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Abstract
We investigate the curvature effect of a thin, curved elastic interface that separates two subdomains and exerts a pressure due to a curvature effect. This
pressure, which we refer to as interface pressure, is similar to the surface tension in fluid mechanics. It is important in some applications, such as the canopy
of parachutes, biological membranes of cells, balloons, airbags, etc., as it partially balances a pressure jump between the two sides of an interface. In this
paper, we show that the interface pressure is equal to the trace of the matrix
product of the curvature tensor and the Cauchy stress tensor in the tangent
plane. We derive the theory for interfaces in both 2-D and 3-D, and present
numerical discretizations for computing the quality over triangulated surfaces.
Keywords: Elastic membrane; stress; interface pressure; curvature effect;
generalized Young-Laplace equation; numerical discretizations

1. Introduction
This paper investigates the modeling and discretization of the curvature effect
of a thin and curved elastic interface, which separates two fluid subdomains.
For such an interface, there is often a pressure jump between the two fluid
subdomains, which is partially balanced by a normal pressure exerted by the
interface due to a curvature effect, in a manner similar to the surface tension
in fluid dynamics [1, 2]. In 3-D space, such an interface is a two-dimensional
object, commonly referred to as a membrane or membrane shell [3, Chapter 13].
Mathematically, we may also consider 2-D problems, in which the interface is
one-dimensional. We refer to these interfaces in both 2-D and 3-D collectively as
membrane interfaces, which are manifolds topologically (in particular, a curve or
a surface, respectively). Examples of a membrane interface include the canopy
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of a parachute, the biological membrane of a cell, airbags, balloons, etc. We
refer to the normal pressure exerted by a membrane interface as the interface
pressure, and refer to its corresponding stress vector as interface stress.
For a membrane interface, the interface pressure is an important part of the
physics as it corresponds to the actual load distribution on a membrane. Mathematically, this pressure is the normal component of the surface divergence of
the stress tensor. However, since the surface divergence of the stress tensor
is typically not computed explicitly in most computations for membranes (or
shells), as a derived quantity, this normal pressure is not readily available in
the simulation results. One primary goal of this paper is to derive an explicit,
easy-to-compute formula for the normal pressure, and develop a discretization
method for evaluating it from the stress tensor, so that it can be visualized and
verified directly. Another goal of this paper is to derive explicit formulae of the
surface divergence of the stress tensor, so that we can discretize the problem
in a strong form with a generalized finite difference method or some meshless
method, which are less demanding in mesh quality than finite element methods
and are sometimes advantageous in dynamic simulations where the mesh quality
may be difficult to maintain [4].
1.1. Background and Related Work
An elastic membrane is a special case of a shell, where the ratio between the
thickness and other dimensions is very small (typically less than 0.01 [3]). The
modeling of shells is an important subject in structural mechanics. Because of
its complexity and its practical relevance, there is vast literature on the modeling
of shells. For an excellent comprehensive review on shell modeling, see [5].
For membranes, the interface pressure is in many ways similar to the effect
of surface tension on thin films or interfaces in fluid mechanics. The effect
of surface tension is given by the well-known Young-Laplace equation in fluid
mechanics [1, 2], which states that when all the forces are balanced, the pressure
difference between two sides of an interface (a.k.a. the Laplace pressure) is
equal to twice the mean curvature times surface tension. In 1993, Povstenko [6]
performed a theoretical investigation of the generalization of the Young-Laplace
equation to heterogeneous surface tension in solids, and showed that the jump
in interface stress across an interface is equal to the normal component of the
surface divergence of interface stress tensor. However, the equation in [6] did
not explicitly refer to curvatures, unlike the Young-Laplace equation. In [7], a
connection between the interface stress and principal curvature was stated, but
no derivation was given, and the equation appeared to have an inconsistency in
terms of rotation invariance (more in Section 3.2). In this paper, we derive a
generalization of the Young-Laplace equation, which can be expressed in terms
of either the interface stress tensor and the shape operator, or the Cauchy stress
tensors and the curvature tensor.
The modeling of shells and membranes involve many different aspects, including
the kinematic hypotheses, constitutive models, boundary conditions, dynamics,
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and discretizations. The focus of this paper is only on the computation and the
discretizations of the curvature effect and of the surface divergence of the stress
tensor. We do not propose any new constitutive laws or boundary conditions.
However, we will investigate the coupling of our formulae with a number of
constitutive laws (including Kirchhoff-Love and Mindlin-Reissner models [5])
and some simple boundary conditions to verify our computations of the interface
pressure.
Some discrete models have been developed for membranes in the literature.
The most common approach in engineering is the finite element method using
shell elements or membrane elements; see survey articles such as [5]. Among
these models, the membrane elements are designed for relatively thin structures,
including fabric-like objects such as tents or cots. These models are very accurate in practice. However, since the finite element methods are formulated in a
weak form, the divergence of the stress tensor is not computed explicitly, so the
interface pressure is not readily available from the simulation results.
Another type of models is the spring mesh models (or mass-spring models). A
spring mesh is a system of vertices and edges, in which each edge is a spring,
and the springs are connected by “pin-joints” at the vertices. These models are
conceptually simple and computationally efficient, so they are widely used in
computer graphics (see e.g., [8, 9]). However, the accuracy of these models is
questionable. In [10], Van Gelder showed that the common practice of assigning
the same stiffness to all springs causes significant distortions, even for uniform
elastic membranes. New formulae were proposed in [10] to assign spring stiffness
based on the angles and areas of the triangles, but this model needs to assume
Poisson’s ratio to be zero for general triangular meshes. Like finite element
methods, the spring-mesh models do not compute the interface pressure, which
is the subject of this paper.
1.2. Contributions and Organization
In this paper, we derive the equations for the interface pressure of elastic membranes due to the curvature effect. Our main result is Theorem 4, or the
interface-pressure theorem, which states that the interface pressure is equal to
the trace of the matrix product of the curvature tensor and the Cauchy stress
tensor in the tangent plane. This theorem is applicable to stress tensors computed from a broad range of constitutive models. We also describe how to
discretize the equation on triangulated surfaces to high-order accuracy. From a
theoretical point of view, this theorem can be viewed as a generalization of the
well-known Young-Laplace equation for surface tension in fluid mechanics, as it
includes the this equation as a special case (Corollary 5). This theorem is also
useful from a practical point of view, as its discretization, which we also describe
in this paper, allows coupling with various membrane models and finite-element
methods to compute the interface pressure for visualization or further processing. In addition, this paper also explores a strong-form discretization of the
surface divergence of the stress tensor, so that an elastic model may be solved

