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7.5 Random Variables

Random Variable
· An uncertain numerical quantity whose value depends on the outcome of a random experiment.
· A rule that assigns one (and only one) numerical value to each point of the sample space for a random experiment.
· They are usually denoted by capital letters near the end of the alphabet (…, X, Y, Z)
· A lowercase letter is used to represent a particular value that the random variable can take on.

Example Consider the random experiment of rolling two fair dice. 
S={ (1,1), (1,2), (1,3), (1,4), (1,5), (1,6),
    (2,1), (2,2), (2,3), (2,4), (2,5), (2,6),
    (3,1), (3,2), (3,3), (3,4), (3,5), (3,6),
    (4,1), (4,2), (4,3), (4,4), (4,5), (4,6),
    (5,1), (5,2), (5,3), (5,4), (5,5), (5,6),
     (6,1), (6,2), (6,3), (6,4), (6,5), (6,6) }

(a) When X is the number of sixes,
X=0 
   { (1,1), (1,2), (1,3), (1,4), (1,5),
    (2,1), (2,2), (2,3), (2,4), (2,5),
    (3,1), (3,2), (3,3), (3,4), (3,5),
    (4,1), (4,2), (4,3), (4,4), (4,5),
    (5,1), (5,2), (5,3), (5,4), (5,5)}
X=1 
  { (1,6), (2,6), (3,6), (4,6), (5,6)
     (6,1), (6,2), (6,3), (6,4), (6,5), (6,6) }
X=2 : { (6,6) }

(b) When Y is the summation of the two dice,
Y=2 : { (1,1) }
Y=3 : { (1,2), (2,1) }
Y=4 : { (1,3), (2,2), (3,1) }
Y=5 : { (1,4), (2,3), (3,2), (4,1) }
Y=6 : { (1,5), (2,4), (3,3), (4,2), (5,1) }
Y=7 : {(1,6), (2,5), (3,4), (4,3), (5,2), (6,1) }
Y=8 : { (2,6), (3,5), (4,4), (5,3), (6,2) }
Y=9 : { (3,6), (4,5), (5,4), (6,3) }
Y=10 : { (4,6), (5,5), (6,4) }
Y=11 : { (5,6), (6,5) }
Y=12 : { (6,6) }


Example Suppose that the random variable X is defined as the difference between the number of heads and the number of tails obtained when a fair coin is tossed 3 times. What are the possible values of X?

Example The random variable Z is defined as the lifetime of a light bulb measured in hours. What are the possible values of Z?

Types of random variables
(a) discrete random variable : a random variable having a finite or countable number of possible values
(b) continuous random variable : a random variable whose set of possible values is an interval or a collection of intervals of real numbers.
 

7.5.1 Discrete Random Variables

probability mass function for X (or probability distribution of X)
If X is a discrete random variable taking on the values  , with probabilities 

	Value of X
X=x
	
	
	…
	

	Probability
P(X=x)
	
	
	…
	





Example Let X be the number of children in a household for a certain community. Consider the following the probability distribution for X, which assumes that there are no more than four children in a household. 

	Value of X
X=x
	0
	1
	2
	3
	4

	Probability
P(X=x)
	0.4
	0.05
	0.3
	0.15
	?



(a) What must be the probability of four children in a household for this to be legitimate discrete distribution?
(b) What is the probability that a randomly chosen household contains more than two children?
(c) What is the probability that a randomly selected household has more than one but at most three children?




Expected value of X (or mean of X)
If X is a discrete random variable taking on the values  , with probabilities 


Variance of X 
       
            


Standard deviation of X


Example (continued) Let X be the number of children in a household for a certain community. Consider the following the probability distribution for X, which assumes that there are no more than four children in a household. 

	Value of X
X=x
	0
	1
	2
	3
	4

	Probability
P(X=x)
	0.4
	0.05
	0.3
	0.15
	0.1



(a) What is the expected number of children in a household?
(b) What is the variance and standard deviation for the number of children in a household?


7.5.2 Binomial Random Variables

Combinations

“n choose x”
· The number of ways of selecting x items from a set of n distinguishable items
· without replacement
· the order of the selection is not important


Note
0! = 1



Example How many subsets of S = {A, B, C} are there that contain…

	Cases
	Answer
	The subsets are
	Combination

	… exactly zero values (no values)?
	1
	
	

	… exactly one values?
	3
	{A}, {B}, {C}
	

	… exactly two values?
	3
	{A,B}, {A,C}, {B,C}
	

	… exactly three values?
	1
	{A,B,C}
	




Bernoulli Variable

Bernoulli random variable
· Bernoulli random variable is one that has exactly two possible outcomes, often referred to as “success” and “failure”.
· p : the probability of a success
· q = 1-p : the probability of a failure 

Example A carnival game involves rolling a fair die one time. If you get a six, you win a small prize. So a success is defined as getting the value six and a failure is not getting a six.
· The probability of a success is p=1/6 and thus the probability of a failure is q=5/6.


Binomial Distribution

Binomial random variable
· the total number of successes in n independent Bernoulli trials, for which each trial, the probability of a success is p. 
· X ~ Bin(n,p) ; X = 0, 1, 2, … , n

The Binomial Probability Distribution

where  p = probability of a success on each single trial
q = 1-p
n = number of independent trials
x = number of successes in the n trials

Mean, Variance, and Standard Deviation for a Binomial Random Variable
Mean :   
Variance : 
Standard Deviation : 

Example (continued) You played the game to roll a fair die one time 4 times. 



7.5.3 Geometric Random Variables

Geometric random variable
· the number of trials until the first success

The Geometric Probability Distribution

where  p = probability of a success on each single trial
q = 1-p
x = number of independent trials
x-1 = number of failures

Mean, Variance, and Standard Deviation for a Geometric Random Variable
Mean :   
Variance : 
Standard Deviation : 


7.5.4 Continuous Random Variables

probability distribution function (or density) of a continuous random variable X
· X : a non-negative function such that the area under the function over an interval is equal to the probability that the random variable X is in the interval.
· The values of a continuous probability distribution must be at least 0
· The total area under the curve must be 1.

Example Let X be the length of a pregnancy in days. Thus, X is a continuous random variable. Suppose that it has approximately a normal distribution with a mean of 266 days and a standard deviation of 16 days – that is, X is N(266,16). 
What is the probability that a pregnancy lasts at least 282 days?







Normal Random Variable
· The most common class of continuous random variables
· There are many characteristics whose distribution follows a bell-shaped normal curve.
· The family of normal distribution plays a prominent role in statistics.
· Normal distributions can also be used to approximate probabilities for some other types of random variables. 

Normal Approximation to the Binomial
· If X~Bin(n,p) and n is large, then the distribution of X can be approximated by a normal distribution with mean =  and standard deviation = 

Example The CEO of a very large company is convinced that a majority of his employees are happy and expect to stay with his company over the next five years. However, a recent random sample of 400 employees resulted in only 192 saying they were happy and planned to stay. If indeed 50% of the employees are happy and plan to stay, how likely would it be to find 192 or fewer saying so in a random sample of 400 employees?
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