Ch6 Using Models to Make Decisions

Chapter 6. Using Models to Make Decisions
6.1 Introduction
4 steps of the scientific method


Step 1 : Formulate a theory

Step 2 : Collect data to test the theory

Step 3 : Summarize the results (Ch4~6)


Ch 4 : graphical ways


Ch 5 : numerical ways


Ch 6 : model
Step 4 : Interpret the results and make a decision

Model 
(a) a representation of a real-world object or phenomenon
(b) A model is oversimplified and represents only prominent features of the object or phenomenon. 
(c) A model incorporates the inherent variability among people or units. 
ex) height, IQ, salary
A model for the population 
the assumption about the population from which the observations were obtained. 
6.2 Why do we need to know models?
the smooth curve in the shape of a distribution
(a) It traces out the overall pattern that is displayed in a stem-and-leaf plot or a histogram.
(b) It provides a visual image of proportion through its area. 
(c) It could serve as a model for the corresponding population if the data came from a representative sample. 
Model 
(a) A useful frame of reference – for comparison, to determine if an observation seems unusual or not.
(b) It helps us make sound decisions in the face of uncertainty.
(c) It helps to evaluate and improve the quality of information in the face of uncertainty.
6.3 Modeling Continuous Variables
Density function 
(a) a (nonnegative) function or curve that describes the overall shape of a distribution
(b) the total area under the entire curve = 1
(c) the proportions : the areas under the density function. 
(d) the area under the density curve to the left of a value x ([image: image2.png]area under curve < x



)
the area under the density curve at or below a value x ([image: image4.png]area under curve < x



)
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Notation
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 : sample mean
s : sample standard deviation
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(mu) : population mean

[image: image11.png]


(sigma) : population standard deviation [image: image13.png]



Example. Let the variable X represent the length of life, in years, for an electrical component. 
(a) What proportion of electrical components lasts longer than 3 years
(b) What proportion of electrical components lasts less than 2 year?
6.3.1 Normal Distributions
@ Normal distributions are important because many continuous characteristics tend to have this type of distribution, and the distribution of many statistics may be described by normal curves.
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Normal density function 
(a) symmetric
(b) bell shaped
(c) Centered at the mean [image: image16.png]



(d) the mean = the median = the mode
(e) the amount of spread of a normal density is determined by the standard deviation [image: image18.png]



Notation 
X is [image: image20.png]N(u,0)



 : The variable of characteristic X is normally distributed with mean [image: image22.png]


 and standard deviation [image: image24.png]



Example
Let the variable X represent IQ scores of 12-year-olds. Suppose that the distribution of X is normal with a mean of 100 and a standard deviation of 16 – that is, X is N(100,16). 
Jessica is a 12-year-old and has an IQ score of 132. 
We would like to determine the proportion of 12-year-olds that have IQ scores less than Jessica’s score of 132. 
Since the area under the density curve corresponds to proportion, we want to find the area to the left of 132 under an N(100,16) curve.
How to Calculate Areas under a Normal Distribution
Standard Normal Distribution 
(a) a normal distribution with mean 0 and standard deviation 1 
(b) N(0,1)
(c) Any normal distribution can be transformed into the standard normal distribution by using a particular calculation. Any area of interest can be transformed to an area under the standard normal distribution. 
Definition
(a) If X is [image: image26.png]N(u,0)



, the standardized normal variable [image: image28.png]


 is N(0,1)
(b) Z : z-score or standard score
Definition
The z-score or standard score for an observed value tells us how many standard deviations the observed value is from the mean – that is, it tells us how far the observed value is from the mean in standard-deviation units. It is computed as follows : 
[image: image30.png]


 = the number of standard deviations
If [image: image32.png]Z>0



, then the value of X is above (greater than) its mean.
If [image: image34.png]Z<0



, then the value of X is below (less than) its mean.
If [image: image36.png]