3

with a generalized finite difference method or a meshless method, which are advantageous in some dynamic simulations. We present the theoretical derivations
and numerical verifications of our theorems and discretizations.
The remainder of the paper is organized as follows. Section 2 reviews some basic background on linear elasticity and differential geometry. Section 3 presents
the linear elasticity of membrane interfaces in 2-D and 3-D, focusing on the
stress and strain tensors as well as the divergence of stress tensors on membrane
interfaces. Section 4 considers the issues of coupling our theorem with constitutive models at a continuum level. Section 5 describes a numerical discretization
of our formulae over triangulated surfaces. Section 6 presents both analytical
verification of our theory through some simple cases and also numerical experiments for more complex situations. Finally, Section 7 concludes the paper with
a discussion.
2. Background of Elasticity and Differential Geometry
In this section, we review some fundamental concepts in elasticity theory for
solids, and also some important concepts (including curvature and surface divergence) and formulae (including a new formula for surface divergence) in differential geometry that are needed for membrane interfaces. This material will
serve as the foundation for our theoretical derivations in the next section.
Regarding the notation, we opt to use linear algebra notation (i.e., matrices and
vectors) as much as possible, instead of the indicial notation that is common in
the literature of mechanics and differential geometry. The main reason is that
the indicial notation is relatively low level, and it may cause the readers to think
in terms of the individual components instead of the whole matrices, which often
have geometric or physical meanings. Note that order-one and order-two tensors
are similar to vectors and matrices, so our notation is not a large departure from
the standard convention. We will in general treat vectors as column vectors,
and whenever possible we will make matrices consistent with the convention for
order-two tensors.
2.1. Elasticity of Solid
We first review elasticity for solid bodies. This material can be found in standard
textbooks in structural mechanics (such as [11] and [12]). We will present its
extension to membranes in Section 2.3.
Elasticity Equation of a Solid. For a solid body, the elasticity equation is given
as
∂2φ
(1)
ρ 2 = f + ∇ · σ,
∂t
where φ denotes the displacement vector, f is the body force (such as gravity),

 

σ11 σ12 σ13
σ2
σ 3  =  σ21 σ22 σ23 
σ =  σ1
σ31 σ32 σ33
4

is the Cauchy stress tensor with σij = σji , and ∇ · σ is the divergence of σ, i.e.,


  ∂σ11
∂σ12
∂σ13
+
+
∇ · σ1
∂x2
∂x3
1
 ∂x21
∂σ22
∂σ23 
∇ · σ =  ∇ · σ 2  =  ∂σ
∂x1 + ∂x2 + ∂x3  .
∂σ31
∂σ32
∂σ33
∇ · σ3
∂x1 + ∂x2 + ∂x3
Strain and Stress Tensors. The key terms in the elasticity equation are the
Cauchy stress tensor and its divergence. For a linear elastic material, the stress
tensor is determined by the Green-Lagrangian strain tensor  and a constitutive
equation that relates the stress and strain.
To define the strain, let x = (x1 , x2 , x3 ) denote a point in the undeformed
(unstressed) configuration of a solid body B. For a vector field f (x) : B ⊂
R3 → R3 in the undeformed configuration, let ∇f denote the gradient operator
of f , i.e.,

 ∂f
∂f1
∂f1
1


∂x1
∂x2
∂x3
∂fi
 ∂f2 ∂f2 ∂f2 
(2)
∇f =
=  ∂x
∂x2
∂x3  .
1
∂xj ij
∂f3
∂f3
∂f3
∂x1

∂x2

∂x3

This convention is consistent with the tensor-based definition of the gradient of a
vector in [13]. Let y = (y1 , y2 , y3 ) denote the point in the deformed configuration
corresponding to x, and then the deformation vector is φ = y − x. For finitestrain theory, the Lagrangian finite strain tensor is

1
T
T
=
∇φ + (∇φ) + (∇φ) ∇φ ,
(3)
2
which is nonlinear and is invariant under rigid-body motion. For very small
deformations, the strain tensor may be linearized to be

1
T
∇φ + (∇φ) ,
(4)
linear =
2
which is not invariant under rigid-body motion.
The Cauchy stress tensor, which we denoted by σ, is a measure of internal
forces on the deformed configuration. As stated by Cauchy’s stress theorem
(see e.g. [11, Chapter 2]), this stress tensor has the physical meaning that,
the stress vector at a point on the plane with unit normal vector d is equal to
σd. Because of its physical meaning, the equations in this paper will use the
Cauchy stress tensor, unless otherwise noted. In computational mechanics, the
2nd Piola–Kirchhoff stress tensor, denoted by S, is also often used. S is related
to the Cauchy stress tensor through the transformation
σ=

1
F SF T ,
det(F )

(5)

where F = ∇y is known as the deformation gradient. In words, S relates force
in the reference configuration to volume in the reference configuration, so some
computational models often use it instead of σ.
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The strain and stress tensors are related through the constitutive equation,
which depends on the material properties. The theoretical results in this paper
are independent of the constitutive models. In most of our examples, we assumes small strain but allow large deformation and large rotation (as in the St.
Vernant-Kirchhoff model [11, Chapter 4]). Under this assumption, the Cauchy
stress tensor is obtained from the generalized Hooke’s law
σ = C : ,
where C is a fourth-order tensor known as the elasticity tensor. In matrix
notation, we can write the relationship as





(1 − ν)
ν
ν
11
σ11
E

  22 
 σ22  =
ν
(1 − ν)
ν
(6)
(1 + ν)(1 − 2ν)
ν
ν
(1 − ν)
33
σ33
and

E
ij for i 6= j,
(7)
1+ν
where E is Young’s modulus and ν is Poisson’s ratio. More concisely, let λ =
Eν/ ((1 + ν)(1 − 2ν)) be Lamé’s first parameter, and µ = E/(2 + 2ν) be Lamé’s
second parameter or shear modulus. We then have
σij =

σ = λtr()I + 2µ,
P3
where I is the identity matrix and tr() = i=1 ii is the trace of .

