying the regularity conditions: (a) p(. ]a) for all a e A is the probability
measure on X; if here a eAt for some 1, 2,..., then p(Xtla)= 1; (b) for all
X’e B(X) the function p(X’[a) is measurable with respect to a

We consider the sets L X0 xA X Xl xAz x X2 x. Ht-a
XoXAlXXlX" xAt-lXXt-1, where 1, 2,. , and H LltIHt-1. Since
Ht- Ht,-1 for t’, the spaces L, Ht-1 and H are Borel, the r-algebras
B(L), B(Ht-1) and B(H) being generated by the or-algebras B(X) and B(A).

A conditional measure zr(. ]h) on A, where h e H, satisfying the following
conditions is called a strategy zr" (a) for any h xoa ix at-lXt-1 e Ht-1, where

1, 2,..., zr(. ]h) is a probability measure on A, concentrated on A (xt-1), (b)
for any A’e B(A) the function zr(A’[ .) is measurable with respect to h e H.

A strategy zr is said to be nonrandomized, if for any prehistory h e H the
measure zr(. [h) is concentrated at a single point. A strategy zr is said to be
Markov (semi-Markov), if for any x e X\Xo (for any z e Xo and x e X\Xo) there
exists a measure r(. Ix)(’(’ [z, x)) such that 7r(. Ih) r(. Ixt-)(’(" [h)
rr(. [Xo, xt-a)) for any h xoa 1XI at-xt-1 e H\Ho, 2, 3,....

We denote by A, A3, , Az, A and A1, respectively, the sets of all
nonrandomized Markov, Markov, nonrandomized semi-Markov, nonrandomized
and arbitrary strategies.
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For 1, 2,..., let Y-I --nt-1, yt3-1 =Xt-l, y2o Xo, and set, for t> 1,
Yt2-1 X0 x Xt-1. Let yi U=I Yt-l,i where 1, 2, 3. Since YI-1 f3 YI,-1
for # t’, yi (where 1, 2, 3) are Borel spaces and YI-1 B(Yi) for all t=
1,2,....

We denote by.k(y), where 1, 2, 3, the mapping of yi onto X, which
projects for each =0, 1, 2,.. the set Y onto Xt, and put A(y)=A(k(y)).for
yY.

In accordance with the definition of a nonrandomized strategy A,
1, 2, 3, given above, we specify a measurable mapping of the space Y into

A such that (y) A (y) for all y Y.
The arbitrary initial measure/ l-I(Xo) and strategy r uniquely specify a

probability measure on (L, B(L)) (see [4] or [5]), which we shall denote by P.
If the measure/z is concentrated at a point x Xo, then we shall write P instead
of P. A probability measure P on (L, B(L)) is said to be strategic, if there exist
/ H(Xo) and r A1 such that P P. We denote by S the set of all strategic
measures. We consider the sets

S(x) {P S: P=P,

where x Xo and So LIXo S (x).
In what follows we use the following three properties of strategic measures.

Property 2.1. (Measurability of S and So.) The inclusions S I(L) and
So eli (L) hold.

Property 2.1 implies that the pair (S, B(S)) forms a Borel space, where the
g-algebra B(S) is formed by the intersection of elements of the r-algebra J//(L)
with S. For an arbitrary element II(S) we denote by P a measure on (L, B(L))
given by the relation

P" (.) J., P(. )v (dP).

Property 2;.2. (Convexity of S.) For an arbitrary probability measure v on
(S, B(S)) the measure P belongs to S.

We denote by f a denumerable product of the segments [0, 1], by B a
denumerable product of the o--algebras B([0, 1]), and by m a measure on f
generated by a denumerable product of Lebesgue measures on [0, 1].

Property 2.3. (Decomposability of randomized strategies.) For an arbitrary
strategy rrA, 1,2 or 3, there exists a (BB(Y))-measurable mapping
pi(o, y)oftheset Y intoAsuchthat: (a) pi(ca, y)A(y)forall (0, y)f yi,
(b) ]’or any initial measure tz II(Xo) and any non-negative (or bounded) measur-
able function f(l) on L

(2.1) IL f(l)P:(dl)= fn m(&o) fLf(1)P:’t’l(dl),
where for each co a nonrandomized strategy pi[o A is given by the relation
q’[o](y) ’(o, y), y

Properties 2.1 and 2.2 are proved in [4], Chapter 3, Sections 5, 6 and
Chapter 5, Section 5. Property 2. is proved in [2], Theorem 1; it is a develop-
ment of Theorem 1 of [26] and Theorem 1.2 of [27].
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2.2. Let a function w (P) be given on the set S, assuming values in [-, +].
This function is called a criterion. For /z H(Xo), x Xo and 7r A1 we write
w(, 7r)= w(P) and w(x, 7r)= w(P). The quantity v(x)= sup(w(P)" PS(x))
is called the value.

