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8¦,y)éý H3Ö-E�2XÖUHÛ@KC92XEÐ<>=KÖn2cEÀMKCÀ×QA92£M?<>ÖU254Qël=l×QHÛMKC¿×UA�=l×-=ù×S/1Ý9H3ØX=D0�=?Ý9Ý903H3ØX=l×UH3M?C

:>Ön2cÖrM?C>0Û/¾=£ÖU:9<>ÖU2�×�M?ÚZH3C>Ø5H3E�2XC>Ø�2cÖ57Vÿ�è¤×�Ön×UM?4Q2XÖ ×QA92ÄH3C>Ø�HLE�2XC>Ø�2cÖr:>ÖU2XE¸<1/¾=DC·=DÝ>Ý90ÛHÛÜ
Ø5=l×QHÛMKC¿=DC>E¸MK;)HÛ×QÖ�×UA92G:9C9C92X2XE�2cEÁM?C92cÖ57�è¤×QÖ�E�2XÖUHÛ@KC·=DH3;JÖ�=l×�Ý>4UMlë1HLE�HÛC>@é=B:9C9HÛê>2XE
Ý94UMK@?4h=D;J;JHÛC>@�H3C`×U254UÚ¢=?Ø52&ÚúM?4�=KØ5Ø52XÖQÖnH3C9@)×UA92�;)2cÖnA£E9=D×Q=?<>=?ÖU2rHÛC�E�25Ýs25C>E925C`×U03/GM?Ú�×QA92
:9C>E�2X4U03/1HÛC9@JÖn×UM?4h=D@K2?7Ló�C�ÚúMK4n×Q:9C>=l×Q2503/?Ù`×UA>2 25ñÄØ�H325C>Ø5/ÂMDÚ�8¦,y)éý Ø54UHÛ×UHLØ5=?0Û03/ÂE�25Ýs25C�E9Ö
M?C�= @KHÛëK25C�=?Ý9Ý903H3ØX=l×UH3M?C�7cè¤Ú�=DCJ=DÝ9Ý>0ÛHLØ5=D×UH3M?C�4Q2Xí`:9H34Q2XÖ�C92X=?4U03/r=D0301×S/`Ýs2XÖ+M?Ú�H3C>Ø�HLE�25C�Ø�2XÖXÙ
×UA92XC·×UA92G2�ñÄØ�H325C�Ø�/Á=?E�ël=DC`×h=D@?2ÂM?Ú�8¦,y)éý E9HÛ;JH3C9H3ÖUA92cÖ57�.­A92ÄH3;JÝ90Û2X;J25C`×Q=D×UH3M?C¿M?Ú
8¦,y)éý
HLÖ&Ú¢=DH34Q0Û/¸Ø�M?;JÝ9032�û}Ùu25û1×U25C�ÖnH3ë?2X0Û/é:9×UH30ÛH��5H3C9@£×Q25;JÝ90L=l×U2ÄÚú2X=l×Q:94Q2XÖrM?Ú�ü���� ×UM
=?ØhA9H325ëK2&Ø5:>Ön×UM?;JH��X=?<9HÛ03HÛ×S/?Ù>=?C>E�A925C>Ø52rHb×hÖ�E�2cÖnH3@?C£Ø5=?C9C9M?×�<�2r2c=?ÖUHÛ03/G=KE�M?Ý�×Q2XEGHÛC£2XC�Ü
@?H3C9252X4UH3C9@-=?Ý9Ý903H3ØX=l×UH3M?C�Ö�ò�4QHb×U×U2XCéHÛC¾×U4h=?E�HÛ×UH3M?C�=D0�Ý>4UMK@?4h=D;J;JHÛC9@Â0L=DC>@?:>=?@?2M�{Ön:>ØhAù=?Ö
ô9M?4U×U4h=DCÁõ?öL�i7u8IÖ�Ø�MK:9Ý9032XE¸=DÝ9Ý903HLØ5=l×QHÛMKC>Ö&<s2XØ�MK;J2Â;)MK4U2Â=?C>E¸;)MK4U2ÂØ5M?;J;JM?C9Ý90L=?Ø52?Ù
×UA92X4U2�=?4U2�HÛC>Ø54U2c=?ÖUHÛC>@ÄE�25;Â=DC�E9Ö�ÚúMK4 ÖUHÛ;JÝ9032�ëKM?03:9;J2�;J2XÖUA92XÖ E9=l×h=ÄÖn×U4Q:>Øi×Q:94U2cÖ­×UA�=l×
=D4Q2&Ø5M?;JÝ>=KØi×�=DC>E�Ø�MK;JÝ94U2XA925C�ÖnH3ë?2K7

1
|{PJd�â�=�?��VÒiÆ��¢�?RS�`OZ[bPKgh[beKOhPKghO­TSOh_ba5RS[]WXPÄa5TSO�gia5_b_]Oie)ace5¼¤aXghOQP`gQzl¹
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����� ���9� YKa5\rq`_]O­foWX_b^K\rOZ\rOhpx�>¹
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����� ����� N+WcPKP`OhgQRS[]fD[yR~z�WXV}pSa5\rq`_]O­foWX_]^`\rO­\rOhpx�>¹