(8)

2.2. Differential Geometry
A membrane interface is topologically a surface in 3-D. Our analysis primarily
requires two concepts in differential geometry: the curvature tensor and the
surface divergence. Unlike their typical definitions, we define these concepts
using matrix notation, to facilitate the algebraic manipulations in later sections.
Curvature Tensor. Given a surface Γ : U ⊆ R2 → R3 , let r = [x1 , x2 , x3 ]T ∈ R3
denote its position vector, and u = [u, v]T denote its parameterization.1 Assume
Γ is smooth. For any vector-valued function f : Γ → R3 , we denote the gradient
of f with respect to u as
 ∂f1 ∂f1 


∂u
∂v
∂fi
∂f2 
2
∇u f = [f u |f v ] =
=  ∂f
.
∂u
∂v
∂uj ij
∂f3
∂f3
∂u

∂v

The Jacobian matrix is the gradient of r with respect to u, i.e.,
J = ∇u r = [r u |r v ] .
1 For computations, u does not need to be a global parameterization of S. A local parameterization suffices.
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Assume r u and r v are linearly independent, and hence they form a basis for the
tangent space of the surface at a point on Γ, though they are in general not unit

−1
vectors and are not orthogonal to each other. Let J + = J T J
J T denote
the pseudoinverse of J .2 Let n denote the unit outward normal to Γ. The
symmetric matrix B = [J u n |J v n] is the second fundamental tensor, where J u
and J v denote the partial derivative of J with respect to u and v, respectively.
The Weingarten matrix (a.k.a. the shape operator) W with r u and r v as the
base vectors is
W = (J T J )−1 B,
(9)
which is a 2 × 2 matrix. The curvature tensor is
C = J W J +,

(10)

which is a 3 × 3 matrix but has rank 2. The two nonzero eigenvalues of C are
the principal curvatures, and their corresponding eigenvectors are the principal
directions in the global coordinate system.
Surface Divergence. Given a small surface patch S on Γ, let ∂S denote the
boundary curve of S, and da ≡ nds be orthogonal to ∂S and tangent to Γ. The
surface divergence is equal to
˛
1
f · da, where A = area of S.
(11)
∇Γ · f = lim
A→0 A ∂S
Surface divergence is an important quantity and appears frequently in geometry
and physics; see e.g. [14, 15, 16]. In physical models, ∇Γ · f is often used for a
thin interface, in place of ∇ · f for a three-dimensional body, when the variation
of f is negligible in the normal direction to the interface. Using the matrix
notation, the surface divergence can be expressed as follows, which we will use
during the derivation of our main theorem.
Lemma 1. For a vector-valued function f (u) : R2 → R3 on S, the surface
divergence is

∇Γ · f = tr J + ∇u (T f ) ,
(12)
where T = J J + .
We present the proof of this lemma in the Appendix. If f is tangent to Γ, then
f = T f , and we can further simplify (12) to

+
∇Γ · f = tr J + (∇u f ) = J +
(13)
1,: f u + J 2,: f v ,
the tensor notation for curvilinear coordinate systems, the matrix G = J T J is known
−1
as the covariant metric tensor, whereas G−1 = J T J
is the contravariant metric tensor,
and their components, denoted by gij and g ij respectively, are the covariant and contravariant
components, respectively. Instead of using gij and g ij , we choose to use J and J + in our
analysis, because the latter are transformation matrices and they can lead to more concise
formulae and clearer derivations.
2 In
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+
where J +
j,: (j = 1, 2) denotes the jth row of J . In the literature, the surface
divergence is sometimes defined as [15, page 21]


∇Γ · f = ∇x − nnT ∇x · f − nnT f ,
(14)

where ∇x is the gradient operator with respect to the Cartesian coordinates,
or as [17, 18]
1
√ + 
gJ f ,
(15)
∇Γ · f = √ ∇u ·
g
where g = det(J T J ). It can be shown that these definitions are equivalent.
However, Eq. (12) has a simple form and will allow simpler derivations in later
sections.
In the following discussions, we will use Γ to denote the deformed membrane,
so r = y, and all the symbols above apply to the deformed membrane. For the
undeformed membrane, we need to replace r by x, and we will use Γ̄ to denote
the surface and use J̄ to denote its corresponding Jacobian matrix with respect
to u.
2.3. Elastic Models of Membranes
The preceding elasticity concepts and equations can be degenerated to two dimensions to model the mid-surface of a membrane (or more generally, of a thin
shell). The most important term is the surface divergence of the stress tensor
∇Γ · σ, which appears in the elasticity equation
ρ

∂2φ
= f + ∇Γ · σ.
∂t2

(16)

where φ is the displacement on S, ρ is the mass per unit area, F is the body
force, and σ is the Cauchy stress tensor. The use of ∇Γ · σ is valid under the
assumption that the variation of σ is negligible in the normal direction to the
membrane.
The Cauchy stress tensor σ is related to the strain tensor  through the constitutive equation under some kinematic hypothesis about the membrane (or
shell), such as the Kirchhoff-Love assumptions or Mindlin-Reissner assumptions
[5]. In particular, one common assumption for these models is the following:
The thickness of the membrane (or shell) does not change during
deformation.
As a consequence, 33 (i.e., the strain in the normal direction) is assumed to be
zero. Let ∗ denote the modified strain tensor for the membrane, which we will
discuss further in Section 4. Let J = [y u |y v ] denote the Jacobian matrix of the
deformed configuration, where y = x + φ. Let T = J J + denote the orthogonal
projection matrix onto the tangent space. For linear elastic models, the Cauchy
stress tensor is then
σ = λ∗ tr(∗ )T + 2µ∗ ,
(17)
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where
λ∗ =

2µλ
νE
=
λ + 2µ
1 − ν2

is the Lamé’s first parameter for plates and shells. Compared with (8), λ, ,
and I are replaced by λ∗ , ∗ , and T , respectively.3 Note that although based on
linear elasticity, (17) is in fact nonlinear in the displacements, since T is on the
deformed configuration. Given the modified strain tensor, we note the following
property of the Cauchy stress tensor:
Proposition 2. In a membrane model, nT σn = 0, where σ is the Cauchy
stress tensor and n denotes the unit normal to the deformed surface.
This property is satisfied by virtually all models for thin shells, because nT σn
is the internal pressure in the direction normal to the mid-surface, which was
observed to be close to zero in practice. From Property 2, the interface pressure
is not due to the normal component of σ; instead, it is an effect from the surface
divergence of σ, which we analyze in the next section.
3. Interface Pressure of Membranes
We now analyze the surface divergence of the stress tensor and the interface
pressure of membranes. We note that all of our results are described in terms
of the Cauchy stress tensor, so nearly all the geometric differential operators in
this section are computed on the deformed configuration unless otherwise noted.
3.1. Surface Divergence of Stress Tensor
The surface divergence of the stress tensor σ over the deformed configuration Γ
is defined as


