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! Write the component form of a vector. 

! Perform vector operations and interpret the 
results geometrically.  

! Write a vector as a linear combination of 
standard unit vectors. 

! Use vectors to solve problems involving force 
or velocity. 

Objectives 

4 

Component Form of a Vector 

5 

Component Form of a Vector 

Many quantities in geometry and physics, such as area, 
volume, temperature, mass, and time, can be characterized 
by a single real number scaled to appropriate units of 
measure. These are called scalar quantities, and the real 
number associated with each is called a scalar. 

Other quantities, such as force, velocity, and acceleration, 
involve both magnitude and direction and cannot be 
characterized completely by a single real number. 
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A directed line segment is used to  
represent such a quantity, as shown  
in Figure 11.1. 

The directed line segment        has 
initial point P and terminal point Q, and 
its length (or magnitude) is denoted  
by         

Directed line segments that have 
the same length and direction are  
equivalent, as shown in Figure 11.2.  

Figure 11.1 

Figure 11.2 

Component Form of a Vector 
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The set of all directed line segments that are equivalent to 
a given directed line segment      is a vector in the plane 
and is denoted by v =      . 

In typeset material, vectors are usually denoted by 
lowercase, boldface letters such as u, v, and w. 

When written by hand, however, vectors are often denoted  
by letters with arrows above them, such as            and 

Component Form of a Vector 
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Example 1 – Vector Representation by Directed Line Segments 

Let v be represented by the directed line segment from 
(0, 0) to (3, 2),  and let u be represented by the directed 
line segment from (1, 2) to (4, 4). Show that v and u are 
equivalent. 

Solution: 
Let P(0, 0) and Q(3, 2) be the initial  
and terminal points of v, and let  
R(1, 2) and S(4, 4) be the initial and 
terminal points of u, as shown  
in Figure 11.3.  

Figure 11.3 
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Example 1 – Solution 

You can use the Distance Formula to show that      and 
have the same length. 

Both line segments have the same direction, because they 
both are directed toward the upper right on lines having the 
same slope. 

cont’d 
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        Slope of 
and 
        Slope of 

Because       and       have the same length and direction,  
you can conclude that the two vectors are equivalent.  
That is, v and u are equivalent. 

Example 1 – Solution 
cont’d 
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The directed line segment whose initial point is the origin    
is often the most convenient representative of a set of 
equivalent directed line segments such as those shown in 
Figure 11.3.  

Figure 11.3 

Component Form of a Vector 
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This representation of v is said to be in standard position. 
A directed line segment whose initial point is the origin can 
be uniquely represented by the coordinates of its terminal 
point Q(v1, v2),  as shown in Figure 11.4. 

Figure 11.4 

Component Form of a Vector 
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This definition implies that two vectors u =              and 
v =              are equal if and only if  u1 = v1 and u2 = v2. 

Component Form of a Vector 
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The following procedures can be used to convert directed 

line segments to component form or vice versa. 

1.  If P(p1, p2) and Q(q1, q2) are the initial and terminal    
   points of a directed line segment, the component form of 
   the vector v represented by       is           =  

Moreover, from the Distance Formula you can see that the 
length (or magnitude) of is v is 

Component Form of a Vector 
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 2. If v =             , v can be represented by the directed line                    

     segment, in standard position, from P(0, 0) to Q(v1, v2). 

 The length of v is called the norm of v. If                , 

     v is a unit vector. Moreover,               if and only if v is    
 the zero vector 0. 

Component Form of a Vector 

16 

Vector Operations 

17 

Vector Operations 
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Geometrically, the scalar multiple of a vector v and a scalar 
c is the vector that is |c| times as long as v, shown in   
Figure 11.6.  
If c is positive, cv has the same direction as v. If c is 
negative, cv has the opposite direction. 

Figure 11.6 

Vector Operations 
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The sum of two vectors can be represented geometrically by 
positioning the vectors (without changing their magnitudes or 
directions) so that the initial point of one coincides with the 
terminal point of the other, as shown in Figure 11.7.  

