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Efficient Sparse LU Factorization with Partial
Pivoting on Distributed Memory Architectures

Cong Fu, Xiangmin Jiao, and Tao Yang, Member, IEEE

Abstract —A sparse LU factorization based on Gaussian elimination with partial pivoting (GEPP) is important to many scientific
applications, but it is still an open problem to develop a high performance GEPP code on distributed memory machines. The main
difficulty is that partial pivoting operations dynamically change computation and nonzero fill-in structures during the elimination process.
This paper presents an approach called S* for parallelizing this problem on distributed memory machines. The S* approach adopts static
symbolic factorization to avoid run-time control overhead, incorporates 2D L/U supernode partitioning and amalgamation strategies to
improve caching performance, and exploits irregular task parallelism embedded in sparse LU using asynchronous computation
scheduling. The paper discusses and compares the algorithms using 1D and 2D data mapping schemes, and presents experimental
studies on Cray-T3D and T3E. The performance results for a set of nonsymmetric benchmark matrices are very encouraging, and S*
has achieved up to 6.878 GFLOPS on 128 T3E nodes. To the best of our knowledge, this is the highest performance ever achieved for
this challenging problem and the previous record was 2.583 GFLOPS on shared memory machines [8].

Index Terms —Sparse LU factorization, Gaussian elimination with partial pivoting, dense structures, asynchronous computation
scheduling, irregular parallelism.

——————————   ✦   ——————————

1 INTRODUCTION

PARSE matrix factorization is an important approach to
solving a sparse system of linear equations. If a matrix

is symmetric and positive definite, Cholesky factorization
can be used, for which fast sequential and parallel algo-
rithms have been developed in [24], [30], [31]. However, in
many applications, the associated equation systems involve
nonsymmetric matrices and pivoting may be required to
maintain numerical stability for such nonsymmetric linear
systems [6], [23]. Because pivoting operations interchange
rows based on the numerical values of matrix elements
during the elimination process, it is impossible to predict
the precise structures of L and U factors without actually
performing the numerical factorization. The adaptive and
irregular nature of sparse LU data structures makes an effi-
cient implementation of this algorithm very hard, even on a
modern sequential machine with memory hierarchies.

There are several approaches that can be used for solv-
ing nonsymmetric systems. One approach is the unsym-
metric-pattern multifrontal method [5], [25] that uses elimi-
nation graphs to model irregular parallelism and guide the
parallel computation. Another approach [19] is to restruc-
ture a sparse matrix into a bordered block upper triangular
form and use a special pivoting technique which preserves
the structure and maintains numerical stability at accept-
able levels. This method has been implemented on Illinois
Cedar multiprocessors, based on Aliant shared memory

clusters. This paper focuses on parallelization issues for a
given column ordering, with row interchanges to maintain
numerical stability. Parallelization of sparse LU with partial
pivoting is also studied in [21] on a shared memory ma-
chine by using static symbolic LU factorization to overesti-
mate nonzero fill-ins and avoid dynamic variation of LU
data structures. This approach leads to good speedups for up
to six processors on a Sequent machine and further work is
needed to assess the performance of the sequential code.

As far as we know, there are no published results for
parallel sparse LU on popular commercial distributed
memory machines such as Cray-T3D/T3E, Intel Paragon,
IBM SP/2, TMC CM-5, and Meiko CS-2. One difficulty in
the parallelization of sparse LU on these machines is how to
utilize a sophisticated uniprocessor architecture. The design
of a sequential algorithm must take advantage of caching,
which makes some previously proposed techniques less
effective. On the other hand, a parallel implementation must
utilize the fast communication mechanisms available on
these machines. It is easy to get speedups by comparing a
parallel code to a sequential code which does not fully ex-
ploit the uniprocessor capability, but it is not as easy to par-
allelize a highly optimized sequential code. One such se-
quential code is SuperLU [7], which uses a supernode ap-
proach to conduct sequential sparse LU with partial pivot-
ing. The supernode partitioning makes it possible to per-
form most of the numerical updates using BLAS-2 level
dense matrix-vector multiplications and, therefore, to better
exploit memory hierarchies. SuperLU performs symbolic
factorization and generates supernodes on the fly as the
factorization proceeds. UMFPACK is another competitive
sequential code for this problem and neither SuperLU nor
UMFPACK is always better than the other [3], [4], [7].
MA41 is a code for sparse matrices with symmetric pat-
terns. All of them are regarded as of high quality and deliver
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excellent megaflop performance. In this paper, we focus on
the performance analysis and comparison with SuperLU code
since the structure of our code is closer to that of SuperLU.

In this paper, we present an approach called S* that con-
siders the following key strategies together in parallelizing
the sparse LU algorithm:

1) Adopt a static symbolic factorization scheme to elimi-
nate the data structure variation caused by dynamic
pivoting.

2) Identify data regularity from the sparse structure ob-
tained by the symbolic factorization scheme so that ef-
ficient dense operations can be used to perform most of
computation and the impact of nonzero fill-in overes-
timation on overall elimination time is minimized.

3) Develop scheduling techniques for exploiting maxi-
mum irregular parallelism and reducing memory re-
quirements for solving large problems.

We observe that on most current commodity processors
with memory hierarchies, a highly optimized BLAS-3 subrou-
tine usually outperforms a BLAS-2 subroutine in implement-
ing the same numerical operations [6], [9]. We can afford to
introduce some extra BLAS-3 operations in redesigning the LU
algorithm so that the new algorithm is easily parallelized, but
the sequential performance of this code is still competitive to
the current best sequential code. We use the static symbolic
factorization technique first proposed in [20], [21] to predict
the worst possible structures of L and U factors without
knowing the actual numerical values, then we develop a 2D
L/U supernode partitioning technique to identify dense
structures in both L and U factors, and maximize the use of
BLAS-3 level subroutines for these dense structures. We also
incorporate a supernode amalgamation [1], [10] technique to
increase the granularity of the computation.

In exploiting irregular parallelism in the redesigned
sparse LU algorithm, we have experimented with two
mapping methods, one of which uses 1D data mapping and
the other uses 2D data mapping. One advantage of using
1D data mapping is that the corresponding LU algorithm
can be easily modeled by directed acyclic task graphs
(DAGs). Graph scheduling techniques and efficient run-
time support are available to schedule and execute DAG
parallelism [15], [16]. Scheduling and executing DAG par-
allelism is a difficult job because parallelism in sparse
problems is irregular and execution must be asynchronous.
The important optimizations are overlapping computation
with communication, balancing processor loads, and elimi-
nating unnecessary communication overhead. Graph
scheduling can do an excellent job in exploiting irregular
parallelism, but it leads to extra memory space per node to
achieve the best performance. Also, the 1D data mapping
can only expose limited parallelism. Due to these restric-
tions, we have also examined a 2D data mapping method
and an asynchronous execution scheme which exploits par-
allelism under memory constraints. We have implemented
our sparse LU algorithms and conducted experiments with
a set of nonsymmetric benchmark matrices on Cray-T3D
and T3E. Our experiments show that our approach is quite
effective in delivering good performance in terms of high
megaflop numbers. In particular, the 1D code outperforms

the current 2D code when processors have sufficient mem-
ory. But, the 2D code has more potential to solve larger
problems and produces higher megaflop numbers.

The rest of the paper is organized as follows. Section 2
gives the problem definition. Section 3 describes structure
prediction and 2D L/U supernode partitioning for sparse LU
factorization. Section 4 describes program partitioning and
data mapping schemes. Section 5 addresses the asynchro-
nous computation scheduling and execution. Section 6 pres-
ents the experimental results. Section 7 concludes the paper.

2 PRELIMINARIES

Fig. 1 shows how a nonsingular n × n matrix A can be fac-
tored into two matrices, L and U, using GEPP. The elimina-
tion steps are controlled by loop index k. For elements ma-
nipulated at Step k, we use i for row indexing and j for col-
umn indexing. This convention will be used through the
rest of this paper. During each step of the elimination proc-
ess, a row interchange may be needed to maintain numeri-
cal stability. The result of LU factorization process can be
expressed by PA = LU, where L is a unit lower triangular
matrix, U is a upper triangular matrix, and P is a permuta-
tion matrix which contains the row interchange informa-
tion. The solution of a linear system Ax = b can hence be
solved by two triangular solvers, Ly = Pb and Ux = y. The
triangular solvers are much less time consuming than the
Gaussian elimination process.