Let e (x) and K(x) be universally measurable functions on Xo and l H(Xo).
A strategy rr is said to be (/x, e, K)-optimal if the set of x Xo satisfying the
inequality

v(x)-e(x) ifv(x)<+
(2.2) w(x, r) >

K(x) if v(x)= +c,

is universally measurable and the inequality (2.2) holds a.s. with respect to the
measure/; a (g, e, +)-optimal strategy is called (g, e)-optimal.

REMARK 2.1. The concept of a (g, e)-optimal strategy was introduced in
[3] and in a more particular form earlier in [1]. In [3] and the subsequent
investigations, it was assumed that e is a positive constant (in [4] such strategies
were called e-optimal a.s. with respect to the measure g). In the present paper
all statements concerning the existence of (g, e)- and (g, e, K)-optimal strategies
are proved for the case where e (x) is a positive universally measurable function
on X0. In this respect the approach to the concept of a (g, e)-optimal strategy
in the present paper is broader than the approach used in [3] and in other
investigations. Thus, for example, we can consider functions e(x)= ex, where
x e Xo (0, 1), or e (x)= e/x, where x e Xo [1, +o).

In [3], it was assumed that v (x) <+ for all x e Xo. In connection with this,
both definitions of (/z, e)- and (/z, e, K)-optimal strategies, when e(x) const.,
coincide with the definition of a (/x, e)-optimal strategy in [3]. The introduction
of the function K (x) which, as will be subsequently assumed everywhere, takes
on finite values is connected with the following circumstance. In [4], [5], examples
were constructed which show that for the total reward criterion the equality
w(x, 7r)-+ may hold for a certain strategy 7r, but w(x,o’)<+ for any
nonrandomized strategy tr. In connection with this, in certain investigations (for

-1example, [28], [29]) it was assumed in similar situations that K(x) e

DEFINITION 2.1. A criterion w is called measurable, if w (P) is a measurable
function on S.

DEFINITION 2.2. A measurable criterion w is called convex if, for any
measure H(S),

(2.3) w(PV)-<- Is w (P),(dP)

if the integral on the right side of (2.3) has a meaning.

DEFINITION 2.3. A criterion w is called decomposable if, for any two
strategic measures P and P’ such that P(ateAt)=p’(ateA t) for all t=
1, 2,... ,A B(At), the equality w(P) w(P’) holds.

REMARK 2.2. Since

P(xt- Xt, at A t) e(at ]-l (xt) f"l A t)
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for all PS, t= 1,2,... ,X B(Xt-1), A B(At), coincidence of all one-
dimensional distributions P(a, A t) P’(at A t) is equivalent to coincidence of
all two-dimensional distributions P(x,-1
where P, P’ S, 1, 2, , X B(Xt-1), A B(At).

3. Basic Results

Lemma 3.1. For an arbitrary strategy 7r A1 the mapping x P o] the space
(Xo, B(Xo)) into (S, B(S)) is measurable.

PROOF. According to the Ionescu Tulcea theorem (see [30], Section V.1),
for any positive measurable function ’(1) on L the function F(x)= z.]’(l)P’2(dl)
is measurable on Xo. From this, in view of Statement 2.1 of [31] follows the
validity of the lemma.

Theorem 3.1. Let w be a measurable criterion.
A. For any strategy r, the function w(x, r) is measurable with respect to

xXo.
B. The function v (x is universally measurable with respect to x Xo.
C. For any universally measurable ]unction e (x) > O, K(x) < +c on Xo and

measure tz 1-I(Xo), there exists a (/x, e, K)-optimal strategy.

PROOF. Part A follows from Lemma 3.1. The proof of parts B and C is
carried out according to the same plan as the proof of the analogous results for
the total reward criterion in [3]-[5]. We shall indicate the basic stages of the proof.

We consider the mapping k: k (P) x for P S (x), x Xo. According to [4],
Chapter 3, Section 6, k is a measurable mapping of (So, B(So)) onto (Xo, B(Xo)).
Then k -1 (x) S(x) and

v(x) sup {w (P): k(P) x}.

The validity of point B follows from (3.1) and the theorem on universal measura-
bility of the supremum of measurable functions, see [4], Chapter 3, Section 2,
Theorem B.

We specify uniformly measurable functions e (x) > 0, K (x) <+ on Xo and
a measure/x II(Xo). We define on Xo a function Vl: v(x)= v(x) if v(x)< +,
and v (x) K (x) + e (x) if v (x) +oo. The function v is universally measurable.

We consider a set E’ B(Xo) and measurable functions t7 and g on Xo such
that x (E’) 1, iT(x) v (x) and g(x) e (x) for all x E’. We denote by E the
collection of all measures P So satisfying the conditions

(3.2) k(P) E’, w (P) _-> t7 (k (P)) (k (P)).