ëe¹mÚ¬Û ÒoÒ7½KÎ[È9É�½9ÔcÍ1ÓÝÜ6½2ÂoÞ<È	�e½2ØKÍ`Ô
.�M£=?ØhA>HÛ2Xë?2ÂØ�MK;)Ý�=?Øi×QC92XÖQÖ&=DC>EÁØ5M?;JÝ94Q25A92XC>ÖnH3ë?2XC92XÖQÖIÚúM?4rëKM?03:9;J2);J2cÖnA92cÖ5Ù}òZ2ÂÝ94QMDÜ
Ý�M`Ön2­= @?25C>254h=D03HT�c=l×UH3M?CrM?Ú>×QA92�=D4Q4Q=o/`Ü¤<>=?ÖU2XE&ì ( ý ï�ÙKØ5=D03032XEr×QA92¦C2D1E F#GVF�DWS#H�JWD1N\D�P3N<Q3R�S'GN<R�Q+H��¢ì�ô�ý&ï2�i7�,I:94Â@?2XC9254h=D03H��X=l×QHÛMKC¿HLÖJ<>=?ÖU2XEÐM?CÐ×UA92£MK<>ÖU254Qëo=D×UH3M?CÀ×UA>=D×ÂÚ¢=?Ø�2cÖ)HÛC
ë?M?03:9;J2-;J2cÖnA92cÖ�Ý>03=o/·=¾ÖUH3;)H30L=D4�4QM?032G=KÖ�2cE�@?2cÖ�H3CÐÖU:94UÚ¢=?Ø�2-;)2cÖnA>2XÖ%& ( =KØhA¿Ú¢=KØ�2-HLÖØ�M?C`×h=DH3C92XEÂH3CÄ×SòZM�Ø5250303Öy�úMK4Z=�Ø�2X0Û0}=DC�EÄ=�A9MK0Û27�iÙ�=DC�EJ×UA92I×SòZM�Ø�MKÝ9H32XÖkMDÚ�=�Ú¢=?Ø�2IA>=oë?2
M?Ý9ÝsMKÖUHb×Q2ÄM?4QH325C`×Q=D×UH3M?C>Ö&ò�A92XC·Hb×hÖ�ëK254U×UHLØ�2cÖ�=D4Q2ÂM?4hE�254Q2XE¾ÚúM?0303Mlò�HÛC9@B×QA92-4QH3@?A`×nÜ¤A>=DC�E
4U:9032­HÛC)2X=KØhA�Ø525030Z�úH~7 2K7ÛÙlH3C)Ø5M?:9C`×Q254hØ�03M1Ø#"1ò�HLÖn2kM?4hE�254+ò�HÛ×UAJ4U2cÖnÝs2XØ�×�×QM ×UA92­H3C`ò­=D4hErÚ¢=KØ�2
C9M?4Q;Â=D01MDÚs×UA92�Ø525030¢��71X¸2Z4Q2�Úú2X4�×UM&×QA92Z×SòkMrØ�MKÝ9H32XÖ�MDÚ�=IÚ¢=?Ø�2�=KÖ�C2D!E F#GVF�DWS#H3PiÙ`ò�A9HLØhAJ=?4U2
ÖU=?H3E-×UMJ<s2&×UA92>NB­�kmléM?4Z×QA92Mp9q-q2p!P#kmNOH�MDÚ�2X=?ØhAGMD×QA9254c798�Ö­ÚúMK4�A>=D0ÛÚ±Ü¤2XE�@K2XÖZHÛC£ÖU:94UÚ¢=?Ø�2
;)2cÖnA>2XÖXÙ?òZ2�25C>Ø5M�E�2�2X=KØhAJA>=D0ÛÚ±Ü{Ú¢=KØ�2�<1/J=rÝ>=?HÛ4�M?Ú}C`:>;�<s254hÖ

〈c, i〉
Ù?ò�A>254Q2

c
H3Ö�×UA92I250ÛÜ

25;J25C`×�èSýóM?ÚsHÛ×QÖ,Ø�M?C`×h=DH3C9HÛC>@&Ø525030{ÙK=DC>E
i
HLÖ�×UA>2­Ú¢=?Ø�2�H3C>E�25ûU�{ÖS×h=D4U×UH3C9@&Úú4UMK;b�{�+ò�HÛ×UA>HÛC

×UA92�Ø�2X0Û0~7lô9:94U×UA>254Q;)MK4U2KÙoòk2­=?ÖQÖnH3@?C�Ø�M?C�Ön2cØ�:�×QHÛëK2kèSý Ö�×UM&<�MK4QE9254�Ú¢=?Ø�2cÖ��¢Ön×Q=D4U×UH3C9@IÚú4UMK;
1
�iÙ�=DC>EB2XC>Ø�M�E�2�=JA>=?0bÚ±Ü~Ú¢=?Ø52rò�Hb×QA£<�MK4QE9254�èSý

b
=?Ö
〈b, 0〉
7�ï�HÛC>Ø52r×UA>254Q2�=D4Q2�=l×�;JMKÖn×

ÖnHÛûBÚ¢=?Ø�2cÖ�Ýs254&Ø�2X0Û0~Ù�òk2�ØX=DCé2XC>Ø�M�E�2)=ÄA>=?0bÚ±Ü~Ú¢=?Ø52�èSý HÛC¾M?C92�HÛC`×U2X@?2X4XÙ�:>ÖnH3C9@-×UA92�03=KÖS×
×UA94Q252&<9HÛ×QÖ­ÚúMK4­×UA92�ÖU2XØ5M?C>EGÝ>=?4n×�=DC�E-×QA92r4Q25;Â=DH3C9H3C9@�<>Hb×hÖ­ÚúM?4­×QA92&ê>4hÖS×�Ý>=?4n×c7
.­A92-=D<sMlë?2J2XC>Ø�M�E�H3C9@¾ÖQØhA925;J2ÄÖU:9@?@K2XÖn×QÖ�=¾ÖS×Q4Q=?HÛ@KAK×UÚúM?4QòZ=?4QE¾@?2XC9254h=D03HT�c=l×QHÛMKCùM?Ú