Caching behavior plays an important role in achieving
good performance for scientific computations. To better
exploit memory hierarchy in modern architectures, super-
node partitioning is an important technique to exploit the
regularity of sparse matrix computations and utilize BLAS
routines to speed up the computation. It has been success-
fully applied to Cholesky factorization [26], [30], [31]. The
difficulty for the nonsymmetric factorization is that super-
node structure depends on pivoting choices during the
factorization and, thus, cannot be determined in advance.
SuperLU performs symbolic factorization and identifies
supernodes on the fly. It also maximizes the use of BLAS-2
level operations to improve the caching performance of
sparse LU. However, it is challenging to parallelize SuperLU

(01) for k = 1 to n - 1

(02) Find m such that a amk k i n ik= £ £max > C ;

(03) if amk = 0, then A is singular, stop;
(04) Swap row k with row m;

(05) for i = k + 1 to n with aik π 0

(06) aik = aik/akk;
(07) endfor

(08) for j = k + 1 to n with akj π 0

(09) for i = k + 1 to n with aik π 0

(10) aij = aij - aik * akj;
(11) endfor
(12) endfor
(13) endfor

Fig. 1. Sparse Gaussian elimination with partial pivoting for LU
factorization.
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on distributed memory machines. Using the precise pivot-
ing information at each elimination step can certainly opti-
mize data space usage, reduce communication, and im-
prove load balance, but such benefits could be offset by
high run-time control and communication overhead.

The strategy of static data structure prediction in [20] is
valuable in avoiding dynamic symbolic factorization, iden-
tifying the maximum data dependence patterns, and mini-
mizing dynamic control overhead. We will use this static
strategy in our S* approach. But the overestimation does
introduce extra fill-ins and lead to a substantial amount of
unnecessary operations in the numerical factorization. We
observe that, in SuperLU [7], the DGEMV routine (the BLAS-2
level dense matrix vector multiplication) accounts for 78
percent to 98 percent of the floating point operations
(excluding the symbolic factorization part). It is also a fact
that BLAS-3 routine DGEMM (matrix-matrix multiplication) is
usually much faster than BLAS-1 and BLAS-2 routines [6].
On Cray-T3D with a matrix of size 25 ¥ 25, DGEMM can
achieve 103 MFLOPS, while DGEMV only reaches 85
MFLOPS. Thus, the key idea of our approach is that, if we
could find a way to maximize the use of DGEMM after using
static symbolic factorization, even with overestimated
nonzeros and extra numerical operations, the overall code
performance could still be competitive to SuperLU, which
mainly uses DGEMV.

3 STORAGE PREDICTION AND DENSE STRUCTURE
IDENTIFICATION

3.1 Storage Prediction
The purpose of symbolic factorization is to obtain struc-
tures of L and U factors. Since pivoting sequences are not
known until the numerical factorization, the only way to
allocate enough storage space for the fill-ins generated in
the numerical factorization phase is to overestimate. Given
a sparse matrix A with a zero-free diagonal, a simple solu-
tion is to use the Cholesky factor Lc of AT A. It has been

shown that the structure of Lc can be used as an upper

bound for the structures of L and U factors regardless of the
choice of the pivot row at each step [20]. But it turns out
that this bound is not very tight. It often substantially overes-
timates the structures of the L and U factors (refer to Table 1).
Instead, we consider another method from [20]. The basic
idea is to statically consider all possible pivoting choices at
each step. The space is allocated for all the possible nonze-
ros that would be introduced by any pivoting sequence that
could occur during the numerical factorization. We sum-
marize the symbolic factorization method briefly as follows.

The nonzero structure of a row is defined as a set of col-
umn indices at which nonzeros or fill-ins are present in the
given n ¥ n matrix A. Since the nonzero pattern of each row
will change as the factorization proceeds, we use 5k

i  to de-
note the structure of row i after Step k of the factorization
and Ak to denote the structure of the matrix A after Step k.

And, aij
k  denotes the element aij in Ak. Notice that the struc-

tures of each row or the whole matrix cover the structures
of both L and U factors. In addition, during the process of
symbolic factorization, we assume that no exact numerical
cancelation occurs. Thus, we have

5i
k

ij
kj a= is structurally nonzeroJ L.

We also define the set of candidate pivot rows at Step k as
follows:

3k ik
ki i k a= ≥ -, .and is structurally nonzero1> C

We assume that akk is always a nonzero. For any nonsin-
gular matrix which does not have a zero-free diagonal, it is
always possible to permute the rows of the matrix so that
the permuted matrix has a zero-free diagonal [11]. Though
the symbolic factorization does work on a matrix that con-
tains zero entries in the diagonal, it is not preferable be-
cause it makes the overestimation too generous. The sym-
bolic factorization process will iterate n steps and at Step k,
for each row i Œ 3k, its structure will be updated as:

TABLE 1
TESTING MATRICES AND THEIR STATISTICS

factor entries/|A| S*/SuperLU

Matrix Identifier Order |A| A A

A

T+ SuperLU S* AT 
A |L| + |U| ops

1 sherman5 3,312 20,793 1.220 12.03 15.70 20.42 1.31 3.41
2 lnsp3937 3,937 25,407 1.131 17.87 27.33 36.76 1.53 5.04
3 lns3937 3,937 25,407 1.131 18.07 27.92 37.21 1.55 4.74
4 sherman3 5,005 20,033 1.000 22.13 31.20 39.24 1.41 3.57
5 jpwh991 991 6,027 1.053 23.55 34.02 42.57 1.44 3.47
6 orsreg1 2,205 14,133 1.000 29.34 41.44 52.19 1.41 3.76
7 saylr4 3,564 22,316 1.000 30.01 44.19 56.40 1.47 3.85
8 goodwin 7,320 324,772 1.358 9.63 10.80 16.00 1.12 3.11
9 e40r0100 17,281 553,562 1.000 14.76 17.32 26.48 1.17 3.11

10 ex11 16,614 1,096,948 1.000 23.89 24.43 31.05 1.02 1.76
11 raefsky4 19,779 1,316,789 1.000 20.36 28.06 35.68 1.38 2.81
12 inaccura 16,146 1,015,156 1.000 9.79 12.21 16.47 1.25 2.90
13 af23560 23,560 460,598 1.054 30.39 44.39 57.40 1.46 3.16
14 vavasis3 41,092 1,683,902 1.999 29.21 32.03 38.75 1.10 1.43
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Essentially, the structure of each candidate pivot row at
Step k will be replaced by the union of the structures of all
the candidate pivot rows, except those column indices less
than k. In this way, it is guaranteed that the resulting struc-
ture An will be able to accommodate the fill-ins introduced by
any possible pivot sequence. A simple example in Fig. 2
demonstrates the whole process.

This symbolic factorization is applied after an ordering is
performed on the matrix A to reduce fill-ins. The ordering
we are currently using is the multiple minimum degree
ordering for AT A. We also permute the rows of the matrix
using a transversal obtained from Duff’s algorithm [11] to
make A have a zero-free diagonal. The transversal can often
help reduce fill-ins [12].

We have tested the storage impact of overestimation for a
number of nonsymmetric testing matrices from various
sources. The results are listed in Table 1. The fourth column in
the table is the original number of nonzeros, and the fifth col-
umn measures the symmetry of the structure of the original
matrix. The bigger the symmetry number is, the more non-
symmetric the original matrix is. A unit symmetry number
indicates a matrix is symmetric, but all matrices have non-
symmetric numerical values. We have compared the number
of nonzeros obtained by the static approach and the number of
nonzeros obtained by SuperLU, as well as that of the Cholesky
factor of AT A, for these matrices. The results in Table 1 show
that the overestimation usually leads to less than 50 percent
extra nonzeros than SuperLU scheme does. Extra nonzeros do
imply additional computational cost. For example, one has to
either check if a symbolic nonzero is an actual nonzero during
a numerical factorization, or directly perform arithmetic op-
erations which could be unnecessary. If we can aggregate
these element-wise floating point operations and maximize the
use of BLAS-3 subroutines, the sequential code performance
will still be competitive. Even the last column of Table 1 shows
that the floating operations from the overestimating approach

can be as high as five times, the results in Section 6 will show
that actual ratios of running times are much less. Thus, it is
necessary and beneficial to identify dense structures in a
sparse matrix after the static symbolic factorization.

It should be noted that there are some cases where static
symbolic factorization leads to excessive overestimation.
For example, matrix memplus [7] is such a case. The static
scheme produces 119 times as many nonzeros as SuperLU
does. In fact, for this case, the ordering for SuperLU is ap-
plied based on A

T
 + A instead of A

T
A. Otherwise, the over-

estimation ratio is 2.34 if using A
T
A for SuperLU also. For

another matrix wang3 [7], the static scheme produces four
times as many nonzeros as SuperLU does. But our code can
still produce one GFLOPS for it on 128 nodes of T3E. This
paper focuses on the development of a high performance
parallel code when overestimation ratios are not too high
for a given ordering. Future work is to study ordering
strategies that minimize overestimation ratios.