In view of (3.2), E B(S0). From the definition of the functions v, Vl and t7 it
follows that for each x E’ there exists a measure P $(x) for which

w (P) -_> v l(x e (x) t(x) ?(x) g(k (P)) (k (P)),

i.e., the measure P belongs to E. Consequently, i’ i(P)= k(P), where P e E, is
a measurable mapping of (E, B(E)) onto (E’, B(E’)).
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In view of the Yankov-Neumann theorem on measurable choice (see [4],
Chapter 5, Theorem D) there exists a measurable mapping 0 of the space
(E’, B(E’)) onto (E, B(E)) for which

(3.3) i(4,(x))=x (a.s./).

From the procedure of combining strategies (see [4], Chapter 3, Sections
2, 6, and Chapter 5, Section 5) follows the existence of a strategy 7r for which

(3.4) P O(x) (a.s./. ).

From (3.2)-(3.4) we have (a.s./z):

u(x, r)= w(O(x)) >-(k(,(x)))-(x) v(x)-e(x).

It remains to note that the inequalities (2.2) and w(x, zr)>-Vl(X)-e(x) are
equivalent. The theorem is proved.

Corollary 3.1. If w is a measurable criterion and v (x)< +c for all x Xo,
then, for any II(X0) and any positive universally measurable function e (x) on’
Xo, them exists a (lz, e )-optimal strategy.

REARI 3.1. For x X0 we call the model obtained from an original model
by substitution of the set Xo by x andA by A\j-a(Xo\x), the x-model. A criterion
w is called concave if (-w) is a convex criterion. As Example 4.1 shows, the
condition v (x)<+ is essential in Corollary 3.1. If this assumption is replaced
by the assumption that for each x X0 the criterion w is concave in the x-model
(in particular, this is true when w is a concave criterion), then the assertion of
Corollary 3.1 remains valid. The proof of this fact coincides with the proof of
point C of Theorem 3.1, the only difference being that we must put v l(X) v (x),
i.e., we must not introduce the function V l. If v (x)= +c, existence of a strategy
7r for which w(x, r)= +c follows from the same reasoning as in [4], Chapter
5, Section 5, and Chapter 4, Section 4.

Theorem 3.2. Let w be a convex criterion.
A. For any tz II(X0), K<+c and 7r A, 1, 2 or 3, them exists a

nonrandomized strategy q A such that

w(/x, 7r) if w(, 7r)<+
(3 5) w(/z, 0) >

K g w(, r) +.

B. For any strategy r A, 1 or 2, and any measurable function K (x <
+ on Xo, there exists a nonrandomized strategy o A such that for all x Xo

w(x, Tr) if w(x zr) <
(3.6) w(x, q) >

K(x) if w(x, r)=
PROOF. A. Let there be given /x, K, zr Ai (the value of is specified)

satisfying the conditions of the theorem. We consider for all to fl the strategies
q [to the existence of which is asserted in Property 2.3.

Frm,partto,- B of Theorem 1 in [23] and Assertion 2.1 in [31] it follows that
(to) P, s a measurable mapping of (f, B) into (S, B(S)). We consider

on S the measure u*: u*(E) m (-I(E)), where E B(S).
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Substituting f(/) lz,(/), where E’ B(L) while 1.(. is an indicator function,
into (2.1) we obtain

P:(E’) f P:’t(E’)m(dto) Is P(E’)u*(dP),
i.e., P, P*. From (2.3) we have

(3.7) w(tz, zr)= w(P)<= Is w (P)u*(dP),

if the integral on the right side of (3.7) is not transformed into indeterminacy
of the form (+az) (-az).

We consider the set S(/x, 7r, K)={PS: w(P)=>w(/x, r) if w(/x, r)<+,
and w(P)_->K if w(P)= +c}. From (3.7) it follows that u*(S(lz, 7r, K))>0, this
inequality being true for any K < +ec. Since

(3.8) m(di)-(S(lz, r, K))) v*(S(lx, ,rr, K)) > O,

(I)-(S(/z, 7r, K))# , and as q we can choose the strategy q[to], where to is any
element of the set (I)-x(S(/z, r, K)).

B. Let K(x), 7r A (the value of is specified) be given satisfying the
conditions of the theorem. We put w*(x, 7r)= w(x, r) if w(x, 7r)< +oc, and
w*(x,r)=K(x) if w(x,r)=+cc. We consider the set Q={(to, x)efXXo:
w(x,q[to])>=w*(x,r)}. From part A of Theorem 1 in [23], statement 2.1 of
[31] and measurability of the criterion w, it follows that the functions w (x, q [to ])
and w*(x, qi[to ]) are (B x B(Xo))-measurable with respect to (to, x) fI x Xo.
Therefore from point A of Theorem 3.1 it follows that Q B x B(Xo). For the
measure /z concentrated at a point xXo, we define the set f*(x, Tr)=
(I)-l(s(/d,, 7r, K(x))). Since K(x)< +oc, m(lq*(x, 7r))>0 for all x cXo, by virtue
of (3.8). The subsequent proof of point B coincides with the proof of Theorem
2 in [23]from the instant the mapping r is considered (the only difference being
that the set f*(x, r) is already defined).