Figure 11.7 

Vector Operations 
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The vector u + v, called the resultant vector, is the 
diagonal of a parallelogram having u and v as its adjacent 
sides. Figure 11.8 shows the equivalence of the geometric 
and algebraic definitions of vector addition and scalar 
multiplication, and presents (at far right) a geometric 
interpretation of u – v. 

Figure 11.8 

Vector Operations 
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Example 3 – Vector Operations 

Given v =               and w =          , find each of the vectors. 

Solution: 
a. 

b. 
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Example 3 – Solution 

c. Using 2w =            you have 

cont’d 
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Vector Operations 

24 

Any set of vectors (with an accompanying set of scalars) 
that satisfies the eight properties given in Theorem 11.1 is 
a vector space. The eight properties are the vector space 
axioms.  
So, this theorem states that the set of vectors in the plane 
(with the set of real numbers) forms a vector space.   

Vector Operations 
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In Theorem 11.3, u is called a unit vector in the direction 
of v. The process of multiplying v by           to get a unit 
vector is called normalization of v. 

Vector Operations 
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Generally, the length of the sum of two vectors is not equal to the 
sum of their lengths.!
To see this, consider the vectors u and v as shown in Figure 11.9.  

Figure 11.9 

Vector Operations 
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By considering u and v as two sides of a triangle, you can see that 
the length of the third side is ||u + v||, and you have!

! ! ||u + v|| ! ||u|| + ||v||. 

Equality occurs only if the vectors u and v have the same 
direction.!

This result is called the triangle inequality for vectors. 

Vector Operations 

28 

Standard Unit Vectors 

29 

Standard Unit Vectors 
The unit vectors         and        are called the standard unit 
vectors in the plane and are denoted by  

as shown in Figure 11.10. These vectors can be used to 
represent any vector uniquely, as follows. 

Figure 11.10 30 

The vector v = v1i + v2j is called a linear combination   

of i and j. The scalars v1  and v2 are called the horizontal 
and vertical components of v. 

Standard Unit Vectors 
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Example 5 – Writing a Linear Combination of Unit Vectors 

Let u be the vector with initial point (2, –5) and terminal 
point (–1, 3), and let v = 2i – j. Write each vector as a linear 
combination of i and j. 
  a. u         b. w = 2u – 3v   

Solution: 
  a. u = 

  b. w = 
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Applications of Vectors 
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Applications of Vectors 

Vectors have many applications in physics and 
engineering. One example is force.  

A vector can be used to represent force, because force has 
both magnitude and direction.  

If two or more forces are acting on an object, then the 
resultant force on the object is the vector sum of the 
vector forces. 

34 

Example 7 – Finding the Resultant Force 

Two tugboats are pushing an ocean liner, as shown in 
Figure 11.12. Each boat is exerting a force of 400 pounds. 
What is the resultant force on the ocean liner? 

Figure 11.12 
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Example 7 – Solution 

Using Figure 11.12, you can represent the forces exerted  
by the first and second tugboats as 

F1  =  

     = 

F2  = 

     =  
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The resultant force on the ocean liner is 

   F = F1 + F2 

         = 

         =  

So, the resultant force on the ocean liner is approximately 
752 pounds in the direction of the positive x-axis.  

cont’d 
Example 7 – Solution 
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In surveying and navigation, a bearing is a direction that 
measures the acute angle that a path or line of sight makes with a 
fixed north-south line.!

In air navigation, bearings are measured in degrees clockwise 
from north.!

Applications of Vectors 

38 

Space Coordinates and 
Vectors in Space 

Copyright © Cengage Learning. All rights reserved.  

11.2 
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! Understand the three-dimensional rectangular 
coordinate system. 

! Analyze vectors in space. 

! Use three-dimensional vectors to solve  
 real-life problems. 