3.2 2D L/U Supernode Partitioning and Dense
Structure Identification

Supernode partitioning is a commonly used technique to
improve the caching performance of sparse code [2]. For a
symmetric sparse matrix, a supernode is defined as a group
of consecutive columns that have nested structure in the L
factor of the matrix. Excellent performance has been
achieved in [26], [30], [31] using supernode partitioning for
Cholesky factorization. However, the above definition is
not directly applicable to sparse LU with nonsymmetric
matrices. A good analysis for defining unsymmetric super-
nodes in an L factor is available in [7]. Notice that super-
nodes may need to be further broken into smaller ones to fit
into cache and to expose more parallelism. For the SuperLU
approach, after L supernode partitioning, there are no
regular dense structures in a U factor that could make it
possible to use BLAS-3 routines (see Fig. 3a). However, in
the S* approach, there are dense columns (or subcolumns)
in a U factor that we can identify after the static symbolic
factorization (see Fig. 3b). The U partitioning strategy is

Fig. 2. The first three steps of the symbolic factorization on a sample 5 ¥ 5 sparse matrix. The structure remains unchanged at Steps 4 and 5.
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explained as follows: After an L supernode partition has
been obtained on a sparse matrix A, i.e., a set of column
blocks with possible different block sizes, the same parti-
tion is applied to the rows of the matrix to further break
each supernode panel into submatrices. Now, each off-
diagonal submatrix in the L part is either a dense block or
contains dense blocks. Furthermore, the following theorem
identifies dense structure patterns in U factors. This is the key
to maximizing the use of BLAS-3 subroutines in our algorithm.

In the following theorem, we show that the 2D L/U par-
titioning strategy is successful and there is a rich set of
dense structures to exploit. The following notations will be
used through the rest of the paper:

• The L and U partitioning divides the columns of A
into N column blocks and the rows of A into N row
blocks so that the whole matrix is divided into N ¥ N
submatrices. For submatrices in the U factor, we de-
note them as Uij for 1 £ i < j £ N. For submatrices in the
L factor, we denote them as Lij for 1 £ j £ i £ N. If i = j, Lii
denotes the diagonal submatrix. We use Aij to denote
a submatrix when it is not necessary to distinguish
between L and U factors.

• Define S(i) as the starting column (or row) number of
the ith column (or row) block. For convenience, we
define S(N + 1) = n + 1.

• A subcolumn (or subrow) is a column (or row) in a
submatrix. For simplicity, we use a global column (or
row) index to denote a subcolumn (or subrow) in a
submatrix. For example, by subcolumn k in the sub-
matrix block Uij, it means the subcolumn in this sub-
matrix with the global column index k where S(j) £ k <
S(j + 1). Similarly, we use aij to indicate an individual
nonzero element based on global indices. A compound
structure in L or U is a submatrix, a subcolumn, or a
subrow.

• A compound structure is nonzero if it contains at
least one nonzero element or fill-in. We use Aij π 0 to
indicate that block Aij is nonzero. Notice that an al-
gorithm only needs to operate on nonzero com-
pound structures. A compound structure is struc-
turally dense if all of its elements are nonzeros or
fill-ins. In the following, we will not differentiate
between nonzero and fill-in entries. They are all con-
sidered as nonzero elements.

THEOREM 1. Given a sparse matrix A with a zero-free diagonal,
after the above static symbolic factorization and 2D L/U
supernode partitioning are performed on A, each nonzero
submatrix in the U factor of A contains only structurally
dense subcolumns.

PROOF. Recall that 3k is the set of candidate pivot rows at
symbolic factorization step k. Given a supernode
spanning from column k to k + s, from its definition
and the fact that after step k the static symbolic fac-
torization will only affect the nonzero patterns in
submatrix ak+1:n, k+1:n, and A has a zero-free diagonal,
we have

3k … 3k+1 … � … 3k+s, and 3k+s π f.

Notice at each step k, the final structures of row i (i Œ 3k)
are updated by the symbolic factorization procedure as

5 5 5
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j j i
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Œ π
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For the structure of a row i, where k £ i £ k + s, we
are only interested in nonzero patterns of the U part
(excluding the part belonging to Lkk). We call this par-
tial structure 85i. Thus, for i Œ 3k:

85 85

3

i
k

j
k

j k

= -

Œ

1
� .

It can be seen that after the kth step updating,
85 85i

k
k
k=  for i Œ 3k. Knowing that the structure

of row k is unchanged after Step k, we only need to
prove that 85 85 85k

k
k
k

k s
k s= = =+

+
+
+

1
1

� , as shown
below. Then, we can infer that the nonzero structures
of rows from k to k + s are the same and subcolumns
at the U part are either structurally dense or zero.
Now, since 3k … 3k+1, and 3k+1 π f, it is clear that:

85 85 85 85
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Similarly, we can show that

85 85 85k s
k s

k s
k s
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+ -= = =1

1
� .                      �

The above theorem shows that the L/U partitioning
can generate a rich set of structurally dense subcolumns
or even structurally dense submatrices in a U factor. We
also further incorporate this result with supernode amal-
gamation in Section 3.3, and our experiments indicate that
more than 64 percent of numerical updates is performed
by the BLAS-3 routine DGEMM in S*, which shows the ef-
fectiveness of the L/U partitioning method. Fig. 4 demon-
strates the result of a supernode partitioning on a 7 ¥ 7
sample sparse matrix. One can see that all the submatrices
in the upper triangular part of the matrix only contain
structurally dense subcolumns.

Based on the above theorem, we can further show a
structural relationship between two submatrices in the
same supernode column block, which will be useful in im-
plementing our algorithm to detect nonzero structures effi-
ciently for numerical updating.

       (a)      (b)

Fig. 3. (a) An illustration of dense structures in a U factor in the SuperLU
approach; (b) dense structures in a U factor in the S

*
 approach.
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COROLLARY 1. Given two nonzero submatrices Uij, Ui j¢ , where

i < i¢ < j and Li i¢ π 0 , if subcolumn k in Uij is structurally
dense, then subcolumn k in Ui j¢  is also structurally dense.

PROOF. The corollary is illustrated in Fig. 5. Since Li i¢  is
nonzero, there must be a structurally dense subrow in
Li i¢ . This will lead to a nonzero element in the subcol-

umn k in Ui j¢ , because the subcolumn k of Uij is

structurally dense. According to Theorem 1, subcol-
umn k in Ui j¢  is structurally dense. �

COROLLARY 2. Given two nonzero submatrices Uij, Ui j¢ , where

i < i¢ < j and Li i¢  is nonzero. If Uij is structurally dense,
Ui j¢  must be structurally dense.

PROOF. That is straightforward using Corollary 1. �

3.3 Supernode Amalgamation
For most tested sparse matrices, the average size of a su-
pernode after L/U partitioning is very small, about 1.5 to
two columns. This results in very fine-grained tasks. Amal-
gamating small supernodes can lead to great performance
improvement for both parallel and sequential sparse codes
because it can improve caching performance and reduce
interprocessor communication overhead.

There could be many ways to amalgamate supernodes
[7], [30]. The basic idea is to relax the restriction that all the
columns in a supernode must have exactly the same nonz-
ero structure below diagonal. The amalgamation is usually
guided by a supernode elimination tree. A parent could be
merged with its children if the merging does not introduce

too many extra zero entries into a supernode. Row and col-
umn permutations are needed if the parent is not consecu-
tive with its children. However, a column permutation in-
troduced by the above amalgamation method could un-
dermine the correctness of the static symbolic factorization.
We have used a simpler approach that does not require any
permutation. This approach only amalgamates consecutive
supernodes if their nonzero structures only differ by a
small number of entries and it can be performed in a very
efficient manner, which only has a time complexity of O(n)
[27]. We can control the maximum allowed differences by
an amalgamation factor r. Our experiments show that when
r is in the range of four to six, it gives the best performance
for the tested matrices and leads to 10–55 percent im-
provement on the execution times of the sequential code.
The reason is that, by getting bigger supernodes, we are
getting larger dense structures, although there may be a
few zero entries in them, and we are taking more advan-
tage of BLAS-3 kernels. Notice that after applying the su-
pernode amalgamation, the dense structures identified in
the Theorem 1 are not strictly dense any more. We call them
almost-dense structures and can still use the result of Theo-
rem 1 with a minor revision. That is summarized in the
following corollary. All the results presented in Section 6
are obtained using this amalgamation strategy.

COROLLARY 3. Given a sparse matrix A, if supernode amalgama-
tion is applied to A after the static symbolic factorization
and 2D L/U supernode partitioning are performed on A,
each nonzero submatrix in the U factor of A contains only
almost-structurally-dense subcolumns.

4 PROGRAM PARTITIONING, TASK DEPENDENCE,
AND PROCESSOR MAPPING

After dividing a sparse matrix A into submatrices using the
L/U supernode partitioning, we need to partition the LU
code accordingly and define coarse grained tasks that ma-
nipulate on partitioned dense data structures.

4.1 Program Partitioning
Column block partitioning follows supernode structures.
Typically, there are two types of tasks. One is Factor(k),
which is to factorize all the columns in the kth column
block, including finding the pivoting sequence associated
with those columns. The other is Update(k, j), which is to
apply the pivoting sequence derived from Factor(k) to the
jth column block, and modify the jth column block using
the kth column block, where k < j and Ukj π 0. Instead of
performing the row interchange to the right part of the ma-
trix right after each pivoting search, a technique called
“delayed-pivoting” is used [6]. In this technique, the piv-
oting sequence is held until the factorization of the kth col-
umn block is completed. Then, the pivoting sequence is
applied to the rest of the matrix, i.e., interchange rows. De-
layed-pivoting is important, especially to the parallel algo-
rithm, because it is equivalent to aggregating multiple small
messages into a larger one. Here, the owner of the kth col-
umn block sends the column block packed together with
the pivoting information to other processors.