REMARK 3.2. In [23] a more general non-Markov model of a controlled
process in which the transition function p depends not only on the current control
but also on the entire prehistory was considered. All the results presented above
are valid also for this more general case without alterations of the proofs. Indeed,
the proof of the results presented above is founded, only on Properties 2.1-2.3
in addition to the general facts. Property 2.3 is proved in [23] for a non-Markov
model. Properties 2.1 and 2.2 are corollaries of Theorem 1 from Section 5,
Chapter 3 in [4]. But this theorem with the proof unchanged is valid also for
the model from [23], if on the right side of formula (I) of this theorem we
replace p(dxla,+) by p(dxlha,+x).

Theorem 3.3. Let w be a decomposable criterion.
A. For any measure tz II(Xo) and any strategy 7r A1 there exists a Markov

strategy (r A3 for which w (tz, (r) w (, 7r).
B. For any strategy zr A there exists a semi-Markov strategy cr /12 for

which w(lz, or)= w(lx, 7r) for all tz H(Xo).
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Validity of the theorem follows from the following statements. For arbitrary
strategies zr and measure tz II(X0) there exists a Markov strategy r such that
P(at cA’) P,(at eAt)forallt 1, 2,. ,A B(At). For each strategyzr there
exists a semi-Markov strategy r such that P(at eA t) P,(atAt) for all
1, 2,..., A e B(At) and tz e II(X0). For homogeneous models equivalent state-
ments are proved in [3], Theorem 4.1 and Lemma 4.1. For nonhomogeneous
models the proofs remain unchanged (see [4], Chapter 3, Section 8 and [5],
Theorem 18.1).

Corollary 3.2. Let w be a convex decomposable criterion.
A. For any/ H(Xo), K < +oo and #r A, there exists a nonrandomized

Markov strategy o ]:or which inequality (3.5) holds.
B. For any strategy zr A and any measurable ]’unction K (x) < +oo on Xo,

there exists a nonrandomized semi-Markov strategy q for which inequality (3.6)
holds.

Part A of Corollary 3.2 follows from part A of Theorem 3.3 and part A of
Theorem 3.2 if in the latter we put 3, while part B of Corollary 3.2 follows
from part B of Theorem 3.3 and part B of Theorem 3.2 if in the latter we put

2. Corollary 3.3 follows from Corollary 3.2.

Corollary 3.3. Let w be a convex decomposable criterion.
A. For any g. H(Xo) and r A such that w(tx, 7r)< +oo, there exists a

nonrandomized l/[arkov strategy o such that w (ix, q >-- w (/x, 7r).
B. For any strategy 7r satisfying the condition w(x, 7r)< +oo for all x So,

there exists a nonrandomized semi-Markov strategy o such that w (x, q)>-_ w (x, zr)
for all x Xo.

Corollary 3.4. Let w be a measurable decomposable criterion.
A. For any tx, e (x and K(x satisfying the conditions of part C of Theorem

3.1, there exists a semi-Markov (/x, e, K)-optimal strategy.
B. Ifv (x < +oo for all x Xo, then [or any tx and e (x satisfying the conditions

of Corollary 3.1, there exists a semi-Markov (/x, e)-optimal strategy.

Corollary 3.5. Let w be a convex decomposable criterion.
A. For any tx, e (x and K(x satisfying the conditions of part C of Theorem

3.1, there exists a nonrandomized semi-Markov (/x, e, K)-optimal strategy.
B. I[v (x < +c for all x Xo, then [or any/x and e (x satis[ying the conditions

of Corollary 3.1, there exists a nonrandomized semi-Markov (/x, e)-optimal
strategy.

PROOF OF COROLLARIES 3.4 AND 3.5. Let 7r be a (/x, e, K)-optimal strategy
the existence of which follows from Theorem 3.1. In view of Theorem 3.3 we
can assume that r is a semi-Markov strategy. If w is a convex criterion, then
we consider a measurable function K1(x) < +oo on X0 such that K1(x) K (x)
(a.s./x). A strategy q e A satisfying (3.6) when the function K1 stands on the
right side of this inequality is (/x, e, K)-optimal. The corollaries are proved.

We point out that if w is a convex but not a decomposable criterion, then
Theorems 3.1 and 3.2 imply the existence of nonrandomized (/x, e, K)-optimal
strategies for it (the same constraints are imposed on/x, e(x) and K(x) as in
part C of Theorem 3.1).
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In Definition 2.2 of a convex criterion w it was assumed that the function
w satisfies the Jensen inequality (2.3). The question arises as to whether Theorem
3.2 is valid if we broaden Definition 2.2, assuming the criterion w to be convex
when w is a convex function on S. A negative answer to this question is given
by Example 3.1. However, if we assume semi-continuity from above of the
function w (as for introducing a topology on $, see [38]), then from convexity
of the function w there would follow convexity of the criterion.