, then the value of X is equal to its mean.
Example. (IQ-test) Recall the distribution of IQ scores for 12-year-olds – normally distributed with a mean of 100 and a standard deviation of 16.
(a) Jessica had a score of 132. Compute Jessica’s standardized score.
(b) Suppose Jessica had an older brother, Mike, who is 20 years and has an IQ score of 144. It wouldn’t make sense to directly compare Mike’s score of 144 to Jessica’s score of 132. The two scores come from different distributions due to the age difference. Assume that the distribution of IQ scores for 20-year-olds is normal with a mean of 120 and a standard deviation of 20. Compute Mike’s standardized score.
(c) Relative to their respective age group, who had the higher IQ score – Jessica or Mike?
Example
(a) Find the area under a standard normal distribution between z=0 and z=1.22.
(b) Find the area under a standard normal distribution to the left of z=-2.55.
(c) Find the area under a standard normal distribution between z=-1.22 and z=1.22.
Example. (IQ-test) Our original question was, “What proportion of 12 year-olds has IQ scores less than Jessica’s score of 132?” Since Jessica’s score of 132 is equal to a standard score of z=2, we need to find the area under the standard normal distribution to the left of z=2.00. Find this area.
Definition : Empirical Rule for any normal distribution [image: image38.png]N(u,0)



 
· 68% of the observations fall within one standard deviation of the mean


[image: image40.png][u—o,u+0]




· 95% of the observations fall within two standard deviation of the mean
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· 99.7% of the observations fall within three standard deviation of the mean
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Example.  Let the variable Y represent the lifetime in years of a computer component. Suppose that an appropriate model for Y is N(15,2) in years.
(a) What percent of components are expected to last longer than 19 years?

(b) Between what two lifetimes do the middle 95% of components fall?
(c) What percent of components are expected to last less than 9 years?
Finding Percentiles for a Normal Distribution
Review
(a) p-th percentile : the value such that p% of the observations fall at or below that value and (100-p)% of the observations fall at or above that value. 
(b) the median : the 50th percentile
the first quartile : the 25th percentile
the third quartile : the 75th percentile
Every z-score corresponds to a certain percentile. 
Example. (IQ-test) Recall the N(100,16) model for IQ score of 12-year-olds. What IQ score must a 12-year-old have to place in the top 1% of the distribution of IQ scores? 
6.3.2 Uniform Distributions
Uniform Density Curve 
(a) a flat, rectangular-shaped curve that covers a given interval (symmetric)
(b) X~U(a,b)
(c) the total area under any density curve = 1
(d) a rectangle whose area is equal to the length of the base times the height
the length of the base : (b-a)
the height of the base : [image: image47.png]



(e) the mean = the median = [image: image49.png]t



 
@ The meanings of a, b in U(a,b) differs from the meanings in N(a,b). 
Example. Consider the population of female high school students taking a driving instruction class. For this population, the reaction time on a standard driving test is uniformly distributed between 0.5 seconds and 1 second. Let X be the reaction time and the model for X is U(0.5,1.0). This density could be expressed as a function :
[image: image50.png]2,if05=x=<1
0, otherwise

f(x) = {




(a) Sketch the distribution of reaction time for the population described above. 
(b) Based on the above model, what is the mean of reaction time?
(c) What proportion of such students have a reaction time greater than 0.8 seconds? That is, find Proportion [image: image52.png](x> 0.8



)
(d) What proportion of such students have a reaction time of 0.6 seconds or less? That is, find Proportion ([image: image54.png]


)
(e) What percentile does the value of 0.6 seconds correspond to?
Example We have two variables X and U that have the following distributions : 
X is N(10,4) and U is U(10,16)
(a) Sketch the distribution for X and the distribution for U roughly.
(b) Determine whether each of the following statements is true or false, and explain your answer:
· The percentage of values of X that exceed 11 is more than 50%.
· The percentage of values of U that exceed 11 is more than 50%.
6.4. Modeling Discrete Variables
If the variable is discrete, the number of possible values is either finite or infinite, but countable.
Mass Function
(a) a model for a discrete variable. 
(b) For each possible value, the mass function gives the proportion of units in the population having that value. 
(c) The values of the mass function must be between 0 and 1 and add up to 1.
(d) Proportions are measured directly as the value of the function, not as areas under the function.
Example Let X represent the number of job offers for graduating seniors majoring in statistics at Stony Brook University. We can summarize the distribution of such a discrete characteristic using a table. 
	Value of X
	1
	2
	3
	4
	5

	Proportion
	0.05
	0.30
	0.40
	0.20
	0.05


(a) What proportion of the students had 3 or fewer offers? That is find Proportion ([image: image56.png]


)
(b) What proportion of the students had fewer than 3 offers? That is find Proportion ([image: image58.png]X <3



)
(c) What proportion of the students had at least 2 offers? That is find Proportion ([image: image60.png]


)
(d) What proportion of the students had exactly 2 offers? That is find Proportion ([image: image62.png]


)
(e) Describe the general shape of the distribution.
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