Fig. 4. An example of L/U supernode partitioning.

Fig. 5. An illustration for Corollary 1
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An outline of the partitioned sparse LU factorization algo-
rithm with partial pivoting is described in Fig. 6. The code of
Factor(k) is summarized in Fig. 7. It uses BLAS-1 and BLAS-2
subroutines. The computational cost of the numerical factori-
zation is mainly dominated by Update() tasks. The function of
task Update(k, j) is presented in Fig. 8. The lines (05) DQG
(12) are using dense matrix multiplications.

We use directed acyclic task graphs (DAGs) to model
irregular parallelism arising in this partitioned sparse LU
program. The DAGs are constructed statically before nu-
merical factorization. Previous work on exploiting task
parallelism for sparse Cholesky factorization has used
elimination trees (e.g., [28], [30]), which is a good way to
expose the available parallelism because pivoting is not
required. For sparse LU, an elimination tree of AT A does
not directly reflect the available parallelism. Dynamically
created DAGs have been used for modeling parallelism
and guiding run-time execution in a nonsymmetric multi-
frontal method [5], [25].

Given the task definitions in Figs. 6, 7, and 8, we can de-
fine the structure of a sparse LU task graph in the following.

These four properties are necessary.

• There are N tasks Factor(k), where 1 £ k £ N.
• There is a task Update(k, j) if Ukj π 0, where 1 £ k < j £ N.

For a dense matrix, there will be a total of N(N - 1)/2
updating tasks.

• There is a dependence edge from Factor(k) to task
Update(k, j), where k < j and Ukj π 0.

• There is a dependence from Update(k, k¢) to Fac-

tor(k¢), where k < k¢, Ukk ¢ π 0  and there exists no

task Update(t, k¢) such that k < t < k¢.

As described below, we add one more property that,
while not necessary, simplifies implementation. This prop-
erty essentially does not allow exploiting commutativity
among Update() tasks. However, according to our experi-
ence with Cholesky factorization [16], the performance loss
due to this property is not substantial, about 6 percent on
average when graph scheduling is used.

• There is a dependence from Update(k, j) to Update(k¢, j),
where k < k¢ and there exists no task Update(t, j) such
that k < t < k¢.

Fig. 9a shows the nonzero pattern of the partitioned ma-
trix shown in Fig. 4. Fig. 9b is the corresponding task de-
pendence graph.

4.2 1D Data Mapping
In the 1D data mapping, all submatrices, from both L and U
part, of the same column block will reside in the same proces-
sor. Column blocks are mapped to processors in a cyclic man-
ner or based on other scheduling techniques such as graph
scheduling. Tasks are assigned based on owner-compute rule,
i.e., tasks that modify the same column block are assigned to
the same processor that owns the column block.

One disadvantage of this mapping is that it serializes the
computation in a single Factor(k) or Update(k, j) task. In
other words, a single Factor(k) or Update(k, j) task will be
performed by one processor. But this mapping strategy has
an advantage that both pivot searching and subrow inter-
change can be done locally, without any communication.
Another advantage is that parallelism modeled by the
above dependence structure can be effectively exploited
using graph scheduling techniques.

4.3 2D Data Mapping
In the literature, 2D mapping has been shown more scal-
able than 1D for sparse Cholesky [30], [31]. However,
there are several difficulties to apply the 2D block-
oriented mapping to the case of sparse LU factorization;
even the static structure is predicted. First, pivoting op-
erations and row interchanges require frequent and well-
synchronized interprocessor communication when sub-
matrices in the same column block are assigned to differ-
ent processors. Effective exploitation of limited irregular
parallelism in the 2D case requires a highly efficient
asynchronous execution mechanism and a delicate mes-
sage buffer management. Second, it is difficult to utilize

(1) for k = 1 to N
(2) Perform task Factor(k);

(3) for j = k + 1 to N with Ukj π 0

(4) Perform task Update(k, j);
(5) endfor
(6) endfor

Fig. 6. A partitioned sparse LU factorization with partial pivoting.

(1) Factor(k)
(2) for m = S(k) to S(k + 1) - 1
(3) Find the pivoting row t in column m;
(4) Interchange row t and row m of the column block k;
(5) Scale column m and update rest of columns in

this column block;
(6) endfor

Fig. 7. The description of task Factor(k).

(01) Update(k, j)
(02)   Interchange rows according to the pivoting

    sequence;
(03)   Let Lt be the lower triangular part of Lkk;

(04)   if the submatrix Ukj is dense

(05)   U L Ukj t kj= *-1 ;

(06)   else for each dense subcolumn cu of Ukj

(07) c L cu t u= *-1

(08) endfor
(09)

(10)   for each nonzero submatrix Aij, i > k in column

  block j

(11) if the submatrix Ukj is dense

(12) Aij = Aij - Lik * Ukj;

(13) else for each dense subcolumn cu of Ukj

(14) Let cb be the corresponding dense

  subcolumn of Aij;

(15) cb = cb - Lik * cu;
(16) endfor
(17) endfor

Fig. 8. A description of task Update(k, j).
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and schedule all possible irregular parallelism from sparse
LU. Last, how to manage a low space complexity is another
issue, since exploiting irregular parallelism to a maximum
degree may need more buffer space.

Our 2D algorithm uses a simple standard mapping func-
tion. In this scheme, p available processors are viewed as a
two dimensional grid: p = pr ¥ pc. A nonzero submatrix block

Aij (could be an L block or a U block) is assigned to processor
Pi p j pr cmod , mod . The 2D data mapping is considered more

scalable than 1D data mapping because it enables paralleli-
zation of a single Factor(k) or Update(k, j) task on pr proces-
sors. In the next section, we will discuss how 2D parallelism
is exploited using asynchronous schedule execution.

5 PARALLELISM EXPLOITATION

5.1 Scheduling and Run-Time Support for 1D
Methods

We discuss how 1D sparse LU tasks are scheduled and exe-
cuted so that parallel time can be minimized. George and
Ng [21] used a dynamic load balancing algorithm on a
shared memory machine. For distributed memory ma-
chines, dynamic and adaptive load balancing works well
for problems with very coarse grained computations, but it
is still an open problem to balance the benefits of dynamic
scheduling with the run-time control overhead, since task
and data migration cost is too expensive for sparse prob-
lems with mixed granularities. We use task dependence
graphs to guide scheduling and have investigated two
types of scheduling schemes.

• Compute-ahead scheduling (CA). This is to use
block-cyclic mapping of tasks with a compute-ahead
execution strategy, which is demonstrated in Fig. 10.
This idea has been used to speed up parallel dense
factorizations [23]. It executes the numerical factori-
zation layer by layer based on the current submatrix
index. The parallelism is exploited for concurrent up-
dating. In order to overlap computation with com-
munication, the Factor(k + 1) task is executed as soon
as Factor(k) and Update(k, k + 1) (if exists) finish so that
the pivoting sequence and column block k + 1 for the
next layer can be communicated as early as possible.

• Graph scheduling. We order task execution within
each processor using the graph scheduling algorithms

in [36]. The basic optimizations are balancing proces-
sor loads and overlapping computation with commu-
nication to hide communication latency. These are
done by utilizing global dependence structures and
critical path information.

Graph scheduling has been shown effective in exploiting
irregular parallelism for other applications (e.g., [15], [16]).
Graph scheduling should outperform the CA scheduling for
sparse LU because it does not have a constraint in ordering
Factor() tasks. We demonstrate this point using the LU task
graph in Fig. 9. For this example, the Gantt charts of the CA
schedule and the schedule derived by our graph scheduling
algorithm are listed in Fig. 11. It is assumed that each task has
a computation weight two and each edge has communication
weight one. It is easy to see that our scheduling approach
produces a better result than the CA schedule. If we look at
the CA schedule carefully, we can see that the reason is that
CA can look ahead only one step so that the execution of task
Factor(3) is placed after Update(1, 5). On the other hand, the
graph scheduling algorithm detects that Factor(3) can be exe-
cuted before Update(1, 5), which leads to better overlap of
communication with computation.

 (a)   (b)

Fig. 9. (a) The nonzero pattern for the example matrix in Fig. 4; (b) the dependence graph derived from the partitioning result. For conven-
ience, F( ) is used to denote Factor( ), U( ) is used to denote Update( ).