EXAMPLE 3.1. Let Xt-1 {zt-1}, where 1, 2, ., At {t} for 2, 3,.
and AI=[0, 1]. The transition function is given by the relation p(ztla)= 1 if
a eAt, 1, 2,..., i.e., for all strategies the process deterministically passes
from zt- to zt, 1, 2,.... Since for any strategic measure P the equalities
P(xt zt) 1 for all 0, 1, 2, and P(at t) 1 for 2, 3, are valid, we
shall assume without loss of generality that the strategic measures P are specified
on Al= [0, 1]. Then S YI([0, 1]).

Let YI be the set of all absolutely continuous probability measures on
([0, 1], B([0, 1])). We put w (P) 1 if P IIa, and w (P) 0 if P S\II. In view
of [31], statement 2.13, YI s///([0, 1]) and, consequently, w is a measurable
criterion. It is obvious that the function w is convex on S. For a strategy r such
that the measure zr(’lz0) is absolutely continuous we have W(Zo, zr)= 1, but
W(Zo, )- 0 for any nonrandomized strategy .

REMARK 3.3. In the proof of Theorem 3.2 we used weaker assumptions
than convexity of the criterion. Let /x II(X0). We denote by S(/x) a set of
strategic measures for which P(dxo)=l(dxo). It is easy to see that S(tz) B(S)
and the set S(/x) is convex in the sense of Property 2.2. In the proof of inequality
(3.5) we used only the fact that inequality (2.3) holds if the measure v is
concentrated on S(/z). And in the proof of (3.6) we used only the fact that
inequality (2.3) is valid for each x X for measures v concentrated on S(x)
(i.e., the criterion w is convex in each x-model).

Therefore all results of the investigation are valid under the following
convexity condition that is weaker than Definition 2.2.

DEFINITION 2.2’. A measurable criterion w is called convex if for each
/z II(Xo), for any measure v s II(S) concentrated on S(/z), the inequality (2.3)
holds when the integral on the right side of (2.3) has a meaning.

Since all criteria, the convexity of which is stated below, are convex in the
sense of Definition 2.2, everywhere in the following the convexity of a criterion
is understood in the sense of Definition 2.2.

4. Concrete Criteria

Let a measurable function q (the reward function) be given on the set $

assuming values in [-oo, +oo]. We introduce the notation q+(a)= max {q(a), 0}
and q-(a max {-q (a), 0}.

4.1. The total reward criterion. For arbitrary/x s II(X0) and zr s AI we put

+ + +(4.1) w (/x, r)=w (P,)=E, E q (at),
t=l
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(4.2) w-(/x, r)= w-(P,)=E Y. q-(a,),
t=l

where E, is the expectation computed relative to the measure P,.
If min {w+(, ), w-(, )}<+, then the value of the criterion is given

by the quantity w(,)=w(P=w+(,)-w-(,); if w+(,w)=
w-(, )= +, then we put w(, )= w(P,)=-.

Since the functions under the symbol of expectation in (4.1) and (4.2) are
measurable on (L, B(L)), the criterion w is measurable. Let an arbitrary probabil-
ity measure be given on (, B(S)). For P S we denote by E( the expectation
computed with respect to the measure P. Using the Fubini theorem, we have

w+(P) =P Z q+(a,)= E( Z q+(at) e(dP)= w+(P)e(dP).
t=l t=l

Analogously,

w-(P) s w-(P)v(dP).

Consequently, if rain {w+(P), w-(P)} < +, then

(4.3) w(P) s w (P)e(dP).

By definition, if w+(P)=w-(P) +, then w(P)=-. Therefore w is a
convex criterion.

Decomposability of the criterion w follows from the fact that in the relations
(4.1) and (4.2) we can interchange the order of the symbols of expectation and
summation.

Thus, w is a convex decomposable criterion and the assertions of Corollaries
3.2, 3.3 and 3.5 hold for it.

We note that if the model is weakly summable, i.e.,

min {w+(P), w-(P)} <+ for all P S0,

then as a consequence of (4.3), for each x Xo the criterion w is concave in the
x-model. Consequently it follows in this case from Remark 3.1 and Theorem 3.3
that, for any and e(x) satisfying the conditions of Corollary 3.1, there exists
a semi-Markov (, e)-optimal strategy. Example 4.1 shows that if the model is
not weakly summable, then (, e)-optimal strategies may not exist, even when
e is a positive constant.

EXAMPLE 4.1. Let Xt- {zt-}, 1, 3, 4, , and X {yg, 1, 2, .},
A(z0)={b,,i=l,2,...}, A(y)={c,}, i=1,2,..., and A(zt_)={dt}, t=
3, 4,. .. The transition function is given by the relations

p(y,[bi) p(z]c,) p(z,ld,) 1,

while the reward function is given by

q() i, q(c) i/2, q(d,) O,

where 1, 2, ., 3, 4, .. A choice of the control is possible only in the
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state Zo, since precisely one control exists for each of the other cases. We consider
nonrandomized strategies zri: zri(b[zo) 1. Then W(Zo, Zr)=i/2, where i=
1, 2,. .. Consequently, v(z0) +oo. But if w/(zo, r)= +eo for some strategy
zr, then also w-(zo, 7r) +o. Consequently, W(Zo, r) < +oo for all 7r A1.