Objectives 

40 

Coordinates in Space 

41 

Coordinates in Space 

Before extending the concept of a vector to three 
dimensions, you must be able to identify points in the 
three-dimensional coordinate system. You can construct 
this system by passing a z-axis perpendicular to both the  
x-and y-axes at the origin. Figure 11.14                       
shows the positive portion of each                          
coordinate axis. 

Taken as pairs, the axes determine                                
three coordinate planes: the                                                 
xy-plane, the xz-plane,                                                         
and the yz-plane. 

Figure 11.14 
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These three coordinate planes separate three-space into 
eight octants. 

The first octant is the one for which all three coordinates 
are positive. In this three dimensional system, a point P in 
space is determined by an ordered triple (x, y, z)          
where x, y, and z are as follows. 

x = directed distance from yz-plane to P 
y = directed distance from xz-plane to P 
z = directed distance from xy-plane to P 

Several points are shown in Figure 11.15. 

Coordinates in Space 

Figure 11.15 
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A three-dimensional coordinate system can have either a 
left-handed or a right-handed orientation. To determine 
the orientation of a system, imagine that you are standing 
at the origin, with your arms pointing in the direction of the 
positive x- and y-axes, and with the z-axis pointing up, as 
shown in Figure 11.16. 

The system is right-handed or left-handed depending on 
which hand points along the x-axis. In this text, you will 
work exclusively with the                                                 
right-handed system. 

Coordinates in Space 

Figure 11.16 

44 

Many of the formulas established for the two-dimensional 
coordinate system can be extended to three dimensions. 

For example, to find the distance between two points in 
space, you can use the Pythagorean Theorem twice, as 
shown in Figure 11.17.  

Coordinates in Space 

Figure 11.17 
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By doing this, you will obtain the formula for the distance 
between the points (x1, y1, z1) and (x2, y2, z2). 

Coordinates in Space 
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The distance between the points (2, –1, 3) and (1, 0, –2) is 

Example 1 – Finding the Distance Between Two Points in Space 
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A sphere with center at (x0, y0, z0) and radius r is defined to 
be the set of all points (x, y, z) such that the distance 
between (x, y, z) and (x0, y0, z0) is r. 

You can use the Distance Formula to find the standard 
equation of a sphere of radius r, centered at (x0, y0, z0). 

Coordinates in Space 
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If (x, y, z) is an arbitrary point on the sphere, the equation 
of the sphere is 

as shown in Figure 11.18.  
Moreover, the midpoint of the  
line segment joining the 
points (x1, y1, z1) and (x2, y2, z2).  
has coordinates 

Figure 11.18 

Coordinates in Space 
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Vectors in Space 

50 

In space, vectors are denoted by ordered triples  
v =  v1, v2, v3   .  The zero vector is denoted by  
0 =  0, 0, 0  . Using the unit vectors i =  1, 0, 0  ,  
j =  0, 1, 0   , and k =  0, 0,1   in the direction of the positive  
z-axis, the standard unit vector  
notation for v is 

as shown in Figure 11.19. 

Figure 11.19 

Vectors in Space 
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If v is represented by the directed line segment from       P
(p1, p2, p3) to Q(q1, q2, q3), as shown in Figure 11.20, the 
component form of v is given by subtracting the 
coordinates of the initial point from the coordinates of the 
terminal point, as follows. 
v =  v1, v2, v3  
   =   q1 –  p1, q2 –  p2, q3 –  p3 

Figure 11.20 

Vectors in Space 
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Vectors in Space 

53 

Find the component form and magnitude of the vector v 
having initial point (–2, 3 ,1) and terminal point (0,–4, 4). 
Then find a unit vector in the direction of v. 

Solution: 
The component form of v is  
v =  q1 –  p1, q2 –  p2, q3 –  p3   =  0 – (–2), –4 – 3, 4 – 1 

     =  2, –7, 3 
which implies that its magnitude is 

Example 3 – Finding the Component Form of a Vector in Space 
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The unit vector in the direction of v is 

Example 3 – Solution 
cont’d 
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The definition of scalar multiplication that positive scalar 
multiples of a nonzero vector v have the same direction as 
v, whereas negative multiples have the direction opposite 
of v. In general, two nonzero vectors u and v are parallel if 
there is some scalar c such that u = cv. 