(01) if column block 1 is local
(02) Perform task Factor(1);
(03) Broadcast column block 1 and the pivoting

sequence;
(04) for k = 1 to N - 1
(05) if column block k + 1 is local
(06) if Uk k, + π1 0
(07) Receive column block k and the pivoting

choices;
(08) Interchange rows according to the

pivoting sequence;
(09) Perform task Update(k, k + 1);
(10) Perform task Factor(k + 1);
(11) Broadcast column block k + 1 and the

pivoting sequence;

(12) for j = k + 2 to N with Ukjπ 0
(13) if column block j is local
(14) if column block k has not been received
(15) Receive column block k and the

pivoting choices;
(16) Interchange rows according to the

pivoting sequence;
(17) Perform task Update(k, j);
(18) endfor
(19) endfor

Fig. 10. The 1D code using compute-ahead schedule.
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However, the implementation of the CA algorithm is
much easier, since the efficient execution of a sparse task
graph schedule requires a sophisticated run-time system to
support asynchronous communication protocols. We have
used the RAPID run-time system [16] for the parallelization
of sparse LU using graph scheduling. The key optimization
is to use Remote Memory Access(RMA) to communicate a
data object between two processors. It does not incur any
copying/buffering during a data transfer, since low com-
munication overhead is critical for sparse code with mixed
granularities. RMA is available in modern multiprocessor
architectures such as Cray-T3D [34], T3E [32], and Meiko
CS-2 [15]. Since the RMA directly writes data to a remote
address, it is possible that the content at the remote address
is still being used by other tasks and, then, the execution at
the remote processor could be incorrect. Thus, for a general
computation, a permission to write the remote address
needs to be obtained before issuing a remote write. How-
ever, in the RAPID system, this hand-shaking process is
avoided by a carefully designed task communication proto-
col [16]. This property greatly reduces task synchronization
cost. As shown in [17], the RAPID sparse code can deliver
more than 70 percent of the speedup predicted by the
scheduler on Cray-T3D. In addition, using RAPID system
greatly reduces the amount of implementation work to par-
allelize sparse LU.

5.2 Asynchronous Execution for the 2D Code
As we discussed previously, 1D data mapping cannot ex-
pose parallelism to a maximum extent. Another issue is that
a time-efficient schedule may not be space-efficient. Specifi-
cally, to support concurrency among multiple updating
stages in both RAPID and CA code, multiple buffers are
needed to keep pivoting column blocks of different stages
on each processor. Therefore, for a given problem, the per
processor space complexity of the 1D codes could be as
high as O(S1), where S1 is the space complexity for a se-
quential algorithm. For sparse LU, each processor in the
worst case may need a space for holding the entire matrix.
The RAPID system [16] also needs extra memory space to
hold dependence structures.

Based on the above observation, our goal for the 2D code
is to reduce memory space requirement while exploiting a
reasonable amount of parallelism so that it can solve large

problem instances in an efficient way. In this section, we
present an asynchronous 2D algorithm which can substan-
tially overlap multistages of updating but its memory re-
quirement is much smaller than that of 1D methods. Fig. 12
shows the main control of the algorithm in an SPMD cod-
ing style. Fig. 13 shows the SPMD code for Factor(k),
which is executed by processors of column k mod pc. Re-
call that the algorithm uses 2D block-cyclic data mapping
and the coordinates for the processor that owns submatrix
Aij are (i mod pr, j mod pc). Also, we divide the function of
Update() (in Fig. 8) into two parts: ScaleSwap(), which does
scaling and delayed row interchange for submatrix
Ak N k N: , :+1 , as shown in Fig. 14; Update_2D(), which does
submatrix updating as shown in Fig. 15. In all figures, the
statements which involve interprocessor communication
are marked with *.

It can be seen that the computation flow of this 2D code is
still controlled by the pivoting tasks Factor(k). The order of
execution for Factor(k), k = 1, 2, �, N is sequential, but Up-
date_2D() tasks, where most of the computation comes from,
can execute in parallel among all processors. The asynchro-
nous parallelism comes from two levels. First, a single stage of
tasks Update_2D(k, k + 1 : N) can be executed concurrently on
all processors. In addition, different stages of Update_2D()

        (a)

        (b)

Fig. 11. (a) A schedule derived by our graph scheduling algorithm. (b)
A compute-ahead schedule. For convenience, F( ) is used to denote
Factor( ), U( ) is used to denote Update( ).

(01) Let (my_rno, my_cno) be the 2D coordinates of this
processor;

(02) if my_cno = 1 then Perform task Factor(1);
(03) for k = 1 to N - 1
(04) Perform ScaleSwap(k);
(05) if my_cno = (k + 1) mod pc
(06) Perform Update_2D(k, k + 1);
(07) Perform Factor(k + 1);
(08) for j = k + 2 to N
(09) if my_cno = j mod pc
(10) Perform Update_2D(k, j);
(11) endfor
(12) endfor

Fig. 12. The SPMD code of 2D asynchronous code.

(01) Factor(k)
(02) for m = S(k) to S(k + 1) - 1
(03) Find out local maximum element of column m;
(04) if my_rno π k mod pr
(05)* Send the subrow within column block k

containing the local maximum to
processor Pk p k pr cmod , mod ;

(06) if this processor owns Lkk
(07)* Collect all local maxima and find the pivot

row t;
(08)* Broadcast the subrow t within column block k

along this processor column and
interchange subrow t and subrow m
if necessary.

(09) Scale local entries of column m;
(10) Update local subcolumns from column m + 1 to

S(k + 1) - 1;
(11) endfor
(12)* Multicast the pivot sequence along this processor

row;
(13)* if this processor owns Lkk then Multicast Lkk along

this processor row;

(14)* Multicast the part of nonzero blocks in Lk+1:N, k

  owned by this processor along this processor row;

Fig. 13. Parallel execution of Factor(k) for the 2D asynchronous code.



118 IEEE TRANSACTIONS ON PARALLEL AND DISTRIBUTED SYSTEMS,  VOL.  9,  NO.  2,  FEBRUARY  1998

tasks from Update_2D(k, k + 1 : N) and Update_2D(k¢, k¢ + 1 : N),
where k π k¢, can also be overlapped. The idea of compute-
ahead scheduling is also incorporated, i.e., Factor(k + 1) is exe-
cuted as soon as Update_2D(k, k + 1) finishes.

Some detailed explanation for pivoting, scaling and swap-
ping is given below. In line (5) of Fig. 13, the whole subrow is
communicated when each processor reports its local maxi-
mum to Pk p k pr cmod , mod , i.e., the processor that owns the Lkk

block. Let m be the current global column number on which
the pivoting is conducted, then, without further synchroniza-
tion, processor Pk p k pr cmod , mod  can locally swap subrow m with

subrow t, which contains the selected pivoting element. This
shortens the waiting time to conduct further updating with a
little more communication volume. However, in line (08),
processor Pk p k pr cmod , mod  must send the original subrow m to

the owner of subrow t for swapping, and the selected subrow t
to other processors, as well, for updating. In Factor() tasks, syn-
chronizations take place at lines (05), (07), and (08), when each
processor reports its local maximum to Pk p k pr cmod , mod , and

when Pk p k pr cmod , mod  broadcasts the subrow containing global

maximum along the processor column. For task ScaleSwap(),
the main role is to scale Uk k N, :+1  and perform delayed row

interchanges for remaining submatrices Ak+1:N, k+1:N.
We examine the degree of parallelism exploited in this

algorithm by determining number of updating stages that
can be overlapped. Using this information, we can also deter-
mine the extra buffer space needed per processor to execute

this algorithm correctly. We define the stage overlapping
degree for updating tasks as

max{|k - k¢|There exist tasks Update_2D(k, *)

 and Update_2D(k¢, *) executed concurrently.}

Here, Update_2D(k, *) denotes a set of Update_2D(k, j) tasks,
where k < j £ N.

THEOREM 2. For the asynchronous 2D algorithm on p processors,

where p > 1 and p = pr ¥ pc, the reachable upper bound of

overlapping degree is pc among all processors; and the
reachable upper bound of overlapping degree within a proc-

essor column is min(pr - 1, pc).

PROOF. We will use the following facts in proving the theorem:

• Fact 1. Factor(k) is executed at processors with column
number k mod pc. Processors on this column are syn-
chronized. When a processor completes Factor(k), this
processor can still do Update_2D(k - 1, *), as shown in
Fig. 13, but all Update_2D(k - t, *) tasks belonging to
this processor where t > 1 must have been completed
on this processor.

• Fact 2. ScaleSwap(k) is executed at processors with row
number k mod pr. When a processor completes
ScaleSwap(k), all Update_2D(k - t, *) tasks belonging to
this processor where t > 0 must have been completed
on this processor.

Part 1. First, we show that Update_2D() tasks can be
overlapped to a degree of pc among all processors.

When pc = 1, it is trivial based on Fact 1. When pc > 1,
we can imagine a scenario in which all processors in
column 0 have just finished task Factor(k), and some
of them are still working on Update_2D(k - 1, *) tasks,
and processors in column 1 could go ahead and exe-
cute Update_2D(k, *) tasks. After processors in column 1
finish Update_2D(k, k + 1) task, they will execute Fac-
tor(k + 1). Then, after finishing Update_2D(k, *) tasks,
processors in column 2 could execute Update_2D(k + 1,
k + 2) task and start Factor(k + 2) task, and so on.
Finally, processors in column pc - 1 could execute Fac-
tor(k + pc - 1) and, then, start Update_2D(k + pc - 1, *).
At this moment, processors in column 0 may be still
working on Update_2D(k - 1, *). Thus, the overlap-
ping degree is pc.