ì ( ý&ï�ò�HÛ×UA�×UA94Q252­=D4Q4h=o/1Ö%& à �oÚSÙlô��oÚSÙo=DC>E�Î��lÚSÙXò�A>H3ØhA)=D4Q2´×UA92­Ø�MK:9C`×U2X4UÝ>=?4n×hÖuM?Ú à �D2?Ù
( �l2KÙ1=?C>EMÎ��D2?Ù`4U2cÖnÝs2XØ�×UH3ë?2503/?Ù1=DC�EÄH3C-ò�A9HLØhAÄ×QA92IA�=D0ÛÚ±Ü~2cE�@?2IèSýIÖ­=D4Q2IÖU:9<>Ön×UHÛ×U:9×U2XEG<1/A>=D0ÛÚ±Ü{Ú¢=KØ�2�èSý Ö57KèxC>E�2X2XE}Ùl×QA9HLÖ�@?2XC9254h=D03H��X=l×QHÛMKC)E9M`2cÖ´Ý94QMlë1H3E�2�=&0325@KHb×QHÛ;Â=l×Q2�E9=l×h=rÖS×Q4U:�ØiÜ
×U:94Q2?7}ì�MlòZ25ëK254cÙ9HÛ× HLÖ C9MD×&=DC¾HLE�2c=D0+@?25C>254h=D03HT�c=l×UH3M?C�Ù9<�2cØ5=?:>Ön2):9C903H�"?2 ( �l2J=DC>E à �l2HÛCÄì ( ý ï}ÙKô��oÚ}=DC>E à �oÚ�C9Mr03M?C9@K254�E�2X0ÛH3ë?2X4�=rØ�M?;JÝ9032�×Q2h)éý&ï�7K.­A92�H3C>Ø5M?;JÝ9032�×U2XC92XÖQÖH3Ö�E9:92&×UMJ×QA92&Ú¢=?Ø�×�×UA>=D×�×UA92rMK4QE�2X4UH3C9@)MDÚ�ë?2X4n×QH3Ø52XÖ­H3CB=JA�=D0ÛÚ±Ü{Ú¢=KØ�2&H3Ö�Ø�/�Ø�03H3Ø ò�HÛ×UA9MK:�×
=-E�2cÖnH3@?C>=D×U2cE£ÖS×h=D4U×UH3C9@ÄÝsM?H3CK×cÙsÖUMÄHÛ×IHLÖ�C>MD× =?0Ûò­=o/�Ö�ÝsMKÖQÖnH3<9032r×UMGHÛC�Úú2X4�×QA92�MK4QE9254QHÛC9@
MDÚ´×UA>2�ëK254U×UHLØ�2XÖ�ò�Hb×QA9H3Cù=-Ø525030�Úú4QM?;�×QA9H3Ö&ÖU:9<�ÜO)éý&ï�7[X A925C¸Ön:9Ý>Ý90Û2X;J25C`×U2cE£<1/G×QA92
250325;J25C`×,Ø�MKC9C92cØi×UH3ë1Hb×S/KÙl×UA>H3Ö�ÖUH3;)Ý>0Û2�@K25C92X4Q=?0ÛH��X=D×UH3M?C�ØX=DCJÖn:9îs2X4´Úú4UMK; H3C92�ñÄØ�H325C�Ø�/?ÙK=?Ö
Hb×�4Q2Xí`:9H34Q2XÖ�Ø5M?;JÝ>=D4QH3C9@)×UA92�ëK254U×U25ûGèSý Ö�×UMG=D03HÛ@KCG×QA92�A>=?0bÚ±Ü~Ú¢=?Ø52XÖ�ò�A925C£Ýs254UÚúM?4Q;JHÛC9@
M?C925Ü{×QMDÜx=D030sH3C>Ø5H3E�2XC>Ø�2�í`:92X4UH32XÖX7
.�M�Mlë?2X4QØ5M?;J2�×QA92XÖU2J0ÛH3;JHb×h=l×UH3M?C�Ö5Ù}òZ2ÂE�2�ê>C>2J×UA924D!l[S9C�p!Q�MDÚ­=-A>=?0bÚ±Ü~Ú¢=?Ø52Â=?Ö&HÛ×QÖ

E�2XÖUHÛ@KC>=l×Q2XEJê�4QÖn×ZëK254U×U25û�Ù1=DC�EÄ2X=KØhAÄA>=?0bÚ±Ü~Ú¢=?Ø52�×UA>25C-A�=?Ö
m
=DC>ØhA9MK4U2cEÂØ�MKÝ9HÛ2cÖ5Ù`ò�A92X4U2

m
HLÖr×QA92-C1:9;�<�2X4�MDÚ�ëK254U×UHLØ�2XÖ/�úMK4�2XE9@?2XÖ#� MDÚ�×QA92ÄÚ¢=KØ�2K7eX¸2-25C�Ø�M�E�2-=?C¬D!lnS#C2p1Q+H#J



N+Wc\rq1a5gQR,d,TxTnahzD�<;�aXpxOhe>=)Ohpx�@?�a�RnarYDRxTS^KgQRS^KTSOQp Ò3A
C2D!E F#GVF�DWS#Hw�¢8�ìIô��&<1/ù=G×UA94Q2525Ü~Ý�=D4U× èSý

〈c, i, j〉
Ùuò�A9254Q2)×UA92Jê�4QÖn×r×SòkMBÝ>=?4n×hÖrØ�MK4U4Q2�Ü

ÖnÝsM?C>EÂ×UM�×QA92�A�=D0ÛÚ±Ü{Ú¢=KØ�2�èSý�Ù1=DC>EJ×QA92�×QA9H34QEÂÝ�=D4U×ZØ�MK4U4Q2XÖUÝsM?C>E9Ö´×UM�×QA92�D1lnS#C2p1Q�kml[JWH�

�¢Ön×Q=D4QH3C9@¾Úú4QM?;

0
�iÙ�ò�A9HLØhAÀHLÖÂE�2�ê�C92XEÐ=?Ö�ÚúM?030ÛMlò�Ö%&´ô9MK4)=ùC9M?C9Ü~<sM?4hE�254)A>=?0bÚ±Ü~Ú¢=?Ø52?Ù�HbÚ

×UA92Ä=?C>ØhA9M?4rHLÖ&×QA92
k
×UA·ëK254U×U25û¾HÛC¸×QA92JÚ¢=?Ø52�Ü¤ë?254U×U25û¾03H3Ön×�MDÚZ×UA92ÂÚ¢=KØ�2)ÚúM?0303Mlò�HÛC9@�×QA92