3
∇Γ · σ 1,:
X
(∇Γ · σ i,: ) ei =  ∇Γ · σ 2,:  ,
∇Γ · σ =
i=1
∇Γ · σ 3,:
where σ i,: denotes the ith row of σ, ∇Γ · σ i,: is given by formula (13), and ei
denote the ith standard unit vector. We decompose ∇Γ · σ into its tangential
component ∇T · σ and normal component ∇N · σ, i.e.,
∇Γ · σ = ∇T · σ + ∇N · σ,

(18)

where ∇T · σ = J J + ∇Γ · σ and ∇N · σ = nnT ∇Γ · σ, where n denotes the
unit outward normal to Γ. We obtain the following lemma regarding the surface
divergence and its tangential component.
3 Replacing I by T is justified from (5), det(J) ≈ 1 for small strains, and S
33 = 0 in the
2nd Piola-Kirchhoff stress tensor. Replacing λ by λ∗ is needed since 33 = 0 in ∗ .
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Lemma 3. The surface divergence of the stress tensor on the membrane, denoted by ∇Γ · σ, is
+T
∇Γ · σ = (T σ)u J +T
:,1 + (T σ)v J :,2 ,

(19)

+T
where T = J J + and J +T
. The tangent compo:,j denotes the jth column of J
nent of ∇Γ · σ with base vectors xu and xv is


+T
J + ∇T · σ = J + (T σ)u J +T
.
(20)
:,1 + (T σ)v J :,2

Proof. From (12), we have


∇Γ · σ i = tr (∇u (T σ i )) J +T
and
+T
∇Γ · σ = (T σ)u J +T
:,1 + (T σ)v J :,2 .


+T
Then, J + ∇T · σ = J J + ∇Γ · σ = J + (T σ)u J +T
+
(T
σ)
J
:,1
v :,2 .

(21)

If there is no shear stress on Γ, then T σ = σ, and ∇Γ · σ simplifies to
+T
∇Γ · σ = σ u J +T
:,1 + σ v J :,2 .

(22)

We will address the numerical computation of ∇Γ · σ in Section 5.
3.2. Interface Pressure
Both ∇Γ · σ and its tangent component involve partial derivatives of σ. For
nonlinear constitutive models, it may appear daunting to compute the interface
pressure (namely nT ∇Γ · σ), directly from (19). In the following, we show that
the interface pressure can be computed without differentiating σ. We will give
our result in the global coordinate system, which is easier to understand and
is independent of local parameterizations. However, computationally it is more
convenient to use an equation in a local coordinate system. For the latter, we
introduce a new symbol τ̂ to denote a 2×2 stress tensor in a local uv coordinate
system with basis vectors y u and y v on the deformed membrane. In particular,
τb = λ∗ tr(∗ )I + 2µJ + ∗ J ,

(23)

where I is the 2 × 2 identity matrix. Let σ T = T σT = J τ̂ J + , and it is equal
to σ if there is no shear
stress. Note that τ̂ is asymmetric unless J T J = gI

with g = det J T J . The symmetry can recovered by right-multiplying τ̂ by
G−1 , i.e., τ̄ = τ̂ G−1 . We now give our main result of the paper, which we refer
to as the interface-pressure theorem.
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Theorem 4. The interface pressure is equal to
nT ∇N · σ = tr(Cσ T ) = tr(CσT ),

(24)

in the global xyz coordinate system, where n is the unit normal to the deformed
surface, and C is the curvature tensor of the deformed surface defined in (10),
and σ T = T σT . In the local uv coordinate system with y u and y v as the base
vectors,
nT ∇N · σ = tr(W τ̂ ),
(25)
where W is the Weingarten matrix of the deformed surface defined in (9).

−1
T
, the normal component of ∇ · σ is
Proof. From (19) and J +T
:,j = J J J
:,j

+T
T
nT ∇N · σ = nT (T σ)u J +T
:,1 + n (T σ)v J :,2

−1

−1
= nT (T σ)u J J T J
+ nT (T σ)v J J T J
.
:,1

(26)

:,2


Since T σ = T σT + T σnnT = J τ̂ J + + T σnnT = J τ̂ J + + J + σnnT , by
the chain rule

 
nT (T σ)u J = nT J u τ̂ J + + J + σnnT + J τ̂ J + + J + σnnT u J
= nT J u τ̂ ,
where the second equality uses the facts that nT J = 0 and J + J = I. Similarly,
nT σ v J = nT J v τ̂ T . Substituting these into (26), we have

−1

−1
nT ∇N · σ = nT J u τ̂ J T J
+ nT J v τ̂ J T J
:,1
:,2


T
−1
= tr B τ̂ (J J )


= tr (J T J )−1 B τ̂
= tr (W τ̂ ) ,
where B = [J u n |J v n] is the second fundamental matrix, and W = (J T J )−1 B
+
is the Weingarten matrix. Because the curvature tensor is W
and

 =+ J CJ

+
+
T
τ̂ = J σJ , we obtain n ∇N · σ = tr (W τ̂ ) = tr J J CJ J σJ J + =
tr(Cσ T ) = tr(CσT ).
Theorem 4 is useful in processing the Cauchy stress tensor obtained from a
computational model (such as finite-element codes) to compute the interface
pressure of a membrane, which is of interest for some applications. Note that
this theorem does not require σ to be free of shear stress or nT σn = 0, so it
can be coupled with linear or nonlinear models for membranes. Our formulae
do not require differentiating the stress tensor, but requires only computing the
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curvature tensor on the deformed geometry. We will describe the computation
of the geometric differential operators in Section 5.
Note that our result is analogous to the Young-Laplace equation [1, 2] for the
surface tension effect in fluid dynamics. In effect, the Young-Laplace equation
is equivalent to the following corollary, which is a special case of Theorem 4.
Corollary 5. For a smooth membrane, if the force density is equal to f in
all directions at a point x, then the interface pressure at any point due to the
tangential stress around x is p = 2Hf , where H = (κ1 + κ2 )/2 is the mean
curvature.
Proof. Because τ̂ = f I and tr(W ) = 2H, from Theorem 4 we have nT ∇N σ =
tr(W f I) = f tr(W ) = 2Hf .
As we mentioned in Section 1.1, some generalizations of the Young-Laplace
equation have been proposed for solids in recent years [6, 7]. In [7, Eq. (2.2)],
a formula for the interface pressure was given as
p=−