Let a measure IX II(X0) and a strategy zr A1 be given. From (4.3) it follows
that if w(ix, r)>-c, then

(4.4) w(ix, r)= l W(X, r)z (dx ).
x

Relation (4.4) and part B of Corollary 3.3 imply that for the total reward criterion
the following statement holds.

Corollary 4.1. If a strategy zr AI is such that w (x, r) < +o for all x Xo,
then there exists a nonrandomized semi-Markov strategy for which w(ix, p)>=
w(ix, 7r) for all Ix II(X0).

The following two questions arise in connection with Corollary 4.1: (i) Is
the statement of Corollary 4.1 valid in the case of an arbitrary convex decompos-
able criterion? (ii) Is a statement analogous to Corollary 4.1 and part B of
Corollary 3.2 valid for the total reward criterion if the relation w (x, r)= +o is
admissible and we consider, similarly to (3.6), a function K(ix)< +o? Example
4.4 gives a negative answer to the first question.

The following example gives a negative answer to the second question in
the simplest case, when K(ix)= 1 for all Ix l-I(Xo).

EXAMPLE 4.2. LetX0 {z, yo}, Xt {y,}, A (yt-x) {dr}, 1, 2,. ,A(z)
{ci, 1, 2,. .}. The reward function is 0 everywhere outside the set A (z) and
q(c)=2 for 1,2,.... The transition function is given by the relations
p(ytld,) =p(ylc)= 1 for all t, i= 1, 2, .

We consider a strategy zr: zr(cglz)= 2-i for 1, 2,.... Then w(ix, zr)=
Ix(z) i__ 2-i2i= +o if Ix(z)>0.

In the given example we have only a denumerable number of nonrandomized
strategies or,: rg(clz)= 1. For the strategy cr we have w(ix, ri)= Ix(z)2. And if
Ix(z) <2-, then w(ix, ri)< 1. Consequently, for any nonrandomized strategy o,

there exists an initial measure Ix for which w (ix, o,) < 1, but w (ix, r) +oo.
Examples in [5], Section 9 and [4], Chapter 1, Section 13, show that even

in the case of the total reward criterion the conditions K < +m in part A of
Corollary 3.2 andK(x) < +o in part B of Corollary 3.2 and in part A of Corollary
3.5 are essential. Example 3 from [1] and examples from [4], Chapter 1, Section
13, and Chapter 2, Section 9 show that we cannot strengthen part B of Corollary
3.2, asserting in it the existence of a Markov strategy satisfying (3.6).

In [4], Chapter 5, Section 2, the question is raised concerning the existence
of nonrandomized Markov (ix, e)-optimal strategies in models which are sum-
mable from above. Corollary 4.2 gives a positive answer to this question when
the set Xo is finite (for the definition of an e-optimal strategy see, for example,
[4]). The existing examples show that in the case of a denumerable or Borel X0
the answer to this question is negative.

Corollary 4.2. If Xo is finite and v(x)< +c for all x Xo, then for any
positive constant e there exists a nonrandomized Markov e-optimal strategy.
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PROOF. If V(X)=--C for some x Xo, then w(x, zr)=-oo, r A1. There-
fore, without loss of generality, we can assume that v (x)>-o for all x Xo.

We add to the sets X and A a point each: z and b, respectively; thus
Y=Xt.J{z}, ., =A t_J {b}. Let ](b)=z, 0 {z}, 1 ={b}, .,t=Xt_.,
where 1, 2,.... Let the set Xo consist of n points. We put q(b)=O and
p(xlb)= I/n, x Xo. We consider a controlled Markov model given by the
collection {, ,/’(. ), p(. [.)}. It is easy to see that the original model is a derivative
(see the definition in [4]) for the model

We specify e > 0. In view of part B of Corollary 3.5, for the model Z there
exists a nonrandomized semi-Markov (e/n)-optimal strategy p. Since the set Xo
consists of one point, the strategy 0 is nonrandomized Markov.

We shall show that the strategy o is e-optimal in the original model. We
assume that this is not so. Then w (, q) < v () e for a certain Xo.

In view of [4], Chapter 5, Section 2, we have

v(z)=-I y. v(x).
n xXo

Since w (x, q) _-< v (x), for all x e Xo,

w(z, )=-I E w(x, )<- En xXo n xXo
v(x)-e)=v(z)-e/n,

which contradicts the (e/n)-optimality of the strategy o. The corollary is proved.
We note that if the set Xo is finite, then the situation in which e(x) is

a positive function is not more general than the case of constant e, since we can
consider g min {e (x): x Xo}.