ü­þ��IïBØ�MKC1ë?25C`×QHÛMKCuÙ1×UA92XC�×UA92�=?C>ØhA9MK4�HÛC>E92�ûGHLÖ
k − 1

Í�ÚúMK4�=J<�MK4QE9254�A>=?0bÚ±Ü~Ú¢=?Ø52?Ù1×QA92
=DC>ØhA9MK4�H3C>E�25ûéH3Ö ;JM�E

(m − t, m)
Ù}ò�A92X4U2

t
H3ÖI×QA92)=?C>ØhA9MK4�H3C>E�2�ûéM?Ú�×UA>2)ëK254U×U25û�H3C

Hb×hÖ�M?Ý>Ý�M`ÖnHÛ×U2ÂA>=?0bÚ±Ü~Ú¢=?Ø52?7 ( =KØhA¿8�ìIô A>=KÖrM?C>2ÂM?Ý9ÝsMKÖUHb×Q24�úMK4&×Sò�HÛCz��8�ì�ôZÙ�ò�A9H3ØhA·HLÖHb×hÖkMKÝ9ÝsMKÖUHb×Q2�A>=?0bÚ±Ü~Ú¢=?Ø52�ò�HÛ×UAÄ×QA92&ÖU=?;)2 =DC>ØhA>M?4c7K.­A92I03=KÖS×Z×SòkM�Ý>=D4U×QÖkMDÚ�=?C-8�ìIôÁèSý
Ø�M?C�ÖS×QHb×Q:�×U2­×QA92©ETp{S#D!E
�������+ª�7D.­A92I=DC>ØhA9MK4�HÛC>E92�û�4Q2Xí`:9H34Q2XÖ�M?C>0Û/�×SòkM&<9HÛ×QÖXÙ?=DC�E�×QA92
0ÛM�Ø5=?0�8�ì�ô¾èSý 4Q2Xí`:9H34U2cÖ�MKC90Û/�ê>ë?2Z<9HÛ×QÖXÙ?ÖnMI×UA>2kÚú:>0Û0>8Iì�ô¾èSý Ø5=DC)<s2Z2XC>Ø�M�E�2cE�H3C)M?C92
HÛC`×U2X@?2X4X7nX Hb×QA�0-�oÜ¤<9HÛ×I:9C�ÖnH3@?C92cEéH3C`×U25@K254hÖ5Ù�×UA>H3Ö&2XC>Ø�M�E�H3C9@�H3Ö&ÖU:�ñÄØ�H325C`×IÚúMK4&;)2cÖnA>2XÖ
Ø�M?C`×h=DH3C9HÛC>@�:9ÝG×UM

227
�ú;JM?4Q2 ×UA>=?C

100
;JH30Û03H3M?Cz�ZØ�2X0Û0LÖX7�èxC�=KE9E�HÛ×UH3M?CuÙ1òZ2&=KÖUÖUH3@?CÂ×QA92

8�ì�ô èSý ×UM�×UA>2�ê�4QÖn×r2XE�@K2)M?Ú�×UA>2Ä8�ì�ôZÙ�=?C>E£×QA925CÁMK<�×Q=?HÛC¸=DC¸èSý ÚúM?4&2X=KØhA¾2cE�@?2
ò�Hb×QA9HÛCB2c=?ØhAGÚ¢=?Ø�2K7
èxCÁ×UA92�ü­þ�� ï·Ø�MKC1ë?25C`×QHÛMKCuÙ}2X=KØhA¸ëK254U×U25ûùA>=KÖ�=B03M1ØX=D0kHÛC>E92�ûÁò�Hb×QA9HÛCÐ=£Ø�25030~7�è¤×

H3Ö�:>Ön25Úú:90k×UMùÖn×UMK4U2J×QA92-;Â=?Ý9Ý9H3C9@£Úú4QM?; ×UA92G0ÛM�Ø5=?0k8Iì�ô èSý
×QM£×UA>2-ë?2X4n×Q2�û¤$ Ör0ÛM�ØX=D0
HÛC>E92�ûéò�HÛ×UA9H3C¾×QA92ÂØ�2X0Û0~7[Xù2J=?ÖQÖnH3@?Cù=-:9C>H3í`:92JèSý°�ú<s2�×SòZ252XC

1
=DC>Eé×UA92JC1:9;�<s254&M?Ú

Ý�MK0Û/1A92cE�4UMKC)×S/`Ýs2XÖXÙ1]rH3CÂ@?2XC9254h=D0m��×UM�2c=?ØhA)×S/1Ý�2�M?Ú�2X0Û2X;J25C`×X7?.�M�Ön×UMK4U2Z×UA>2�;Â=DÝ9Ý9H3C9@
ÚúM?4k=?0Û0s250325;J2XCK×k×S/1Ý�2cÖ5Ù`òk2�HÛC`×U4QM�E�:>Ø52I=&×QA94U2X2�ÜxE�H3;)2XC>ÖUHÛMKC>=D0s=D4Q4Q=o/�M?Ú�ÖnH��52

4× 6× 4
Ù

E�25C9M?×U2cE¿<1/Á2X8��Dë�Ù�ò�A9M`Ön2�E�H3;)2XC>ÖUHÛMKC>Ö�Ø5M?4Q4U2cÖnÝsM?C�E¸×UMé×QA92G×S/`Ýs2�èSýIÖXÙ�0ÛM�Ø5=?0,Ú¢=KØ�2
èSýIÖXÙ>=DC�E�=?C>ØhA9MK4�HÛC>E9H3Ø52XÖXÙ94U2cÖnÝs2XØ�×UH3ë?2X0Û/K7�èxCB=KE9E�HÛ×UH3M?CuÙ>òk2�E�25ê>C92�=?CB=?4U4h=o/J2X8�E7Y�M?Ú
×UA92 ÖU=?;)2IÖnH��52�×QM�Ön×UMK4U2­×QA92�;Â=DÝ>Ý9HÛC>@�Úú4QM?; 2X=?ØhAÄ8Iì�ôù×UM�×UA92�0ÛM�Ø5=?0�8Iì�ôÁèSý MDÚuHÛ×QÖ
=?E7Yn=KØ�25C`×&8�ì�ôøò�HÛ×UA>HÛC¸=ÄØ�2X0Û0´=D03M?C>@ÄHb×hÖ�ê�4QÖn×I2cE�@?2K7zX¸2�C9Mlò E92�ê>C92�×UA92JØ�MK;JÝ90Û25×U2
4U2XÝ94U2cÖn2XC`×Q=l×QHÛMKC-M?Ú�×UA>2rA>=D0ÛÚ±Ü{Ú¢=KØ�2rE9=D×Q=JÖS×Q4U:�Øi×U:>4U2-&

• à �oÚs&¤)é=?Ýé2X=KØhAéë?2X4n×Q2�ûB×UM-×UA92J8�ìIôó=DC�ØhA9M?4Q2XE£=D×I×QA92�ëK254U×U25û[Ís;Â=DÝ¾=G<sM?4hE�254ë?254U×U25ûÂ×UMÄ=)<sM?4hE�254�8�ìIôÄÍ
•
ô��lÚs&2)é=DÝ�2X=KØhAGC>M?C�Ü¤<�MK4QE9254­A>=D0ÛÚ±Ü~Ú¢=?Ø�2&ò�HÛ×UA£=DC�ØhA9M?4­H3C>E�2�û