τ11
τ22
−
,
R1
R2

(27)

where R1 and R2 are the “principal radii of the curvatures” (assuming the normal
points toward the center of curvatures), and τ11 and τ22 are the diagonal entries
of the interface stress tensor τ (similar to τ̄ = τ̂ G−1 above). However, (27)
is not invariant of rotation of the tangent plane, unless τ11 = τ22 or R1 = R2 .
From (25) and the definitions of Weingarten matrix and the interface stress
tensor, it is clear that in general (27) is valid only when the orthogonal basis
vectors of τ are aligned with principal directions corresponding to R1 and R2
(unless τ11 = τ22 or R1 = R2 , in which case the orthogonal basis vectors no
longer matter). Without this condition (as it was the case in [7]), Eq. (27)
violates rotation invariance and hence is incorrect.
3.3. Reduction to Curves in 2-D
The formulae in this section are general enough to be readily reduced to curves
in 2-D, assuming the Poisson ratio is 0. In this case, the local parameterization
has only one parameter u. Suppose the undeformed (unstressed) curve is parameterized as x(u) = (x1 (u), x2 (u)), and the deformed curve is parameterized
as y(u)
 = (y
1 (u), y2 (u)). Then the Jacobian matrix of the deformed curves is
J =

dy1
du
dy2
du

, T = J J + , and the Weingarten matrix W reduces to the curva-

ture of the deformed curve. The strain tensor  is 2 × 2, and the Cauchy stress
tensor is
σ = ET T ,
where E is the Young’s modulus of a cable, or σ = E∗ where ∗ = T T . Let
τ̂ = EJ + ∗ J , which is a scalar, and then (24) and (25) can be used to compute
the interface force density of a membrane interface in 2-D.
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4. Coupling with Constitutive Models
The main result of this paper is the theorem on the curvature effect of membranes. In this section, we investigate the coupling of the interface-pressure
theorem with constitutive models. We first propose a continuum model for
thin membranes without shear deformation, which we solve by projecting the
strain and stress tensors onto the tangent space, and verify it through two examples. For completeness, we also show an example of coupling the theorem
with Mindlin-Reissner model, which considers shear deformation.
4.1. Linear Elastic Model Without Shear Deformations
For thin membranes, it is often reasonable to assume that there is no shear
deformations, as in the Kirchhoff-Love shell theory. In this situation, to allow
easier matrix manipulations we write the modified strain tensor as
∗ = T T ,

(28)

and then substitute it into (17) to compute the stress tensor. This expression
is equivalent to setting γxz = γyz = z = 0 (as required by the Kirchhoff-Love
assumptions) in


x γxy γxz
 = γxy y γyz  ,
γxz γyz z
at a point where the tangent plane is parallel to the xy-plane. In the following,
we apply our theorem to two examples with simple geometries that have other
reference solutions.
Elastic Spherical Balloon. We first consider an example of an inflated spherical
balloon, which was analyzed in [19]. In this situation, the normal displacement
is uniform. Assume large displacements but small strain, and suppose the radii
of the balloon without stress and under stress are r0 and r1 , respectively. Let
I 3×3 and I 2×2 denote the 3 × 3 and 2 × 2 identity matrix, respectively. Since
φ = (r1 − r0 )/r0 x and ∇x φ = (r1 − r0 )/r0 I 3×3 , we have

2 !
r
−
r
r
−
r
1 r12 − r02
1
1
0
1
0
2
+
JJ+ =
J J +,
∗ =
2
r0
r0
2 r02
and tr (∗ ) = (r12 − r02 )/r02 . The Weingarten matrix W for the inflated sphere is
W = r11 I 2×2 . From (23), the stress tensor in the tangent space is
τ̂ = λ∗ tr (∗ ) I 2×2 + 2µJ + ∗ J
 2

 2

r1 − r02
r1 − r02
= λ∗
I
+
µ
I 2×2
2×2
r02
r02
r2 − r2
= (λ∗ + µ) 1 2 0 I 2×2 .
r0
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From (25), the interface pressure is then


1
r2 − r2
E r12 − r02
p = tr(W τ̂ ) = tr
τ̂ = 2 (λ∗ + µ) 1 2 0 =
.
r1
r0 r1
1 − ν r02 r1
If the deformation is small, then (r1 + r0 ) /r0 ≈ 2, and we obtain


2E r1 − r0
2E
1
1
p≈
=
−
.
1 − ν r0 r1
1 − ν r0
r1

(29)

(30)

This is similar to the result p ≈ 2K (1/r0 − 1/r1 ) in [19], where K = E if
ν = 0.4 From (30), we can see that interface pressure is approximately inversely
proportional to the radius, so it is harder to inflate a spherical balloon at the
initial stage.
Uniformly Expanding Cylinder. Next, consider a cylinder that expands along
the radial direction. Unlike the example of spheres, for cylinders the 2 × 2
Weingarten matrix is no longer a multiple of identity matrix, so this case tests
our theorem for an anisotropic geometry. Suppose the axis of the cylinder
passes the origin and is parallel to the z-axis, and the radii of the cylinder
without stress and under stress are r0 and r1 , respectively. Consider the point
(r0 , 0, 0), and suppose the u direction is tangent
to the

 cross section curve and


0 0
1 0
1


1 0
.
the v direction is parallel z-axis, so J =
and W = r1
0 0
0 1


T

0 r1 −r0
Since φ = [(r1 − r0 )/r0 x, (r1 − r0 )/r0 y, 0] and ∇x φ = diag r1r−r
, r0 , 0 ,
0
we have
 2