Now we will show by contradiction that the maxi-
mum overlapping degree is pc. Assume that, at some
moment, there exist two updating stages being executed
concurrently: Update_2D(k, *) and Update_2D(k¢, *),
where k¢ > k + pc. Then, Factor(k¢) must have been com-
pleted. Without loss of generality, assuming that proc-
essors in column 0 execute Factor(k¢), then, according to
Fact 1, all Update_2D(j, *) tasks, where j < k¢ - 1 should
be completed before this moment. Since block cyclic
mapping is used, it is easy to see each processor col-
umn has performed one of the Factor(j) tasks, where
k¢ - pc + 2 £ j £ k¢. Then, Update_2D(k¢ - pc + 1) should
be completed on all processors. Then, for any concur-
rent stage Update_2D(k, *), k must satisfy k ≥ k¢ - pc,
which is a contradiction.

(01) ScaleSwap(k)
(02)* if my_cno π k mod pc then receive the pivot

sequence from Pmy rno k pc_ , mod ;

(03) for m = S(k) to S(k + 1) - 1
(04) if This processor owns a part of row m or the

pivot row t for column m
(05)* Interchange nonzero parts of row t and row

m owned by this processor;
(06) endfor
(07) if my_rno = k mod pr

(08)* if my_cno π k mod pc then receive Lkk from
Pmy rno k pc_ , mod ;

(09) Scale nonzero blocks in Uk, k:N owned by this

processor;
(10)* Multicast the scaling results along this

processor column;

(11)* if my_cno π k mod pc then receive Lk:N, k from
Pmy rno k pc_ , mod ;

(12)* if my_rno π k mod pr then receive Uk, k:N from
Pk p my cnormod , _ ;

Fig. 14. Task ScaleSwap(k) for the 2D asynchronous code.

(1) Update_2D(k, j)

(2) if j mod pc = my_cno
(2) for i = k + 1 to N
(3) if i mod pr = my_rno

(4) Update Aij using Lik and Ukj;
(5) endfor

Fig. 15. Update_2D(k, j) for the 2D asynchronous code.
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Part 2. First, we show that overlapping degree
min(pr - 1, pc) can be achieved within a processor col-
umn. For convenience of illustration, we consider a
scenario in which all delayed row interchanges in
ScaleSwap() take place locally without any communi-
cation within a processor column. Therefore, there is
no interprocessor synchronization going on within a
processor column except in Factor() tasks. Assuming
pr - 1 < pc, we can imagine at some moment, proces-

sors in column 0 have completed Factor(s), and P0, 0

has just finished ScaleSwap(s), and starts executing
Update_2D(s, *), where s mod pr = 0 and s mod pc = 0.
Then, processors in column 1 will execute Update_2D(s,
s + 1) and, then, Factor(s + 1), after which P1,0 can start

ScaleSwap(s + 1) and, then, Update_2D(s + 1, *). Follow-
ing this reasoning, after Update_2D(s + pr - 2, s + pr - 1)

and Factor(s + pr - 1) have been finished on proces-

sors of column pr - 1, Ppr -1,0  could complete previous

Update_2D() tasks and ScaleSwap(s + pr - 1), and start

Update_2D(s + pr - 1, *). Now, P0, 0 may be still work-

ing on Update_2D(s, *). Thus, the overlapping de-
gree is pr - 1. If pr ≥ pc + 1, obviously the above rea-

soning will stop when processors of column pc - 1 finish

Update_2D(s + pc - 2, s + pc - 1) and Factor(s + pc - 1). In

that case, when Ppc -1,0  is to start Update_2D(s + pc - 1, *),

the processor Ppr -1,0  could still be working on Up-

date_2D(s - 1, *) because of the compute ahead
scheduling. Hence, the overlapping degree is pc.

Now we need to show that the upper bound of
overlapping degree within a processor column is
min (pr - 1, pc). We have already shown, in the proof
of Part 1, that the overall overlapping degree is less
than pc, so it is the overlapping degree within a proc-
essor column. To prove it is also less than pr - 1, we
can use a similar proof as that in Part 1, except using
ScaleSwap(k) to replace Factor(k), and using Fact 2 in-
stead of Fact 1. �

Knowing degree of overlapping is important in deter-
mining the amount of memory space needed to accommo-
date those communication buffers on each processor for
supporting asynchronous execution. Buffer space is addi-
tional to data space needed to distribute the original matrix.
There are four types of communication that needs buffering:

1) Pivoting along a processor column (lines (05), (07),
and (08) in Fig. 13), which includes communicating
pivot positions and multicasting pivot rows. We call
the buffer for this purpose Pbuffer.

2) Multicasting along a processor row (lines (12), (13),
and (14) in Fig. 13). The communicated data includes
Lk k, local nonzero blocks in Lk+1:N,k , and pivoting se-
quences. We call the buffer for this purpose Cbuffer.

3) Row interchange within a processor column (line (05)
in Fig. 14). We call this buffer Ibuffer.

4) Multicasting along a processor column (line (10) in
Fig. 14). The data includes local nonzero blocks of a
row panel. We call the buffer Rbuffer.

Here, we assume that pr £ pc + 1, because, based on our ex-
perimental results, setting pr £ pc + 1 always leads to better per-
formance. Thus, the overlapping degree of Update_2D() tasks
within a processor row is, at most, pc, and the overlapping
degree within a processor column is, at most, pr - 1. Then, we
need pc to separate Cbuffer’s for overlapping among different
columns and pr - 1 to separate Rbuffer’s for overlapping among
different rows.

We estimate the size of each Cbuffer and Rbuffer as fol-
lows: Assuming that the sparsity ratio of a given matrix is s
after fill-in and the maximum block size is BSIZE, each
Cbuffer is of size:

C = max{space for local nonzero blocks of Lk:N, k, 1 £ k £ N} <

n ◊ BSIZE ◊ s/pr.

Similarly, each Rbuffer is of size:

R = max{space for local nonzero blocks of Uk, k+1:N, 1 £ k £ N}

< n ◊ BSIZE ◊ s/pc.

We ignore the buffer size for Pbuffer and Ibuffer because they
are very small (the size of Pbuffer is only about BSIZE ◊ BSIZE
and the size of Ibuffer is about s ◊ n/pc). Thus, the total buffer
space needed on each processor for the asynchronous execu-
tion is: C ◊ pc + R ◊ (pr - 1) < n ◊ BSIZE ◊ s ◊ (pc/pr + pr/pc).

Notice that the sequential space complexity S1 = n2s. In

practice, we set pc/pr = 2. Therefore, the buffer space com-

plexity for each processor is 2.5 ◊ n ◊ BSIZE ◊ s, or 2 5
1

. ◊ ◊BSIZE
n S ,

which is very small for a large matrix. For all the benchmark
matrices we have tested, the buffer space is less than 100K
words. Given a sparse matrix, if the matrix data is evenly dis-
tributed onto p processors, the total memory requirement per
processor is S1/p + O(1) considering n @ p and n @ BSIZE.
This leads us to conclude that the 2D asynchronous algo-
rithm is very space scalable.

6 EXPERIMENTAL STUDIES

Our experiments were originally conducted on a Cray-T3D
distributed memory machine at San Diego Supercomputing
Center. Each node of the T3D includes a DEC Alpha
EV4(21064) processor with 64 Mbytes of memory. The size
of the internal cache is 8 Kbytes per processor. The BLAS-3
matrix-matrix multiplication routine DGEMM can achieve 103
MFLOPS, and the BLAS-2 matrix-vector multiplication
routine DGEMV can reach 85 MFLOPS. These numbers are
obtained assuming all the data is in cache and using cache
read-ahead optimization on T3D, and the matrix block size
is chosen as 25. The communication network of the T3D is a
3D torus. Cray provides a shared memory access library
called shmem, which can achieve 126 Mbytes/s bandwidth
and 2.7ms communication overhead using shmem_put()
primitive [34]. We have used shmem_put() for the com-
munications in all the implementations.

We have also conducted experiments on a newly ac-
quired Cray-T3E at the San Diego Supercomputing Center.
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Each T3E node has a clock rate of 300 MHZ, an 8 Kbytes
internal cache, 96 Kbytes second level cache, and 128
Mbytes main memory. The peak bandwidth between nodes
is reported as 500 Mbytes/s and the peak round trip com-
munication latency is about 0.5 to 2 ms [33]. We have ob-
served that, when block size is 25, DGEMM achieves 388
MFLOPS, while DGEMV reaches 255 MFLOPS. We have used
block size 25 in our experiments, since, if the block size is
too large, the available parallelism will be reduced. In this
section, we mainly report results on T3E. In some occasions
where the absolute performance is concerned, we also list
the results on T3D to see how our approach scales when the
underlining architecture is upgraded. All the results are
obtained on T3E unless explicitly stated.