0
×QMÂHb×hÖZ×Sò�HÛC£8�ìIôÄÍ

•
Î��lÚs&2)é=DÝ�2X=KØhAG<sM?4hE�2X4�A>=D0ÛÚ±Ü{Ú¢=KØ�2&ò�HÛ×UA£=DC>ØhA>M?4­HÛC�E�2�û

0
×QM)HÛ×QÖ�×Sò�HÛCB8�ìIôk7

ô�H3@>7-ÌrÖnA9Mlò�Ö�=?C)25û9=D;JÝ9032�MDÚ>×QA9HLÖ�)éý&ï�ÚúM?4´×QA92�ÖU=?;JÝ90Û2�;J2cÖnAJMDÚ}ô+HÛ@�7W597?ï�HÛ;JH303=?4´×UM
×UA92&=D4Q4Q=o/`Ü¤<>=?ÖU2XEJì ( ý ï}Ù à �oÚ+=DC>E/Î��lÚ�=D4Q2IE925C>ÖU2IMKC92�ÜxE�H3;J25C>ÖUHÛMKC>=D0s=D4Q4Q=o/�ÖXÙDò�A9M`Ön2ÖnH��52cÖ�=D4Q2­2Xí`:>=D09×UM&×UA>2�C`:>;�<s254hÖ´MDÚ�ë?2X4n×QH3Ø52XÖ´=DC�E�<sM?4hE�2X4�Ú¢=?Ø�2cÖ5Ù?4U2cÖnÝs2XØ�×UH3ë?2503/?7Dô��lÚ�HLÖ
=�×SòZMDÜxE�H3;)2XC>ÖUHÛMKC>=D01=D4Q4Q=o/ ò�HÛ×UA)2X=?ØhA�4UMlò¿Ø5M?4Q4U2cÖnÝsM?C�E�HÛC>@�×UM&= Ø�25030~ÙD=DC>E�Hb×hÖ�C`:>;�<s254
MDÚ>Ø�MK0Û:>;)C�Ö�HLÖu×QA92Z;J=Dû�HÛ;�:9; C`:>;�<s254�M?Ú�Ú¢=?Ø52XÖ�HÛC)=�Ø�2X0Û0~ÙX4h=DC>@?H3C9@�<s2�×SòZ2525C�ÚúM?:94�=DC>E
ÖnHÛû}7>.­A92&Úú:9030�ì�ô�ý&ï�H3Ö�Ø�M?;JÝsMKÖU2XEGMDÚ+×UA92cÖn2&×QA94Q252r=D4Q4Q=o/�ÖZ=D03M?C9@Jò�HÛ×UA�×UA>2�250325;J25C`×
Ø�M?C>C92XØ�×UH3ë`HÛ×S/§� ( ü���7�.­A>2�Ø�MKC>Ön×U4Q:>Øi×QHÛMKC£MDÚ�ì�ô�ý&ïBÚúM?0303Mlò�Ö�=ÂÝ94QM�Ø�2cE�:94Q2�ÖnH3;JHÛ0L=D4�×UM×UA>=D×IMDÚ,ì ( ý&ï�Ù�2�û9Ø�2XÝ�×�ÚúMK4�×UA>2�=?E>E�Hb×QHÛMKC>=D0�M?Ýs254h=l×QHÛMKC>Ö�C92X2XE�2cEB×UMG=D03HÛ@KCB×UA92�×Sò�HÛCA>=D0ÛÚ±Ü{Ú¢=KØ�2cÖZ×UMÂE�2�×Q254Q;JHÛC92&×QA92�=DC�ØhA9M?4­H3C>E�HLØ�2XÖX7

ëe¹¢¸åä ÒlÑzÅ,Í`Ò7¿%¾¢Í1Ô�½2Á+Óåæ@Å,Í`Ò!½�¿{¾¢ÑnÁ�Ô
ï1HÛ;JH303=?4­×UMÄì ( ý ï}Ù9×UA>2�=D4Q4Q=o/`Ü¤<>=?ÖU2XEÂìIô+ý&ïGA>=?ÖZ×QA92&ÚúM?0303Mlò�HÛC9@J:>ÖU2�Úú:>0uÝ94QM?Ýs254U×UH32XÖ%&
�?7�.­A92&Úú:9030�=D4Q4h=o/KÜ¤<>=KÖn2cEÂì�ô�ý ïBE92503HÛëK254hÖZ=/���7ç©è[���#}n�3��|I�B�7�.)éý&ï�7
��7�ô��oÚ´=DC>E à �lÚ�E�2X0ÛH3ë?2X4�=/�3�7ç©è[�À�7�O��)éý ï}7



Ò � º z?_]OQT��K¹1dk_]^`\I�1a5^`vc��aXP`e��k[Ûa5P`vX\r[bP��c[baXW
Ñ � V

Ñ�OQTxRSOQÉ |~PKgc¹Wá­Å
Ò

〈7, 0, 1〉�
〈2, 0, 2〉A
〈3, 0, 0〉�
〈4, 0, 0〉�
〈6, 0, 2〉Ê
〈1, 1, 1〉Ô
〈1, 0, 1〉

Å � V
tu_]Oh\rOhPlR á­a5_yV3�úV±a5ghOhp
Ò

〈5, 1, 0〉 〈1, 0, 0〉 〈3, 4, 1〉 〈2, 2, 1〉�
〈6, 1, 1〉 〈1, 4, 1〉 〈4, 3, 1〉 〈2, 0, 0〉A
〈7, 1, 1〉 〈3, 0, 0〉 〈4, 4, 1〉 〈1, 3, 1〉�
〈8, 1, 1〉 〈4, 0, 0〉 〈2, 3, 1〉 〈3, 3, 1〉�
〈1, 1, 1〉 〈6, 3, 1〉 〈7, 4, 1〉 〈5, 0, 0〉Ê
〈2, 1, 1〉 〈8, 2, 1〉 〈5, 2, 1〉 〈6, 0, 0〉Ô
〈3, 1, 1〉 〈8, 4, 1〉 〈7, 0, 0〉 〈5, 3, 1〉Ó
〈4, 1, 1〉 〈6, 2, 1〉 〈8, 0, 0〉 〈7, 2, 1〉