1
r − r2 r2 − r2
1
r2 − r2
∗ = diag 1 2 0 , 1 2 0 , 0 J J + = diag 0, 1 2 0 , 0 ,
2
r0
r0
2
r0

and tr (∗ ) = 12 (r12 − r02 )/r02 . Then,


1 0
∗
∗
τ̂ = λ tr( )
+ 2µJ + ∗ J
0 0



λ∗ r12 − r02 1 0
r12 − r02 1
=
+µ
0 0
0
2
r2
r2

0
 ∗ 0  2
2
λ
r −r
1 0
=
+µ 1 2 0
,
0 0
2
r0

0
0



and

p = tr(W τ̂ ) =

 2
λ∗
E
r − r2
r12 − r02
+µ 12 0 =
.
2
2
r0 r1
2(1 − ν ) r02 r1

(31)

4 In [19], a 1-D elastic model was used, so ν = 0. For rubber balloons, ν ≈ 0.5, so a more
reasonable value for K would have been 2E under the Kirchhoff-Love assumptions.
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To obtain a reference solution, we apply a model for curves for the case of
ν = 0 to a circular cross section passing through the origin. This can be done in
two ways. First, let us consider
the 2-D model in Section 3.3. Consider the point

0
T
(r0 , 0), where J =
and W = r11 . Since φ = [(r1 − r0 )/r0 x, (r1 − r0 )/r0 y] ,
1
we have




r1 − r0 r1 − r0
1
r12 − r02
∗
∇x φ = diag
.
,
and  = diag 0,
r0
r0
2
r02
r 2 −r 2

r 2 −r 2

Then, τ̂ = EJ + ∗ J = E2 1r2 0 , and p = E2 r12 r10 , which is the same as (31)
0
0
when ν = 0.
Second, under small deformation, we can use an analysis analogous to [19]: The
tension at any point on the circle is K(r1 −r0 )/r0 , where K is a spring constant.
The balance of force requires p ≈ K(r1 − r0 )/(r0 r1 ) = K(1/r0 − 1/r1 ) along any
arc, which approximates (31) when K = E, ν = 0, and (r1 + r0 )/r0 ≈ 2.
4.2. Applicability to Models with Shear Deformations
The model above assumes no shear deformations. However, we emphasize that
the interface-pressure theorem is not limited to only such models. For thin
membranes with shear deformation, one can also apply the theorem to the
stress tensor from the Mindlin-Reissner plate or shell theory [20, 21].
As an illustration, we apply our theorem with the Mindlin-Reissner plate model
within the tangent space for the expanding sphere example. Here, we consider
only the point (0, 0, r0 ), where the tangent plane is parallel to the xy-plane.
In this case, we should obtain the same results as the Kirchhoff-Love model.
Therefore, this example gives another verification of our results in Section 4.1.
When using the Mindlin-Reissner model, the displacements have the form

u(x1 , x2 , x3 ) = u01 (x1 , x2 ) − ϕ1 x3 , u02 (x1 , x2 ) − ϕ2 x3 , w0 (x1 , x2 ) ,
where x1 , x2 are the Cartesian coordinates on the mid-surface of the undeformed
plate, and x3 is the coordinate for the thickness direction. For the sphere, we
have ϕ1 = 0, ϕ2 = 0, and
q
r1 − r0
r1 − r0
r1 − r0
u01 (x1 , x2 ) =
x1 , u02 (x1 , x2 ) =
x2 , w 0 =
r02 − x21 − x22 .
r0
r0
r0
For simplicity, assume small strains and small rotations, then the strain tensor
∗ is given by
!


∂u0j
1 ∂u0i
x3 ∂ϕi
∂ϕj
ij =
+
−
+
,
2 ∂xj
∂xi
2 ∂xj
∂xi


1 ∂w0
i3 =
− ϕi ,
2 ∂xi
33 = 0,
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where 1 ≤ i ≤ 2 and 1 ≤ j ≤ 2. At the point (0, 0, r0 ) in the mid-surface,
x1 = x2 = x3 = 0, so

 r1 −r0
0
0
r0
r1 −r0
0 .
∗ =  0
r0
0
0
0
The stress-strain relations for



σ11
 σ22 




 σ12  = E 
 1 − ν2 

 σ31 

σ32

isotropic plates are given by
1
ν
0
0
0

so the Cauchy stress tensor is
 E

1−ν

σ=

ν
1
0
0
0

0
0
1−ν
0
0

r1 −r0
r0

0
0
0
1−ν
0

0
0
0
0
1−ν

0


0
0 .
0

E r1 −r0
1−ν r0

0
0

0








11
22
12
31
32




,



From (24), we have the normal pressure
2E
p = tr(CσT ) =
1−ν



1
1
−
r0
r1


,

which is the same as (30).
5. Numerical Discretizations of Interface Pressure
In preceding sections, we derived and verified continuum equations for the interface pressure, which involves second-order derivatives over surfaces. Such
derivatives cannot be computed easily using linear finite elements. In this section, we present a method to discretize the formulae over discrete surfaces, such
as surface triangulations. Our approach is based on a weighted least squares
framework using local parameterizations and local polynomial fittings, which
has been shown to be effective in computing differential surface operators [22].
We use this framework for approximating both the geometry of the surface and
functions defined on the surface.
Our formulae for stresses require a parameterization of the surface. We do not
need a global parameterization of the surface. Instead, we parameterize the
surface locally around a neighborhood of each vertex using a local orthogonal
projection. For each vertex p0 , we select its neighbor vertices based on mesh
connectivity. For quadratic fittings, we typically use either 1.5- or 2-ring neighbors, where a larger ring allows better noise resistance; see [22] for more details
about the neighborhood selection algorithm. First, we construct a local orthogonal uvw coordinate system with p0 as the origin and the w direction aligned
16

with an approximate normal direction at p0 . Note that this approximate normal
is only used for constructing the coordinate system. Since it plays no role in the
actual computations, it need not be very accurate. In our implementation, we
compute a first-order normal approximation based on an area-weighted average
of face normals. The tangent directions u and v can be chosen arbitrarily as
long as they are perpendicular to the w direction and to each other.
Let the unit basis vectors of this local coordinate system be t1 , t2 and n, and
let Q = [t1 |t2 |n] denote the rotation matrix. Each point x in the neighborhood
is transformed into this local uvw coordinate system by


u
 v  = QT (x − p0 ).
w
For each vertex pi in the neighborhood, let ui = (ui , vi ) denote its local coordinate values. Clearly, the parameters for p0 are (0, 0).
Using the uv parameterization and function values at the vertices in its neighborhood, we construct a local polynomial around p0 to approximate any function
f defined over the surface. From the Taylor series expansion,
f (u) =

d j+k=p
X
X
p=0 j,k≥0

cjk

uj v k
+ O(kukd+1 ),
j!k!