Corollary 4.2 can be proved directly, without using the results of the present
paper, by approximating the original model by a model bounded from above
(cf. [39]). Such an approximation consists of either discarding the positive part
of the reward function, commencing from a certain step, or introducing a suitable
multiplier in the positive part of the reward function. By this method it is also
easy to prove that, if the set X0 is finite, then for any two constants e > 0 and
K < +o there exists a nonrandomized Markov strategy o such that, for all x s Xo,

wx,>[vx-=tK
if v(x) < +,
if v(x)= +.

In [27], [34]-[38], the following criterion, serving as a generalization of the
total reward criterion, was considered.

4.2. The expected utility criterion. Let a measurable function f(l) with
values in [-, +] be given on L, defining the criterion

w(, r)= w(eD

if the integral on the right side is transformed into indeterminacy of the form
(+)-(+), then w(e,) =-.

Just as in the case of the total reward criterion, it is easy to verify measurabil-
ity and convexity of the criterion w. Consequently, for this criterion Theorems
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3.1 and 3.2 are valid. From these theorems it follows that, for any e (x), K(x)
and satisfying the conditions of part C of Theorem 3.1, there exists a nonran-
domized (/, e, K)-optimal strategy for the criterion w.

We now assume that for all P $ the integral in the definition of the criterion
w is not transformed into indeterminacy of the form (+)-(+). Then, just
as in the case of the total reward criterion, the criterion w is concave in each
x-model. Consequently, in the case of this assumption for any e(x) and /x
satisfying the assumptions of Corollary 3.1, there exists a nonrandomized (/x, e)-
optimal strategy. The last statement, in particular, is true if the function f(l) is
bounded from above or from below.

We note that the statements presented in subsection 4.2 also hold for a
non-Markov model (see Remark 3.2).

4.3. A criterion or the lower estimate o the average reward. Everywhere
in the following, unless stipulated to the contrary, it is assumed that q(a)<= C
for some C <+ for all a A. Consider the criterion

N

(4.5) w(/x, r)= w(P)= lim inf N-1E E q(a,).
nc N>n t=l

Since in (4.5) we can exchange the order of expectation and summation,
the criterion (4.5) is decomposable. This criterion is also measurable, since the
function w(P) is defined as the lower limit of a sequence of functions that are
measurable relative to the or-algebra B(S). In addition, v(x)-< C < +oo for all
x Xo. Consequently, for this criterion the assertions of Theorem 3.3 and part
B of Corollary 3.4 are valid.

The criterion (4.5) does not possess the convexity property, and an example
in [4], Chapter 7, Section 8, shows that for the criterion (4.5), in the case of
denumerable X, nonrandomized e-optimal strategies may not exist, where e is
a certain positive constant. The same example shows that there may exist a
strategy giving a greater win than the exact upper bound of wins taken over the
set of nonrandomized strategies.

REMARK 4.1. If we assume that instead of being bounded from above, the
function q(a) is bounded from below, then analogously to subsection 4.4 it is
easy to verify that the criterion (4.5) is concave. Consequently, in view of Remark
3.1, (tz, e)-optimal strategies exist for it, although it is possible that v(x)= +c.
From the decomposability of the criterion it follows that these strategies can be
chosen semi-Markov. We note, however, that in the problem of maximization
of the average win the requirement that the reward function be bounded from
above is more natural than the requirement that it be bounded from below.
Situations in which the reward function is bounded from above but not bounded
from below are encountered, for example, in problems of control of inventory
and queuing systems (cf. [32], [33]).

4.4. A criterion for the upper estimate of the average reward. We consider
the criterion

N

(4.6) w(, 7r)= w(P,)= lira sup N-1E, Y. q(at).
noo N>--n t=l
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Analogously to the criterion (4.5), the criterion (4.6) is measurable and
decomposable. We shall show that the criterion (4.6) is convex. Let u be a
probability measure on (S, B(S)).

We introduce the notation (n 1, 2,...)
N

(4.7) f.(P)=sup N-1E(p) q(at),
N>=n t=l

where the symbol E(I, signifies expectation calculated with respect to the measure
PS.

Since in (4.7) the exact upper bound is taken over a denumerable set of
measurable functions, the function ]’ (P) is measurable on (S, B(S)). From (4.7)
it follows that + (P) -<_f (P) for all P S and n 1, 2, .

Let f(P) lim_,[ (P). From (4.7), the elementary properties of an integral
(the integral of the suprcmum of a denumerable number of functions is not less
than the supremum of the integrals), Fubini’s theorem and (4.6) we have

lim Isf(P)u(dP)= lim Is SUp {N-E(p)q(a)}u(dP)N t=l

(4.8)

=> lira sup N-E(p> q(a, (dF)=w(F).
n-o Nn

From (4.6), (4.7) and Lebesgue’s monotone convergence theorem we get

(4.9) Is w(P))(dP)= Is ,-,oolim f, (P)u(dP)= ,-.olim Is/’, (I)), (dP).
From (4.8) and (4.9) it follows that w(P) -<_ s w(P)u(dP), i.e., the criterion w is
convex.