; � V
;+WXTne?OQT âZq`q>¹-áZÅ
Ò

〈1, 2, 0〉�
〈2, 4, 0〉A
〈3, 2, 0〉�
〈4, 2, 0〉�
〈5, 4, 0〉Ê
〈6, 4, 0〉Ô
〈7, 3, 0〉Ó
〈8, 3, 0〉

����� ���>� d,TxTnahzD�¢�1a5pxOie��`aX_yV3�úV±a5ghO�e`a�Rna p¤RxTS^`gQRS^?TSOZVLW5TZpSa5\rq`_]O­foWX_]^`\rO­\rOhpx�>¹

.�M-ÖUA9Mlò ×UA92�ì�ô�ý ï£H3ÖIØ�M?;JÝ94Q25A>25C>ÖUHÛëK2?Ù�òZ2�ÖU:9;J;J=?4UH��52&×QA92�<>=KÖnHLØ�í`:92X4UH32XÖ�=KÖ­ÚúM?0ÛÜ
0ÛMlò�ÖX7s8�@K=?HÛCuÙ

m
E�25C>MD×U2cÖ�×QA92)C`:>;�<s254 MDÚ,2cE�@?2cÖ�H3Cù=G@?H3ë?25Cé8Iì�ôó=?C>E£HLÖ 25HÛ×UA92X4y0

M?4�]>Ù9=?C>E�=D030uHÛC�E�H3Ø52XÖ��¢2�û9Ø�2XÝ�×�ÚúM?4�=?C>ØhA9M?4­H3C>E�25û2�­Ön×Q=?4n×­Úú4QM?;
1
7

•
,IC92�Ü~×UM?Ü¤=?C`/ÂE�Mlò�C1ò­=D4hEÄH3C>Ø�HLE�2XC>Ø�2
ê i
×QAGÚ¢=KØ�2&MDÚ´Ø�2X0Û0

c
=?C>ØhA9M?4Q2XEG=l×

j
×UABë?2X4n×Q2�û-H3C�×UA92&Ú¢=KØ�2W&�4Q2�×Q:94QC

〈c, i, j − 1〉ê j
×QA�2cE�@?2&M?Ú�8Iì�ô

〈c, i〉
&>4U25×U:94QC

〈c, i, j − 1〉ê 03M�Ø5=?0+H3C>E�25ûéMDÚk=?C>ØhA9MK4IM?Ú,C9M?C9Ü~<sM?4hE�254&8�ìIô 〈c, i, j〉 ò�HÛ×UA>HÛCÁØ�2X0Û0 c &�4U25×U:94QC2c8��Dë
(e, i, j + 1)

Ù>ò�A9254Q2
e
H3Ö­×S/1Ýs2&èSý MDÚ´Ø�2X0Û0

cê i
×QA�ëK254U×U25ûÄMDÚ´Ø�25030

c
&94Q2�×Q:94QC ( ü (c, i)

•
,IC92�Ü~×UM?Ü¤=?C`/J:9Ý1ò­=D4hEÄH3C>Ø�HLE�2XC>Ø�2
ê H3C>Ø5H3E�2XC`×�Ø�25030uM?Ú+8�ìIô¬�¢M?4�2XE9@?2{� 〈c, i, j〉 &�4U25×U:94QC cê H3C>Ø5H3E�2XC`×�8�ì�ôå�úMK4�2XE�@K2{�ZMDÚ v ×QABë?254U×U25û¤&�4U25×U:94QC à �oÚ (v)

•
8�E7Yn=?Ø525C>Ø5/
ê MKÝ9ÝsMKÖUHb×Q2�MDÚ´C9MKC�Ü¤<�MK4QE�2X4I8Iì�ô 〈c, i, j〉 &s4U25×U:94QC 〈d, s,

;JM�E
(m− j + t, m)〉

Ù
ò�A>254Q2

〈d, s, t〉 ≡
ô��oÚ

(c, i)ê MKÝ9ÝsMKÖUHb×Q2IM?Ú�<sM?4hE�254�8�ìIô 〈b, 0, j〉
&9ÖU=?;)2&=?Ö­=?<�MlëK2?Ù12�û9Ø�2XÝ�×Z×UA>=D×

〈d, s, t〉 ≡Î��lÚ
(b, i)ê Ý>4U2Xë`H3M?:�Ö�MDÚ98�ìIô 〈c, i, j〉 ò�HÛ×UA9H3C&×UA92�Ú¢=?Ø�2-&�4Q2�×U:>4UC 〈c, i, ;JM�EZ� j + m− 1, m)〉ê C>2�û1×�MDÚ�8�ì�ô 〈c, i, j〉 ò�Hb×QA9HÛC�×QA92&Ú¢=?Ø52W&94Q2�×Q:94UC 〈c, i, ;JM�EZ� j + 1, m)〉ê H3C�ÜxØ�2X0Û0 =?E7Yn=KØ�25C`×-8Iì�ô�MDÚrC9M?C9Ü~<sM?4hE�254Ä8Iì�ô 〈c, i, j〉 =D03M?C9@·2cE�@?2-&�4Q2�×U:>4UC

〈c,
2c8�E7Y

(e, i, j + 1)〉
Ù>ò�A9254Q2

e
H3Ö�×S/`Ýs2rèSý M?Ú+Ø�2X0Û0

c

•
ÎkMK:9C>E9=?4U/ÄØ503=KÖUÖUHÛê�Ø5=D×UH3M?C
ê 8Iì�ôå�ú2XE9@?2{� 〈c, i, j〉 &94U25×U:94QC i = 0ê ëK254U×U25û v