Vectors in Space 
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For example, in Figure 11.21, the vectors u, v and w are  
parallel because u = 2v and w = –v. 

Figure 11.21 

Vectors in Space 
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Vector w has initial point (2, –1, 3) and terminal point  
(–4, 7, 5). Which of the following vectors is parallel to w? 
a.  u =   3, –4, –1  
b.  v =  12, –16, 4 

Solution: 
Begin by writing w in component form. 
w =  – 4 – 2, 7 – (– 1), 5 – 3   =   – 6, 8, 2   
a.  Because u =  3, – 4, – 1  = –    – 6, 8, 2  = –   w,  you can 

conclude that u is parallel to w. 

Example 4 – Parallel Vectors 
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b. In this case, you want to find a scalar c such that 
  12, –16, 4   = c  –6, 8, 2  . 
       12 = –6c      c  = –2   
     –16 =   8c      c  = –2  
         4 =   2c      c  =   2   

Because there is no c for which the equation has a solution, 
the vectors are not parallel. 

Example 4 – Solution 
cont’d 

The Dot Product of Two 
Vectors 
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! Use properties of the dot product of two vectors. 

! Find the angle between two vectors using the 
dot product. 

! Find the direction cosines of a vector in space. 

! Find the projection of a vector onto another 
vector. 

! Use vectors to find the work done by a constant 
force. 

Objectives 
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The Dot Product 

62 

The Dot Product 

You have studied two operations with vectors—vector 
addition and multiplication by a scalar—each of which 
yields another vector. In this section you will study a third 
vector operation, called the dot product. This product 
yields a scalar, rather than a vector. 
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The Dot Product 
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Example 1 – Finding Dot Products 

Given                                      , and                       , find each 
of the following. 

Solution: 
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Notice that the result of part (b) is a vector quantity, 
whereas the results of the other three parts are scalar 
quantities.  

Example 1 – Solution 
cont’d 

66 

Angle Between Two Vectors 
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Angle Between Two Vectors 

The angle between two nonzero vectors is the angle      
!, 0 ! ! ! ", between their respective standard position 
vectors, as shown in Figure 11.24. The next theorem shows 
how to find this angle using the dot product.  

Figure 11.24 
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If the angle between two vectors is known, rewriting 
Theorem 11.5 in the form 

produces an alternative way to calculate the dot product. 

Angle Between Two Vectors 
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From this form, you can see that because " u " and " v " 
are always positive, u . v and cos ! will always have the 
same sign. Figure 11.25 shows the possible orientations of 
two vectors. 

Figure11.25 

Angle Between Two Vectors 
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From Theorem 11.5, you can see that two nonzero vectors 
meet at a right angle if and only if their dot product is zero. 
Two such vectors are said to be orthogonal. 

Angle Between Two Vectors 
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Example 2 – Finding the Angle Between Two vectors 

For u =   3, –1, 2  , v =  –4, 0  ,2  , w =  1, –1, –2  , and 
z =  2, 0, –1  , find the angle between each pair of vectors. 

a. u and v  b. u and w  c. v and z 

Solution: 

       Because u . v < 0, 

72 

Example 2 – Solution 

      Because u . w = 0 , u and w are orthogonal. So, ! = "/2. 

     Consequently, ! = ". Note that v and z are parallel,  
     with v = –2z. 

cont’d 
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Direction Cosines 
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Direction Cosines 

In space it is convenient to measure direction in terms of 
the angles between the nonzero vector v and the three unit 
vectors i, j, and k, and as shown in Figure 11.26.  

Figure 11.26 
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The angles # , $ and % are the direction angles of v, and     
cos #, cos $, and cos % are the direction cosines of v.  