(32)

where d is the degree of fitting, the cjk are the coefficients to be solved. This
gives a linear system with n = (d + 1)(d + 2)/2 unknowns,
Ac ≈ f ,

(33)

where A is a generalized Vandermonde matrix, c and f are n-vectors composed
of cjk and fi .
This linear system obtained from (33) in general is rectangular and must be
solved in a least squares sense. We pose the problem as a minimization of a
weighted norm of the residual Ax − b i.e.,
min kAx − bkS ≡ min kS(Ax − b)k2 ,
x
x

(34)

where S = diag(ω1 , ω2 , . . . , ωm ) is diagonal, which we refer to as the weighting
matrix. The weighting matrix S assigns priorities to different rows of the linear
system corresponding to different points that are being fit. It has no effect on the
solution if A is a nonsingular square matrix, but different S will lead to different
solutions for rectangular matrices. In general, for the ith row corresponding to
the ith point pi , it is desirable to assign its weight ωi to some larger value if pi
is close to the origin of the local coordinate system p0 , and a smaller value (or
even zero) if pi is far from p0 or if its normal ni is too far from the normal n0
at x0 . In particular, we choose the weight at the ith vertex as
ωi =

γi+
(kui k2 /h + )
17

d/2

,

(35)

Pm
where γi+ ≡ max(0, nTi n0 ), h ≡ i=1 kui k2 /m, and  ≈ 0.01. Because S allows
the flexibility to underweigh (and even filter out) undesirable points, we use a
simple procedure to select points based on mesh connectivity when constructing
the linear system.
The function f can be a vector-valued function. If we substitute the undeformed coordinates xi at vertex pi as fi in (33), we obtain a linear-system with
three right-hand side columns AB ≈ X. The Jacobian matrix and the second
derivatives of the undeformed surface at po are,

 h
i
∂x ∂x
J̄ =
= B T2,: B T3,: ,
∂u ∂v
 h
 2
i
∂ x ∂2x
= 2B T4,: B T5,: ,
J̄ u =
2
∂u ∂u∂v
 2
 h
i
∂ x ∂2x
J̄ u =
= B T5,: 2B T6,: ,
2
∂u∂v ∂v
where B Ti,: denote the transpose of the ith row of B, given that the first six
columns of A correspond to coefficients c00 , c10 , c01 , c20 , c11 , and c02 in (32),
respectively. Similarly, substituting the deformed coordinates y i as fi in (33),
we obtain J , J u and J v ; substituting the displacements φi into (33), we obtain
its first and second derivatives. The normal and Weingarten matrix of the
deformed surface are then
yu × yv
J :,1 × J :,2
=
,
ky u × y v k2
kJ :,1 × J :,2 k2


W = (J T J )−1 nT J u nT J v .
n=

Then (25) and other formulae can then be computed accordingly.
6. Numerical Experimentation
In this section, we present a series of examples and numerical experiments to
verify our formulation and numerical discretization.
6.1. Numerical Experiments Under Nonuniform Expansion
First, we present some numerical experiments to demonstrate the accuracy and
convergence of our discretizations of the tangential stress and interface pressure
on a surface triangulation. For this purpose, we artificially expand a torus with
inner radius 0.3 m and outer radius 1 m into a torus with inner radius 0.32 m
and outer radius 1.05 m, and compute the tangential stress and interface pressure using linear elastic model described in Section 4.1 with the scaled Young’s
modulus E = 100 kPa and Poisson ratio ν = 0.2. Figure 1 shows the deformed
surface color-coded by the “mean” tangential stress and also by the interface
18

Figure 1: A torus with inner and outer radii 0.3 and 1 m was artificially expanded into one
with inner and outer radii 0.32 and 1.05 m. Colors of left and right images indicate the
tangential stress and interface pressure, respectively.

pressure. It can be seen that the stress (and also pressure) is larger at the
outside than at the inside. The reason is that those areas have larger relative
displacements in the tangent space.
To verify the accuracy of our numerical computations, we performed a grid
convergence study. We used a series of five successively refined triangular meshes
for the torus, where the average edge lengths are approximately halved at each
refinement. We computed the reference solution analytically, and computed the
numerical solutions using quadratic, cubic, and quartic least squares fittings.
Figure 2 shows the L2 and L∞ errors of the computed interface pressure for
the meshes. The average convergence rates are shown on the right-end of each
curve, computed as log2 |5 /1 |/4, where i denotes the error on the ith mesh.
The numbers of vertices of the meshes are 328, 1,348, 5,269, 21,103 and 85,276,
the numbers of faces are 565, 2,696, 10,538, 42,206 and 170,552 respectively.
The computation of interface pressure involves second-order derivatives. Based
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Figure 2: Convergence results for computed interface pressure under grid refinement for the
torus. Average convergence rates are shown on the right-end of each curve.
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on the analysis in [23], when using dth-order polynomial fitting, the curvature
tensor and hence the interface pressure are (d − 1)st order accurate, given that
the vertex positions are at least (d + 1)st order accurate. The numerical result
for cubic fitting agrees with this prediction. For quadratic and quartic fittings,
the numerical results exhibited better convergence rates than predicted, most
likely due to statistical error cancellation.
6.2. Deformation Under Pressure Differences
To demonstrate how our theory can be useful for more complex problems, we
show some examples of computing the displacements of a membrane interface
under given normal pressure differences. The equation we need to solve is
∇Γ · σ = [p]n,

(36)

given [p] is a given pressure jump, and n is the normal to the deformed surface.
This is the inverse problem of the one in the previous subsection and is much
more difficult. It is relevant to fluid-structure interaction problems, where some
pressure jump may be posed on the two sides of a membrane interface. For
simplicity, we assume small strain and no shear deformation.
Here, we directly discretize (36) in its strong form using a generalized finitedifference method, instead of using a finite-element discretization in its weak
form. Observe that the matrix A plays a fundamental role in (33). Since
Ac ≈ f , the polynomial coefficients of function f are given by c = A+ f . We
refer to L = A+ as the coefficient matrix. Each coefficient of the polynomial can
be expressed as a linear combination of f , with the rows of L as the weighs. In
addition, we can express the derivatives of f at the vertex as linear combinations
of the values of f at its neighboring vertices. This procedure can be viewed as
a generalization of classic finite difference schemes. For example, the coefficient
matrix for a classical 9-point central difference scheme on regular rectangular
grid is simply
0
0
0
0





L=




1
4∆x∆y

0

0
0
1
2∆y

0
0
1
∆y 2

0
0
0
0

0
1
2∆x

0
1
∆x2

1
− 4∆x∆y

0
0

0

1
0
0
2
− ∆x
2
0
2
− ∆y
2

0

0
0
0

1
− 2∆x

0
0
0
0

0
0

1
∆x2
1
− 4∆x∆y

1
− 2∆y
0
0
1
∆y 2

0

0
0
0
0
1
4∆x∆y





.