In calculating the MFLOPS achieved by our parallel al-
gorithms, we do not include extra floating point opera-
tions introduced by the overestimation. We use the fol-
lowing formula:

Achieved MFLOPS
Operation count obtained from SuperLU

Parallel time of our algorithm on T3D or T3E .=

The operation count for a matrix is reported by running
SuperLU code on a SUN workstation with large memory,
since SuperLU code cannot run for some large matrices on
a single T3D or T3E node due to memory constraint. We
also compare the S* sequential code with SuperLU to make
sure that the code using static symbolic factorization is not
too slow and will not prevent the parallel version from de-
livering high megaflops.

6.1 Impact of Static Symbolic Factorization on
Sequential Performance

We study whether the introduction of extra nonzero ele-
ments by the static factorization substantially affects the
time complexity of numerical factorization. We compare
the performance of the S* sequential code with SuperLU
code performance in Table 21 for those matrices from Table 1
that can be executed on a single T3D or T3E node. We also

1. The times for S* in this table do not include symbolic preprocessing cost,
while the times for SuperLU include symbolic factorization because SuperLU
does it on the fly. Our implementation for static symbolic preprocessing is
very efficient. For example, the preprocessing time is only about 2.76 seconds
on a single node of T3E for the largest matrix we tested (vavasis3).

introduce two other matrices to show how well the method
works for larger matrices and denser matrices. One of the
two matrices is b33_5600, which is truncated from
BCSSTK33 because the current sequential implementation is
not able to handle the entire matrix due to memory con-
straint, and the other one is dense1000.

Though the static symbolic factorization introduces a lot
of extra computation, as shown in Table 1, the performance
of S* after 2D L/U partitioning is consistently competitive
to that of highly optimized SuperLU. The absolute single
node performance that has been achieved by the S* ap-
proach on both T3D and T3E is consistently in the range of
5-10 percent of the highest DGEMM performance for those
matrices of small or medium sizes. Considering the fact that
sparse codes usually suffer poor cache reuse, this perform-
ance is reasonable. In addition, the amount of computation
for the testing matrices in Table 2 is small, ranging from 18
to 107 million double precision floating operations. Since
the characteristic of the S* approach is to explore more
dense structures and utilize BLAS-3 kernels, better per-
formance is expected on larger or denser matrices. This is
verified on a matrix b33_5600. For even larger matrices,
such as vavasis3, we cannot run S* on one node, but as
shown later, the 2D code can achieve 32.8 MFLOPS per
node on 16 T3D processors. Notice that the megaflops per-
formance per node for sparse Choleksy reported in [24] on
16 T3D nodes is around 40 MFLOPS, which is also a good
indication that S* single-node performance is satisfactory.

We present a quantitative analysis to explain why S* can
be competitive to SuperLU. Assume the speed of BLAS-2
kernel is w2 second/flop and the speed of BLAS-3 kernel is w3
second/flop. The total amount of numerical updates is &
flops for SuperLU and &�¢ flops for the S*. Apparently, &�¢ ≥ &.
For simplicity, we ignore the computation from the scaling
part within each column because it contributes very little to
the total execution time. Hence, we have:

TSuperLU = Tsymbolic + w2 ◊ &,              (1)

and
TS* = (1 - r) ◊ w2 ◊ &�¢ + r ◊ w3 ◊ &�¢, (2)

where Tsymbolic is the time spent on dynamic symbolic factori-
zation in the SuperLU approach, r is the percentage of the

TABLE 2
SEQUENTIAL PERFORMANCE: S* VERSUS SUPERLU

Matrix S* Approach SuperLU Exec. Time Ratio

Seconds Mflops Seconds Mflops S*/SuperLU

T3D T3E T3D T3E T3D T3E T3D T3E T3D T3E
sherman5 2.87 0.94 8.81 26.9 2.39 0.78 10.57 32.4 1.21 1.22
lnsp3937 6.12 2.0 6.90 21.1 4.94 1.73 8.56 24.4 1.27 1.16
lns3937 6.67 2.19 6.71 20.4 5.30 1.84 8.45 24.3 1.26 1.19
sherman3 6.06 2.03 10.18 30.4 4.27 1.68 14.46 36.7 1.56 1.21
jpwh991 2.11 0.69 8.24 25.2 1.62 0.56 10.66 31.0 1.34 1.23
orsreg1 6.03 2.04 10.37 30.7 4.09 1.53 15.25 40.9 1.66 1.31
saylr4 10.38 3.53 10.31 30.3 7.18 2.69 14.95 39.8 1.60 1.31
goodwin 43.72 17.0 15.3 39.4 - - - - - -
b33_5600 110.5 45.0 22.9 56.2 - 50.0 - 50.6 - 0.9
dense1000 10.48 4.04 63.6 165.0 19.6 8.39 34.0 79.4 0.53 0.48

      A “-” implies the data is not available due to insufficient memory.
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numerical updates that are performed by DGEMM in S*. Let h be
the ratio of symbolic factorization time to numerical factoriza-
tion time in SuperLU, then we simplify (1) to the following:

TSuperLU = (1 + h) ◊ w2 ◊ &.         (3)

We estimate that h < 0.82 for the tested matrices, based on

the results in [7]. In [17], we have also measured r as ap-
proximately r < 0.67. The ratios of the number of floating
point operations performed in S* and SuperLU for the
tested matrices are available in Table 1. On average, the
value of ¢&

&
 is 3.98. We plug these typical parameters into

(2) and (3), and we have:

T
T

s

SuperLU

* ª
◊ + ◊ ◊

◊
( . . ) .

. .
0 33 0 67 3 98

1 82
2 3

2

w w
w       (4)

For T3D, w m2
1

85= s flop  and w m3
1

103= s flop . Then, we
can get

T
T

s

SuperLU

* ª 1 93. .

For T3E, w m2
1

255= s flop  and w m3
1

388= s flop , and we get
T

T
s

SuperLU

* ª 1 68. . These estimations are close to the ratios ob-

tained in Table 2. The discrepancy is caused by the fact that
the submatrix sizes of supernodes are nonuniform, which
leads to different caching performance. If submatrices are
of uniform sizes, we expect our prediction is more accurate.
For instance, in the dense case, ¢&

&
 is exactly 1. The ratio

T
T

s

SuperLU

*  is calculated as 0.48 for T3D and 0.42 for T3E, which

are almost the same as the ratios listed in Table 2.
The above analysis shows that using BLAS-3 as much as

possible makes S* competitive to SuperLU. Suppose in a
machine that DGEMM outperforms DGEMV substantially and
the ratio of the computation that is performed by DGEMM is
high enough, S* could be faster than SuperLU for some
matrices. The last two entries in Table 2 have already
shown this.

6.2 Parallel Performance of 1D Codes
In this subsection, we report a set of experiments conducted
to examine the overall parallel performance of 1D codes, the
effectiveness of scheduling and supernode amalgamation.

6.2.1 Overall Performance
We list the MFLOPS numbers of the 1D RAPID code ob-
tained on various number of processors for several testing
matrices in Table 3 (A “-” entry implies the data is not
available due memory constraint, same below). We know
that the megaflops of DGEMM on T3E is about 3.7 times as
large as that on T3D, and the RAPID code after using a
upgraded machine is speeded up about three times on
average, which is satisfactory. For the same machine, the
performance of the RAPID code increases when the num-
ber of processors increases and speedups compared to the
pure S* sequential code (if applicable) can reach up to 17.7
on 64 T3D nodes and 24.1 on 64 T3E nodes. From 32 to 64
nodes, the performance gain is small except for matrices
goodwin, e40r0100, and b33_5600, which are much
larger problems than the rest. The reason is that those
small tested matrices do not have enough computation
and parallelism to saturate a large number of processors
when the elimination process proceeds toward the end. It
is our belief that better and more scalable performance
can be obtained on larger matrices. But, currently, the
available memory on each node of T3D or T3E limits the
problem size that can be solved with the current version
of the RAPID code.

6.2.2 Effectiveness of Graph Scheduling
We compare the performance of 1D CA code with 1D RAPID
code in Fig. 16. The Y-axis is 1-PTRAPID/PTCA, where PT
stands for parallel time. For two and four processors, in cer-
tain cases, the compute-ahead code is slightly faster than the
RAPID code. But for the number of processors more than
four, the RAPID code runs 10-72 percent faster. The more
processors involved, the bigger the performance gap tends to
be. The reason is that for a small number of processors, there
are sufficient tasks making all processors busy and the com-
pute-ahead schedule performs well, while the RAPID code
suffers a certain degree of system overhead. For a larger
number of processors, schedule optimization becomes im-
portant since there is limited parallelism to exploit.