Because 

and 

it follows that cos # = v1/|| v ||. 

Direction Cosines 
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By similar reasoning with the unit vectors j and k, you have 

Direction Cosines 

77 

Consequently, any non zero vector v in space has the 
normalized form 

and because v/|| v || is a unit vector, it follows that 

Direction Cosines 

78 

Example 3 – Finding Direction Angles 

Find the direction cosines and angles for the vector             
v = 2i + 3j + 4k, and show that cos2 # + cos2 $ + cos2 % = 1. 

Solution: 
Because 
you can write the following. 
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Example 3 – Solution 

Furthermore, the sum of the squares of the direction cosines is 

See Figure 11.27. 
Figure 11.27 

cont’d 
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Projections and Vector 
Components 

81 

Projections and Vector Components 

You have already seen applications in which two vectors 
are added to produce a resultant vector. 

Many applications in physics and engineering pose the 
reverse problem—decomposing a given vector into the sum 
of two vector components. 

The following physical example enables you to see the 
usefulness of this procedure. 
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Consider a boat on an inclined ramp, as shown in          
Figure 11.28. The force F due to gravity pulls the boat down 
the ramp and against the ramp. These two forces, w1and 
w2, are orthogonal—they are called the vector components 
of F. 

Figure 11.28 

Projections and Vector Components 
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The forces w1 and w2 help you analyze the effect of gravity 
on the boat. For example, w1 indicates the force necessary 
to keep the boat from rolling down the ramp, whereas w2 
indicates the force that the tires must withstand. 

Projections and Vector Components 

84 
Figure 11.29 

Projections and Vector Components 
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Example 4 – Finding a Vector Component of u Orthogonal to v 

Find the vector component of                    that is orthogonal 
to                 , given that 
                                 and 

Solution: 
Because u = w1 + w2 , where w1 is parallel to v, it follows 
that w2 is the vector component of u orthogonal to v. 
So, you have 
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Example 4 – Solution 

Check to see that w2 is orthogonal to v, as shown in         
Figure 11.30. 

cont’d 

Figure 11.30 

87 

Projections and Vector Components 

The projection of u onto v can be written as a scalar 
multiple of a unit vector in the direction of v .That is, 

The scalar k is called the component of u in the direction    
of v. 

88 

The Cross Product of Two 
Vectors in Space 

11.4 
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89 

! Find the cross product of two vectors in 
space. 

! Use the triple scalar product of three vectors 
in space. 

Objectives 

90 

The Cross Product 
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The Cross Product 

Many applications in physics, engineering, and geometry 
involve finding a vector in space that is orthogonal to two 
given vectors.  

You will study a product that will yield such a vector.  

It is called the cross product, and it is most conveniently 
defined and calculated using the standard unit vector form. 

Because the cross product yields a vector, it is also called 
the vector product. 

92 

The Cross Product 
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A convenient way to calculate u # v is to use the following 
determinant form with cofactor expansion. 

The Cross Product 
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Note the minus sign in front of the j-component. Each of the 
three 2 # 2 determinants can be evaluated by using the 
following diagonal pattern. 

Here are a couple of examples. 

The Cross Product 
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Example 1 – Finding the Cross Product 

Given u = i – 2j + k and v = 3i + j – 2k, find each of the 
following. 
a.  u # v  b. v # u  c. v # v 

Solution: 

96 

Example 1 – Solution 

Note that this result is the negative of that in part (a). 

cont’d 
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The Cross Product 
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The Cross Product 

99 

Both u # v and v # u are perpendicular to the plane 
determined by u and v. One way to remember the 
orientations of the vectors u, v and u # v is to compare 
them with the unit vectors i, j, and k = i # j, as shown in 
Figure 11.36.  

The three vectors u, v and u # v form a right-handed 
system, whereas the three vectors u, v, and v # u form a 
left-handed system. 

Figure 11.36 

The Cross Product 
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Example 2 – Using the Cross Product 

Find a unit vector that is orthogonal to both 
 u = i – 4j + k   and    v = 2i + 3j.  