&>4U25×U:94QC à �oÚ (v).
ÖU2XØ�MKC>E

= 0

,�×UA92X4�×S/1Ý�2cÖ�MDÚ�í`:9254QH32XÖ�=?4U2rØ�MK;�<9H3C>=D×UH3M?C>Ö­M?Ú+×QA92�=?<�MlëK2 <�=?ÖUH3Ø&MKÝ�2X4Q=D×UH3M?C>ÖX7>ï1M?;J2
íK:>254QHÛ2cÖ =?4U2)ÖS×Q4Q=?HÛ@KA`×nÚúM?4Qò­=D4hEB@?25C>254h=D03HT�c=l×UH3M?C£M?ÚZì ( ý ï}ÙuHÛC�Ø�03:>E�H3C9@�E9Mlò�C`ò­=D4hE£H3C�ÜØ�HLE�25C>Ø52XÖ©�úÚúM?4I<�MK4QE�2X4�A>=?0bÚ±Ü~Ú¢=?Ø52XÖ�=?C>E�M?C925Ü{×QMDÜx=D030¢�Z=DC�E£=D030uHÛC�Ø�HLE�25C`×IØ5250303Ö�MDÚ�=)Ú¢=?Ø52?7
,I<�×Q=?HÛC9H3C9@ùHÛC>Ø5H3E925C`×�Ú¢=KØ�2XÖ)=DC�E¿Ø�2X0Û0LÖ�=?0ÛMKC9@¾=?C¿2XE�@K2-H3C1ë?M?03ë?2cÖr×Q4Q=oëK254hÖnH3C9@£=D030,×QA92



N+Wc\rq1a5gQR,d,TxTnahzD�<;�aXpxOhe>=)Ohpx�@?�a�RnarYDRxTS^KgQRS^KTSOQp Ò��
A>=D0ÛÚ±Ü{Ú¢=KØ�2cÖ�H3C>Ø�HLE�25C`× M?CB×UA>2�2XE9@?2?Ùs:>ÖUHÛC>@Â×UA92�M?Ý9ÝsMKÖUHÛ×U2�=?C>E£H3C�Ü¤Ø525030�=KE7Yn=?Ø525C`×IMKÝ�2X4nÜ
=l×UMK4QÖXÙuÖUMBE9M`2cÖrE�2�×Q254Q;JHÛC9H3C9@B×QA92Â<�MK4QE9254rA>=?0bÚ±Ü~Ú¢=?Ø52�×QA>=l×�HLÖ�=KE7Yn=?Ø525C`×&×UMé=B<sM?4hE�254
A>=D0ÛÚ±Ü{Ú¢=KØ�2&=D03M?C9@)=DCG2XE�@K2?7�.­A92I×UH3;)2rØ5M?;JÝ9032�û�Hb×S/JÚúMK4Z×U4h=oë?254hÖUHÛC9@�×UA92 <�MK:9C>E9=?4U/ÄE92�Ü
Ý�2XC>E9ÖZM?CÂ×QA92&C1:9;�<s254ZMDÚ�Ø5250303ÖkH3C>Ø�HLE�25C`×­M?C-=�<sM?4hE�254k2XE�@K2?7�ô9MK4Z=?Ý9Ý903H3ØX=l×UH3M?C�Ö´×UA�=l×
Úú4U2cíK:>25C`×U03/¸×U4h=oë?254hÖU2J×UA92�<�MK:9C>E9=?4U/KÙ+=ùÖn2XÝ>=D4h=l×Q2-=D4Q4h=o/ Î��l<¿ØX=DC¿<s2�Ø5M?C>Ön×U4Q:>Ø�×U2XE
×UM£ÖU=oëK2�×QA92ÄØ�MK4U4Q2XÖUÝsM?C>E�2XC>Ø�2�MDÚ­<�MK4QE9254r8�ìIô>ÖXÙ�ÖnH3;JHÛ0L=D4&×QM�×UA92 ( �D2Ä=D4Q4Q=o/BH3C¾×QA92ì ( ý&ï�Ù>25û9Ø�25Ý9×�×UA>=D×­<sM?4hE�2X4�8�ì�ôÀèSýIÖ�ò�HÛ030u<s2�ÖS×QM?4Q2XEGHÛC>Ön×U2c=?EGMDÚ+A>=D0ÛÚ±Ü~2cE�@?2&èSý Ö578 ;)MK4U2ÂØ5M?;JÝ9032�ûùí`:92X4U/éHLÖ&×QM£25C1:9;J254h=l×Q2J=?0Û0´H3C>Ø5H3E�2XC`×�8�ìIô>Ö�=?C>ØhA9M?4Q2XEù=l×�=
ë?254U×U25û}Ù`ò�A>H3ØhA�H3Ö�=):>ÖU2�Úú:>0u<9:9H303E9HÛC9@J<903M�Ø#"ÂÚúM?4­2XC`:>;)2X4Q=D×UH3C9@Â=D030�HÛC>Ø5H3E925C`×�Ø�2X0Û0LÖ�=DC>E
2XE�@K2XÖ�MDÚ�=�ë?254U×U25û}7{óIÖnH3C9@�×QA92­HÛC9Ü¤Ø525030`=KE7Yn=?Ø525C>Ø5/&=?C>E�Ý>4U2Xë`H3M?:�Ö��úMK4�C>2�û1×#��M?Ýs254h=l×QM?4hÖ5Ù
òk2-ØX=DCÁHÛ×U254h=l×Q2Â×UA>4UMK:9@?A¸×UA>2G8�ìIô>Ö�=D4QM?:9C>EÁ=?C¿=DC>ØhA9MK4rò�Hb×QA9H3CÀ=éØ�2X0Û0~7�.�M?@K2�×QA9254
ò�Hb×QAø×UA92ùM?Ý9ÝsMKÖUHb×Q2£M?Ýs254h=l×QM?4cÙ´òk2¾ØX=DC÷×UA>25Cóë1HLÖnHÛ×Ä×UA>2¾=?E7Yn=KØ�2XCK×-Ø5250303ÖG=DC>E÷×QA925H34
8�ì�ô�ÖÂ=DC>ØhA>M?4Q2XE·=l×)×UA>2GëK254U×U2�û}7�.­A9HLÖ�Ý>4UM�Ø�2cÖUÖ�2XÖQÖU25C`×UHL=D030Û/ÁÝs254UÚúM?4Q;ÂÖ�=¾<94U2c=?E1×QA�Ü
ê>4QÖn×�×Q4Q=oëK254hÖU=?0sMlëK254­×QA92�8�ìIô>ÖI=D4QM?:9C>EG×QA92�ë?2X4n×Q2�û}Ù>=?C>EG×Q=1"K2XÖ­×QHÛ;J2�Ý94UMKÝ�MK4n×QHÛMKC>=D0
×UM)×UA92rMK:�×UÝ>:�×�ÖnH��52K7
.­A92-=D4Q@?:>;)2XC`×rÚúM?4�×QA92GØ5M?;JÝ9032�×Q25C92cÖUÖrM?Ú�ô��oÚ�=DC>E à �oÚ�HLÖ�ÖUHÛ;JH303=?4�×QM£×UA>=D×�M?Úì ( ý&ï[&�×UA>2�2X0Û2X;)2XC`×&Ø5M?C9C92cØi×QHÛë1HÛ×S/�� ( ü�� Ø5=?Cé<s2)Ø5M?C>Ön×U4Q:>Øi×Q2XEBÚú4QM?;%ô��lÚk=DC>E à �oÚ<`/Ð0ÛM1MKÝ9HÛC>@Á×UA94QM?:9@KA÷×UA92¾8Iì�ô�ÖG=?4UMK:9C>EÐ2X=?ØhAøëK254U×U2�û}Ù,Ön×Q=?4n×QHÛC>@ÁÚú4UMK; ×UA>2¾8�ìIô