Thus, w is a convex decomposable criterion. We also note that w (/x, 7r) <= C <
+ for all/x and zr. Consequently Corollary 3.3 and part B of Corollary 3.5
are valid for the criterion (4.6).

EXAMPLE 4.3. (The assertion of Corollary 4.1 is not true for the criterion
(4.6).) We consider an example from [25], Section 5. The criterion (4.6) coincides
with the criterion (2) in [25], where it is denoted by the symbol W. For this
example (in [25] the notation for a homogeneous model was used) Xt-1-
{yt-l, zt-1}, t= 1, 3, 4, 5,..., and X1 {x, yl, zl}, A(x)--{b, c}.

Let zr be a Markov strategy for which 7r (b Ix) c. Elementary calculations
show that w (, 7r’) -Ic 4-/ (y0)- 11. In the example being considered there are

2 3 0.4altogether 4 nonrandomized strategies tr 0- 0- and given by the relations
2 0-3cr(blx)= 1, r(clx)= 1 (the strategies 0- and 0. are Markov), (bly0, x)=

3
0-4 X) 0-4(b Iz x) 1 (the strategies 0-3 and 0-4r (clzo, x) 1, (clyo, o, are semi-

Markov).
2 oSince 0. 7r while 0. zr we have w(/x, 0.1) tz(yo) and w(, 0.2)

1-/x(y0). It is not difficult to calculate that w(/z, 0.3)=12/x(yo)-ll and
W (, 0.4) 0.

0.25We consider the strategy 7r =Tr Then w(/x, 7r) [(yo)-0.751 and for
each number 1, 2, 3, 4 there exists a distribution/z on Xo for which w (tz, zr) >
W (./,, 0.i).
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The following example shows that in the case of the criterion (4.6) for the
validity of the convexity property of the criterion, Corollary 3.3 and part B of
Corollary 3.5, it is essential that the condition q(a)=< C < +oo holds for all a

EXAMPLE 4.4. Let Xo={y}, Xt={zt,i, i=1,2,...}, t=l,2,..., A(y)=
{bl.i,i 1, 2,...},A(z,,i)={b,+l,g},t,i 1, 2,.... We putq(b,,,)= 2’,t= 1, 2, ,
and q(a)=0 for the rest of a cA {bt,, t, 1, 2,. .}. The transition functions
are given by the relations p(z,,g[b,,i) 1, t, 1, 2, . Thus the solutions adopted
above are possible only in the state y, since there exists precisely one control
for each of the remaining states. If after the first step the process turns out to
be in the state z 1,, then the subsequent states will be z .,i, z 3., , with probability
1.

For any nonrandomized strategy o, we have: tr(bl,gly)= 1 for some and
w(y, tr) limr_. 2i/N 0. We consider a strategy zr, for which r(b,[y) 2-i,

1, 2,.... Then Eyq(at)=2-t2t= 1 for all t= 1, 2,..., and consequently,
w(y, r)= 1.

4.. Asymptotic reward criteria. We consider the following pair of criteria"

(4.10) w(/z, r)= w(P,)= lim inf E,q(a,),

(4.11) w(/x, zr) w(P,) lim sup E,q(a,).

Analogously to subsections 4.3 and 4.4, we can verify that the criterion
(4.10) is measurable and decomposable, while the criterion (4.11) is convex and
decomposable. In connection with this, all results indicated in subsection 4.2 for
the criterion (4.5), including Remark 4.1 and Example 3 in [4], Chapter 7,
Section 8 are valid for the criterion (4.10), while the results of subsection 4.4
for the criterion (4.6), including Examples 4.3 and 4.4 with insignificant changes,
are valid for the criterion (4.11).

4.6. Combinations of criteria. Using the results obtained above, we can
study criteria that are combinations of the criteria we have just studied. We shall
present two examples.

Let for k 1, 2, 3, 4 and 5, measurable functions qk.j(a) on A and constants
ak,i,/" 1, 2, , be given, the functions q3,i and qs, being bounded from above,
the functions qa." and q4.i being bounded from below, and ak,j-->0, k 1, 3, 5,
while ak,j-<0, k 2, 4, for all /’. For the sake of simplicity we assume that

< for all k and/’. Let N be a finite number, D
_

{1, 2, 3, 4, 5} {1, 2,. .}
and the indeterminacy of the form 0 (+oo) be equal to 0.

We consider the criteria
5 N

w (, E E ,w,(, r),
k=lj=l

w(/x, 7r)= sup ak,iWk,i(lz, r),
(k,j)D

where/z II(Xo), 7r A and for each number j the quantities Wk,i(tx, zr), k
1, , 5, are, respectively, the values of the total reward criterion and the criteria
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(4.5), (4.6), (4.10) and (4.11) calculated in the case of the reward functions
q (a) qk,i(a), a A.

Both these criteria are convex and decomposable. Consequently, Corollaries
3.2, 3.3 and 3.5 hold for each of them.
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