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1.1 Introduction- Statistics and the scientific method

The goal of this chapter is to introduce you to some of its elements by involving you in the process. (scientific method, statistical decision-making process)

4 steps of the scientific method
Step 1 : Formulate a theory (Ch1)
Step 2 : Collect data to test the theory (Ch2 and 3)
Step 3 : Summarize the results (Ch4-6)
Step 4 : Interpret results & make decision (Ch8-11)
In this chapter, we will start to use the information from our
4 steps of the scientific method


1.3 The Language of Statistical Decision Making

1.3.1 Testing theories

Definitions
· Population : the entire group of objects or individuals under study, about which information is desired.
· Sample : a part of the population that is actually used to get information
· Statistical inference : the process of drawing conclusions about the population based on information from a sample of that population
· Hypotheses : If we have in mind theories about a population that we want to test, those theories in statistics are called hypotheses.

· Null hypothesis
· The conventional belief
· the status quo, or prevailing viewpoint
·  (“H naught”)
· Alternative hypothesis
· An alternative to the null hypothesis
· The statement that there is an effect, a difference, a change in the population.
·  (“H one”)
· A one-sided test to the left, a one-sided test to the right, or a two-sided test 

1.3.2 How do we decide which theory to support?

The basic idea
1. We start by assuming that the null hypothesis is true. 
2. We then assess whether or not the observed result is extreme. (that is, rare or very unlikely) under the null hypothesis. 


Example
Suppose that you are shown a closed package containing five balls. The salesperson state that most of the packages of balls sold in this store contain one yellow ball and four blue balls. You wish to test the hypotheses that the proportion of yellow balls in the package is 0.2 versus the proportion of yellow balls in the package is more than 0.2.
(a) Write the null and the alternative hypotheses for this setting.
(b) Is this a one-sided to the right, one-sided to the left, or two-sided test?

The data collected are said to be statistically significant if they are very unlikely to be observed under the assumption that  is true. If the data are statistically significant, then our decision would be to reject .

1.3.3 What errors could we make?

Type I error : Rejecting the null hypothesis  when in fact it is true
Type II error : Failing to reject the null hypothesis  when in fact it is false.

	
	
	The True Hypothesis

	
	
	Null  is true
	Alternative  is true

	Your Decision Based on the Data
	Null  is supported
	No error
	Type II error

	
	Alternative  is supported
	Type I error
	No error



Example Our principle of the American justice system is that the defendant in a trial should be considered innocent until proven guilty. 
	 : The defendant is innocent.
	 : The defendant is guilty.

  We usually want to protect the prevailing viewpoint by ensuring a small chance of committing a Type I error.

Example. 
       : The ship is unsinkable.
       : The ship is sinkable.

Definitions
·  = level of significance (significance level)
  = the chance of a Type I error occurring
  = the chance of rejecting the null hypothesis  when it is true
·  = the chance of a Type II error occurring 
  = the chance of failing to reject the null hypothesis  
   when the alternative hypothesis  is true
· power of the test = 
              = the chance of rejecting the null hypothesis 
  when the alternative hypothesis is true.


  For a fixed value of , the better test will be the one that has the smallest value of . Equivalently, for a fixed value of , the better test will be the one that has the largest power. 

The power of the test also depends on the significance level  of the test. For a fixed sample size, the larger the value of , the smaller the value of , and thus the larger the power of the test. 


1.4 What’s in the bag?

Example 
  There are two bags – call them Bag A and Bag B. Each bag contains 20 vouchers of the same size and shape. They differ in terms of the vouchers’ face values and their frequencies as follows : 
	Bag A
	
	Bag B

	Face Value
	Frequency
	
	Face Value
	Frequency

	-$1,000
	1
	
	
	

	$10
	7
	
	$10
	1

	$20
	6
	
	$20
	1

	$30
	2
	
	$30
	2

	$40
	2
	
	$40
	2

	$50
	1
	
	$50
	6

	$60
	1
	
	$60
	7

	
	
	
	$1,000
	1



You will be shown only one of the bags. Then, once you have selected your bag, you are required to receive the sum of the face value of the vouchers in your bag (i.e., you win $1,890 if the bag you pick is Bag B, or you pay $560 if the bag you pick is Bag A.)

      : The shown bag is Bag A.
    : The shown bag is Bag B.