=?ÖQÖnM�Ø�HL=l×Q2XEùò�Hb×QA·×UA>2Äë?2X4n×Q2�ûùH3C à �lÚS7�.­A9HLÖ�Ø5M?;JÝ9032�×U2GÖn:9<9Ü\)éý&ïÁØ5=?CÁ<�2Ä:�Ön2cE¸ÚúM?42�ñÄØ�H325C`×�ê>032�è+*-,ó=?C>EJHÛC`×Q254QÝ94UM�Ø52XÖQÖ�Ø�MK;);�:9C9HLØ5=D×UH3M?CuÙD<s2XØX=D:>ÖU2 ( ü÷=?C>E>Î��oÚuØ5=?C)<s2Ø�M?C�ÖS×Q4U:>Ø�×U2cEÄÚú4QM?; ×QA925; ò�Hb×QA9M?:9×�4U2cíK:>HÛ4QHÛC>@J=?C1/Ä=?E9E�HÛ×UH3M?C�=D0uÖn×UM?4h=D@K2?7

ëe¹�ë ×�ÑnÖ�Å�½�Ò!¾¢ÔcÑzÁ
Xù2¸C9Mlò Ø�MK;)Ý�=D4Q2£×UA92ÁÖn×UM?4h=D@K2£4U2cí`:9HÛ4Q25;J2XCK×hÖÄM?Ú�×UA92¸ì�ô�ý&ïóò�HÛ×UA ÖnMK;)2¾MD×UA>254
)éý ï}7´èxCå

�{�¤Ù�×UA94Q252BØ�MK;)Ý>4U2XA925C>ÖUH3ë?2/)¾ý ïÀòk2X4U2G4U2XÝ�MK4n×Q2XE¤&+×QA92��SMKC92�Ü¤0Û2Xë?2X0k=?E!Yn=lÜ
Ø�25C�Ø�/�4U2XÝ94U2cÖn2XC`×Q=l×QHÛMKC
�iÙ9HÛC¾ò�A9H3ØhA£2c=?ØhA

i
ÜxE�HÛ;J2XC>ÖnH3M?C�=D0u2XCK×QHb×S/£Ön×UMK4U2cÖ�Ý�MKHÛC`×hÖ�×QM-HÛ×QÖ

HÛC>Ø5H3E925C`×
(i+1)
Ü�=DC�E

(i−1)
Ü¤E�H3;J25C>ÖUH3M?C>=?0`2XC`×UHÛ×UH32XÖ�ò�A>25CÂ=DÝ9Ý>0ÛHLØ5=?<90Û2KÙl×UA>2��nØ5HÛ4hØ�:>03=?4

=?E7Yn=KØ�25C�Ø�/Ä4Q25Ý94Q2XÖU25C`×h=l×UH3M?C��hÙ`HÛCBò�A9HLØhA
(i− 1)
ÜxE�H3;J25C>ÖUHÛMKC>=D0}H3C>Ø5H3E�2XC>Ø�2&2XCK×QHb×QHÛ2cÖ�=D4Q2

ÖS×QM?4Q2XE�ÚúM?4ZØ�25030LÖ5Ù?Ú¢=?Ø�2cÖ5Ù`=DC>EJ2cE�@?2cÖ5Ù`=D03M?C9@rò�HÛ×UAÄ×UA92�H3C>Ø5H3E�2XC>Ø�2 Ø�2X0Û0LÖ�M?Ú�2c=?ØhAÂëK254U×U2�û}Ù
=DC>E¸×QA92��n4U2cE�:>Ø52XE1Ü¤HÛC`×Q254QHÛMK4 4Q25Ý>4U2cÖn2XCK×h=l×QHÛMKC
�hÙ}ò�A>H3ØhA·MK;)HÛ×�×QA92ÄH3C`×U254QH3M?4rÚ¢=KØ�2XÖ�=DC>E
2XE�@K2XÖ�H3C�×QA92�4Q25Ý94Q2XÖU25C`×h=l×UH3M?C�7o.­A>2�ÖS×QM?4h=D@?2Z4Q2Xí`:9H34U2X;)2XC`×QÖ+MDÚs×UA92cÖn2�E>=l×Q=rÖn×U4Q:>Ø�×U:94Q2XÖ
=D4Q2&Ø5M?;JÝs2�×UHÛ×UH3ë?2&ò�HÛ×UABMD×QA9254�25û�H3Ön×UH3C9@J;J2XÖUABE>=l×Q=JÖn×U4Q:>Øi×Q:94Q2XÖ�

�1ÙZ�%Ì!�~7
�u2�×

ni

E�25C>MD×U2�×UA>2)C1:9;�<�2X4&MDÚ
i
ÜxE�HÛ;J2XC>ÖnH3M?C�=D0+25C`×UHÛ×UH32XÖ H3C¸=G;J2XÖUAuÙ�ò�A9254Q2

i
HLÖ

<�25×Sòk2X25C
0
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