Solution: 
The cross product u # v, as shown in 
Figure 11.37, is orthogonal to both  
u and v. 

Figure 11.37 
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Example 2 – Solution 

Because 

a unit vector orthogonal to both u and v is 

cont’d 

102 

In physics, the cross product can be used to measure 
torque—the moment M of a force F about a point P, as 
shown in Figure 11.39. If the point of application of the 
force is Q, the moment of F about P is given by 

The magnitude of the moment M measures  
the tendency of the vector        to rotate  
counterclockwise (using the right-hand  
rule) about an axis directed along the  
vector M. 

Figure 11.39 

The Cross Product 
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The Triple Scalar Product 
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The Triple Scalar Product 

For vectors u, v, and w in space, the dot product of  
u and v # w 
               u ! (v # w) 
is called the triple scalar product, as defined in  
Theorem 11.9. 
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If the vectors u, v, and w do not lie in the same plane, the 
triple scalar product u ! (v # w) can be used to determine the 
volume of the parallelepiped (a polyhedron, all of whose 
faces are parallelograms) with u, v, and w as adjacent 
edges, as shown in Figure 11.41. 

Figure 11.41 

The Triple Scalar Product 
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The Triple Scalar Product 
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 Example 5 – Volume by the Triple Scalar Product 

Find the volume of the parallelepiped shown in Figure 11.42 
having u = 3i – 5j + k, v = 2j – 2k, and w = 3i + j + k as 
adjacent edges. 

Solution: 
By Theorem 11.10, you have 

Figure 11.42 

108 

 Example 5 – Solution cont’d 
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A natural consequence of Theorem 11.10 is that the 
volume of the parallelepiped is 0 if and only if the three 
vectors are coplanar.  

That is, if the vectors 

have the same initial point, they lie in the same plane if and 
only if                                                                             

The Triple Scalar Product 

110 

Lines and Planes in 
Space 

Copyright © Cengage Learning. All rights reserved.  
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111 

! Write a set of parametric equations for a line 
in space. 

! Write a linear equation to represent a plane 
in space. 

! Sketch the plane given by a linear equation. 

! Find the distances between points, planes, 
and lines in space. 

Objectives 

112 

Lines in Space 

113 

Lines in Space 

In Figure 11.43, consider the line L through the point      P
(x1, y1, z1) and parallel to the vector                   . 

The vector v is a direction vector for the line L, and  
a, b, and c are direction numbers.  

One way of describing the line L is to  
say that it consists of all points  
Q(x, y, z) for which the vector                                                           
is parallel to v. 

Figure 11.43 114 

This means that      is a scalar multiple of v, and you can 
write      = t v, where t is a scalar (a real number). 

By equating corresponding components, you can obtain 
parametric equations of a line in space. 

Lines in Space 
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If the direction numbers a, b, and c are all nonzero, you can 
eliminate the parameter t to obtain symmetric equations 
of the line. 

Lines in Space 
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Example 1 – Finding Parametric and Symmetric Equations 

Find parametric and symmetric equations of the line L that 
passes through the point (1, –2, 4 ) and is parallel to 

Solution: 
To find a set of parametric equations 
of the line, use the coordinates                                                       
x1 = 1, y1 = –2, and z1 = 4 and direction 
numbers a = 2, b = 4, and c = –4 
(see Figure 11.44). 

Figure 11.44 
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Example 1 – Solution 

    x = 1 + 2t, y = –2 + 4t, z = 4 – 4t 

Because a, b, and c are all nonzero, a set of symmetric 
equations is 

cont’d 
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Planes in Space 

119 

Consider the plane containing the point P(x1, y1, z1) having 
a nonzero normal vector n =            , as shown in       Figure 
11.45. This plane consists of all points Q(x, y, z) for which 
vector      is orthogonal to n.  

Using the dot product, you can write                                              
the following. 