6.2.3 Effectiveness of Supernode Amalgamation
We have examined how effective our supernode amal-
gamation strategy is using the 1D RAPID code. Let PTa
and PT be the parallel time with and without supernode
amalgamation, respectively. The parallel time improvement
ratios (1 - PTa/PT) on T3E for several testing matrices are

TABLE 3
ABSOLUTE PERFORMANCE (MFLOPS) OF THE 1D RAPID CODE

Matrix P = 2 P = 4 P = 8 P = 16 P = 32 P = 64

T3D T3E T3D T3E T3D T3E T3D T3E T3D T3E T3D T3E
sherman5 14.7 44.4 25.8 79.0 40.8 133.1 53.8 168.6 64.9 210.7 68.4 229.9
lnsp3937 11.1 34.3 19.6 62.1 29.7 93.8 45.4 145.5 57.1 183.5 63.0 201.0
lns3937 10.2 32.6 17.6 55.2 28.5 93.1 43.5 135.4 50.3 148.9 52.1 165.5
sherman3 16.4 51.4 30.0 90.7 45.7 143.5 61.1 192.8 64.3 199.0 66.3 212.7
jpwh991 13.3 41.4 23.2 75.6 40.5 124.2 51.2 173.9 58.0 193.2 60.0 217.3
orsreg1 17.4 53.4 30.6 90.6 51.2 160.3 68.7 215.6 75.3 223.3 75.3 231.6
goodwin 29.6 73.6 54.0 135.7 87.9 238.0 136.4 373.7 182.0 522.6 218.1 655.8
e40r0100 - - - 133.1 - 242.2 - 426.1 - 649.8 - 699.4
b33_5600 44.5 105.0 80.4 199.0 135.7 365.0 217.6 642.0 341.8 1,029.0 405.3 1,353.2
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listed in Table 4 and similar results on T3D are in [17].
Apparently, the supernode amalgamation has brought
significant improvement due to the increase of super-
node size, which implies an increase of the task granu-
larities. This is important to obtaining good parallel per-
formance [22].

6.3 2D Code Performance
As mentioned before, our 2D code exploits more parallelism
but maintains a lower space complexity, and has much more

potential to solve large problems. We show the absolute per-
formance obtained for some large matrices on T3D in Table 5.
Since some matrices cannot fit for a small number of proces-
sors, we only list results on 16 or more processors. The maxi-
mum absolute performance achieved on 64 nodes of T3D is
1.48 GFLOPS, which is translated to 23.1 MFLOPS per node.
For 16 nodes, the per-node performance is 32.8 MFLOPS.

Table 6 shows the performance numbers on T3E for the 2D
code. We have achieved up to 6.878 GFLOPS on 128 nodes.
For 64 nodes, megaflops on T3E are from 3.1 to 3.4 times as

             

Fig. 16. Impact of different scheduling strategies on 1D code approach.

TABLE 4
PARALLEL TIME IMPROVEMENT OBTAINED BY SUPERNODE AMALGAMATION.

Matrix P = 1 P = 2 P = 4 P = 8 P = 16 P = 32
sherman5 47% 47% 46% 50% 40% 43%
lnsp3937 50% 51% 53% 53% 51% 39%
lns3937 55% 54% 54% 54% 51% 35%
sherman3 20% 25% 23% 28% 22% 14%
jpwh991 48% 48% 48% 50% 47% 40%
orsreg1 16% 18% 18% 26% 15% 10%
saylr4 21% 22% 23% 23% 30% 18%

TABLE 5
PERFORMANCE RESULTS OF THE 2D CODE FOR LARGE MATRICES ON T3D

P = 16 P = 32 P = 64

Matrix Time(Sec) Mflops Time(Sec) Mflops Time(Sec) Mflops
goodwin 6.0 110.7 4.6 145.2 3.6 184.8
e40r0100 21.2 116.6 15.2 162.5 10.5 235.4
ex11 87.9 305.0 53.4 501.8 33.4 802.6
raefsky4 129.8 242.9 76.0 413.8 43.2 719.2
vavasis3 169.8 525.4 100.8 885.1 60.3 1,480.2

TABLE 6
PERFORMANCE RESULTS OF 2D ASYNCHRONOUS ALGORITHM ON T3E

Matrix P = 8 P = 16 P = 32 P = 64 P = 128

Time Mflops Time Mflops Time Mflops Time Mflops Time Mflops
goodwin 3.1 215.2 1.9 344.6 1.3 496.3 1.1 599.2 0.9 715.2
e40r0100 12.1 205.1 7.2 342.9 4.8 515.8 3.3 748.0 2.7 930.8
ex11 50.7 528.8 28.3 946.2 16.2 1,654.2 9.9 2,703.1 6.4 4,182.2
raefsky4 79.4 391.2 43.2 718.9 24.1 1,290.7 13.9 2,233.3 8.6 3,592.9
inaccura 16.8 244.6 9.9 415.2 6.3 655.8 3.9 1,048.0 3.0 1,391.4
af23560 22.3 285.4 12.9 492.9 8.12 784.3 5.7 1,123.2 4.2 1,512.7
vavasis3 109.7 813.4 58.7 1,519.0 33.6 2,651.9 19.8 4,505.5 13.0 6,878.1

            All times are in seconds.
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large as that on T3D. Again, considering that DGEMM megaflops
on T3E is about 3.7 times as large as that on T3D, our code
performance after using an upgraded machine is good.

Notice that 1D codes cannot solve the last six matrices of
Table 6 due to memory constraint. For those matrices solv-
able using both 1D RAPID and 2D codes, we compare the
average parallel time differences by computing the ratio: 1 -
PTRAPID/PT2D and the result is in Fig. 17. The 1D RAPID code
achieves better performance because it uses sophisticated
graph scheduling technique to guide the mapping of column
blocks and ordering of tasks, which results in better overlap-
ping of communication with computation. The performance
difference is larger for the matrices listed in the left of Fig. 17
compared to the right of Fig. 17. We partially explain the rea-
son by analyzing load balance factors of the 1D RAPID code
and the 2D code in Fig. 18. The load balance factor is defined
as worktotal/(P ◊ workmax) [31]. Here, we only count the work
from the updating part because it is the major part of the
computation. The 2D code has better load balance, which can
make up for the impact of lacking of efficient task scheduling.
This is verified by Fig. 17 and Fig. 18. One can see that when
the load balance factor of the 2D code is close to that of the
RAPID code (e.g., lnsp3937), the performance of the RAPID
code is much better than the 2D code; when the load balance
factor of the 2D code is significantly better than that of the
RAPID code (e.g., jpwh991 and orserg1), the performance
differences are smaller.

6.3.1 Synchronous versus Asynchronous 2D Code
Using a global barrier in the 2D code at each elimination step
can simplify the implementation, but it cannot overlap com-
putations among different updating stages. We have com-
pared parallel time reductions between the asynchronous
code and the synchronous code for some testing matrices in
Table 7. It shows that our asynchronous design for 2D map-
ping improves performance significantly, especially on large
number of processors on T3E. It demonstrates the importance
of exploiting parallelism using asynchronous execution. The
experiment data on T3D is in [14].

7 CONCLUDING REMARKS

In this paper, we present an approach for parallelizing
sparse LU factorization with partial pivoting on distributed
memory machines. The major contribution of this paper is
that we integrate several techniques together, such as static
symbolic factorization, scheduling for asynchronous paral-
lelism, 2D L/U supernode partitioning techniques to effec-
tively identify dense structures, and maximize the use of
BLAS-3 subroutines in the algorithm design. Using these
ideas, we are able to exploit more data regularity for this
open irregular problem and achieve up to 6.878 GFLOPS on
128 T3E nodes. This is the highest performance known for
this challenging problem; the previous highest performance
was 2.583 GFLOPS on shared memory machines [8].

          

Fig. 17. Performance improvement of 1D RAPID over 2D code: 1 - PTRAPID/PT2D.

          

Fig. 18. Comparison of load balance factors of 1D RAPID code and 2D code.
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The comparison results show that the 2D code has a
better scalability than 1D codes because 2D mapping ex-
poses more parallelism with a carefully designed buffering
scheme. But the 1D RAPID code still outperforms the 2D
code if there is sufficient memory, since the scheduling and
execution techniques for the 2D code are simple, and are
not competitive to graph scheduling. Recently, we have
conducted research on developing space efficient schedul-
ing algorithms while retaining good time efficiency [18]. It
is still an open problem to develop advanced scheduling
techniques that better exploit parallelism for 2D sparse LU
factorization with partial pivoting. There are other issues
which are related to this work and need to be further stud-
ied; for example, alternative for parallel sparse LU based on
Schur complements [13] and static estimation and parallel-
ism exploitation for sparse QR [29], [35].

It should be noted that the static symbolic factoriza-
tion could fail to be practical if the input matrix has a
nearly dense row because it will lead to an almost com-
plete fill-in of the whole matrix. It might be possible to
use different matrix reordering to avoid such a case.
Fortunately, this is not the case in most of the matrices
we have tested. Therefore, our approach is applicable to
a wide range of problems using a simple ordering strat-
egy. It will be interesting in the future to study ordering
strategies that minimize overestimation ratios so that S*
can consistently deliver good performance for various
classes of sparse matrices.
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