0

The matrix L is independent of the right hand side vector f . It only depends
on the local parameterization, and it requires the local geometric information
around the vertex. Let N (i) denote the set of vertices in the neighborhood of
vertex i. The gradient of the displacement vector φ and its derivatives are


X
X
∇u φ = 
c2,j φj
c3j φj  ,
j∈N (i)



j∈N (i)



X
∂2φ ∂2φ ∂2φ

=
2c4j φj
∂u2 ∂u∂v ∂v 2


j∈N (i)
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X

c5j φj

j∈N (i)

X

2c6j φj  ,

j∈N (i)

where φj denotes the displacement vector at vertex j, and cij denotes the (i, j)
entry of L.
To discretize (36), we need to discretize the derivatives of φ, the Jacobian matrices J̄ = ∇x and J = ∇(x+φ) for the undeformed and deformed configurations,
respectively, as well as J̄ u , J̄ v , J u , and J v . These derivatives can all be discretized as above. However, because of the presence of φ in J , (37) results
in a nonlinear system of equations after discretization. To solve this nonlinear
system, we devise an iterative process to compute J , its derivatives, and n explicitly using the displacement vector from the previous iteration, starting with
φ(0) = 0 in the first step. Let m denote the number of vertices of the surface
mesh. At the kth step, we solve a linear system
M (k) φ(k) = p(k) ,

(37)

where M (k) is a 3m×3m matrix, and p(k) and φ(k) are column vectors of length
3m, composed of the traction vectors and displacement vectors at the vertices,
respectively. Note that M (k) and p(k) depend on φ(k−1) .
For closed surfaces, the linear system (37) is underdetermined when no boundary conditions are specified, because there are six extra degrees of freedom for
translation and rotation, because the solution is invariant of translation and rotation. We use the procedure of truncated singular value decomposition (SVD)
to solve the linear system. Let the SVD decomposition of M (k) be
M (k) = U ΣV T ,
where U and V are orthogonal matrices, and Σ is a diagonal matrix composed
of the singular values of M (k) . The last six diagonal entries of Σ are nearly 0. To
solve for φ(k) , we discarded the last six singular values and their corresponding
singular vectors and compute φ(k) as
φ(k) =

3n−6
X
j=1

1
v j uTj p(k) ,
sj

where sj denotes the jth entry of Σ, and uj and v j denote the jth column of U
and V , respectively. This numerical discretization also applies to open surfaces
with Dirichlet or other boundary condition.
For demonstration purpose, we report some experimental results for the deformations of an ellipsoid under some uniform pressure difference. We use the
scaled Young’s modulus E = 100 kPa and Poisson ratio ν = 0.2. Figure 3(a)
shows the result for an ellipsoid with semi-axes 1.2, 1, and 1 under a pressure
load difference [p] = 2 kN/m. Figure 3(b) shows the result for a unit half sphere
under the same configuration with the boundary fixed fixed. Displacement vectors are shown in the figures.
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(a)

(b)

Figure 3: Expansion of an ellipsoid (a) and a half sphere (b) under a small pressure load
under a pressure difference [p] = 2 kPa.

7. Conclusions and Future Work
In this paper, we derived the interface-pressure theorem, which states that the
interface pressure is the trace of the matrix product of the curvature tensor and
the Cauchy stress tensor in the tangent plane. The equation is a generalization
of the Young-Laplace equation, which relates the interface pressure of a thin film
with the surface tension and the mean curvature. Our work shares some similarities with some previous results on generalizing Young-Laplace equation to
solids, but our result seems to be the first one to express the equation in terms of
the curvature and stress tensors, and it is rotation invariant. We demonstrated
and verified the coupling of the theorem with elastic models for thin membranes,
to compute the interface pressure at the interface. The constitutive models we
used in our examples are based on linear elasticity of solid bodies. However,
the interface-pressure theorem is not limited to linear elastic models, and can
be coupled with more complicated nonlinear models, such as the Mooney-Rivlin
model for hyperelastic materials. We also presented numerical discretizations
on triangulated surfaces using a weighted least squares framework and demonstrated high-order convergence of its computation. A proof-of-concept numerical
procedure was also described for computing the displacements of a membrane
given prescribed interface pressure jump, which resembles the procedure in fluidstructure interactions. More work is needed in finding the most effective way in
coupling the interface-pressure theorem as a jump condition in fluid-structure
interactions with thin membranes. Such applications also require generalizing
our theory to consider kinematic equations as well as more sophisticated boundary conditions along membrane edges.
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Appendix: Proof of Lemma 1
Consider the decomposition of f into tangential and normal components
f = J J + f + nnT f .
In (11), note that
1
lim
A→0 A

˛

nnT f · da = 0,
∂S
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which can be easily shown from the Taylor series expansions of n. Then

∇Γ · f = ∇Γ · J J + f .
At any point x0 on Γ, let J 0 denote the Jacobian matrix at the point, and
consider the local uv coordinate system of the tangent space at x0 with the
columns of J 0 as the base vectors. Since the two columns of J 0 are in general
not orthogonal, consider its QR factorization Q0 R0 , and the local ξη coordinate
−1 T
system with the columns of Q0 as base vectors. Then J +
0 = R0 Q0 . Let
+
ϕ = QT0 J J + f = R0 J +
0 JJ f.

From the divergence theorem, we have
∇Γ · f =



∂ϕ1
∂ϕ2
+
= tr ∇ξ ϕ ,
∂ξ
∂η

where
−1
+
+
∇ξ ϕ = (∇u ϕ) J +
0 Q0 = (∇u ϕ) R0 = R0 J 0 ∇u J J f



R−1
0 .

Therefore,
+
∇Γ · f = tr R0 J +
0 ∇u J J f



at point x0 .
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R−1
= tr J + ∇u J J + f
0