Decision Rule
· a formal rule that states, based on the data obtained, when to reject the null hypothesis . 
· Generally, it specifies a set of values based on the data to be collected, which are contradictory to the null hypothesis  and which favor the alternative hypothesis .

1.4.1 Forming a decision rule

	Face Value
	Chance if Bag A
	Chance if Bag B

	-$1,000
	1/20
	0

	$10
	7/20
	1/20

	$20
	6/20
	1/20

	$30
	2/20
	2/20

	$40
	2/20
	2/20

	$50
	1/20
	6/20

	$60
	1/20
	7/20

	$1,000
	0
	1/20


Definition
· direction of extreme : the position of the values that are more likely under the alternative hypothesis  than under the null hypothesis . If the larger values are more likely under  than under , then the direction of extreme is said to be to the right.
· most extreme value : The value under the null hypothesis  that is least likely, but at the same time is very likely under the alternative hypothesis 
· rejection region is the set of values for which you would reject the null hypothesis . Such values are contradictory to the null hypothesis and favor the alternative hypothesis .
· acceptance region is the set of values for which you would not reject the null hypothesis .
· cutoff value, or critical value, is a value that marks the starting point of a set of values that comprises the rejection region.

Decision Rule 1 : Reject  if you select a $60 or a $1,000 voucher ; or reject  if your selected voucher is .

Under Decision Rule 1,
	 = the chance of rejecting the null hypothesis  when it is true
  = chance of selecting a $60 or $1,000 voucher from Bag A
  = 1/20 = 0.05
	 = the chance of staying with  when  is true 
	  = chance of selecting a - $1,000, $10, $20, $30, $40, or $50 voucher from Bag B 
	  = 12/20 = 0.60

If the decision rule is changed, then the levels of  and  will generally change, and these levels are related to each other.

Decision Rule 2 : Reject  if your selected voucher is .

	 = the chance of rejecting the null hypothesis  when it is true
  = chance of selecting a $50, $60 or $1,000 voucher from Bag A
  = 2/20 = 0.10
	 = the chance of staying with  when  is true 
	  = chance of selecting a - $1,000, $10, $20, $30, or $40 voucher from Bag B 
	  = 6/20 = 0.30

Decision Rule 3 : Reject  if your selected voucher is .

	 = the chance of rejecting the null hypothesis  when it is true
  = chance of selecting a $40, $50, $60 or $1,000 voucher from Bag A
  = 4/20 = 0.20
	 = the chance of staying with  when  is true 
	  = chance of selecting a - $1,000, $10, $20, or $30 voucher from Bag B 
	  = 4/20 = 0.20

Example Suppose that there is no decision rule having a significance level of exactly =0.15.
1.4.2 More on the Direction of Extreme

Definitions
· A rejection region is called one-sided if its set of extreme values are all in one direction, either all to the right or all to the left.
· A rejection region is called two-sided if its set of extreme values are in two directions, both to the right and to the left.

1.4.3 How Unusual Are the Data? The p-value

p-value 
· the chance, computed under the assumption that  is true, of getting the observed values plus the chance of getting all of the more extreme values.
· The smaller the p-value, the stronger is the evidence provided by the data against .
· In general, we will prefer to use the p-value approach. 
· The p-value is always computed using the  picture.
· The  picture is used to determine the direction of extreme by comparing it with the  picture.

Example
The following table summarizes the decision that would be made for various observed voucher values : 
	Observed Voucher
	Classical decision rule approach :
	p-value approach :

	
	=0.10 ; Reject  if observed voucher  $50
	Reject  if the p-value (=0.10)

	If observed voucher is $30
	Since $30<$50, we do not reject 
	Since the p-value = 6/20 = 0.30>0.10, we do not reject  

	If observed voucher is $40
	Since $40<$50, we do not reject 
	Since the p-value = 4/20 = 0.20>0.10, we do not reject 

	If observed voucher is $50
	Since $50$50, we reject 
	Since the p-value = 2/20 = 0.100.10, we reject 

	If observed voucher is $60
	Since $60$50, we reject 
	Since the p-value = 1/20 = 0.050.10, we reject 



Summary of the Relationship between the p-value and the Significance Level 
If the p-value  : the data are significant at the given level  and we reject .
If the p-value  : the data are not significant at the given level  and we do not reject .


  Both the level  and the p-value are represented by areas under . The area for the level  is the significance level. The p-value depends on the observed value. 
The value for  is under  but in the direction different than .
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