The third equation of the plane is said!
to be in standard form. 

Figure 11.45 

Planes in Space 
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Planes in Space 

By regrouping terms, you obtain the general form of the 
equation of a plane in space. 

Given the general form of the equation of a plane, it is easy 
to find a normal vector to the plane. Simply use the 
coefficients of x, y, and z and write n =            .  
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Example 3 – Finding an Equation of a Plane in Three-Space 

Find the general equation of the plane containing the points 
(2, 1, 1), (0, 4, 1), and (–2, 1, 4). 

Solution: 
To apply Theorem 11.12 you need a point in the plane and 
a vector that is normal to the plane. 

There are three choices for the point, but no normal vector 
is given. 
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Example 3 – Solution 

To obtain a normal vector, use the 
cross product of vectors u and v 
extending from the point (2, 1, 1) to 
the points (0, 4, 1) and (–2, 1, 4), 
as shown in Figure 11.46. 

The component forms of u and v are 

and it follows that!

Figure 11.46 

cont’d 

123 

is normal to the given plane. 

Using the direction numbers for n and the point               
(x1, y1, z1) = (2, 1, 1), you can determine an equation of the 
plane to be!

!a(x – x1) + b(y – y1) + c(z – z1) = 0!
! 9(x – 2) + 6(y – 1) + 12(z – 1) = 0!
! !        9x + 6y + 12z – 36 = 0!
! !          3x + 2y + 4z – 12 = 0.!

cont’d 
Example 3 – Solution 
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Planes in Space 

Two distinct planes in three-space either are parallel or 
intersect in a line. If they intersect, you can determine the 
angle between them from the angle (0 ! ! ! "/2) between 
their normal vectors, as shown in Figure 11.47.  

Figure 11.47 
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Planes in Space 

Specifically, if vectors n1 and n2 are normal to two 
intersecting planes, the angle !  between the normal 
vectors is equal to the angle between the two planes and is 
given by 

Consequently, two planes with normal vectors n1 and n2 
are 
1. perpendicular if n1 ! n2 = 0. 
2. parallel if n1 is a scalar multiple of n2. 

126 

Sketching Planes in Space 
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If a plane in space intersects one of the coordinate planes, 
the line of intersection is called the trace of the given plane 
in the coordinate plane. 

To sketch a plane in space, it is helpful to find its points of 
intersection with the coordinate axes and its traces in the 
coordinate planes.  

Sketching Planes in Space 
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For example, consider the plane given by 

  3x + 2y + 4z = 12. 

You can find the xy-trace by letting z = 0 and sketching the 
line 

         3x + 2y = 12 

in the xy-plane. 

This line intersects the x-axis at (4, 0, 0) and the y-axis at 
(0, 6, 0). 

Sketching Planes in Space 
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In Figure 11.49, this process is continued by finding the     yz-
trace and the xz-trace, and then shading the triangular region 
lying in the first octant.!

Figure 11.49 

Sketching Planes in Space 
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If an equation of a plane has a missing variable, such as   
2x + z = 1, the plane must be parallel to the axis 
represented by the missing variable, as shown in         
Figure 11.50. !

Figure 11.50 

Sketching Planes in Space 
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Sketching Planes in Space 

If two variables are missing from an equation of a plane, it is 
parallel to the coordinate plane represented by the missing 
variables, as shown in Figure 11.51.!

Figure 11.51 132 

Distances Between Points, Planes, 
and Lines 
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This section is concluded with the following discussion of 
two basic types of problems involving distance in space. 

1. Finding the distance between a point and a plane 
2. Finding the distance between a point and a line 

The distance D between a point Q and 
a plane is the length of the shortest line 
segment connecting Q to the plane, 
as shown in Figure 11.52. 

Figure 11.52 

Distances Between Points, Planes, and Lines 
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Distances Between Points, Planes, and Lines 

If P is any point in the plane, you can find this distance by 
projecting the vector       onto the normal vector n. The 
length of this projection is the desired distance.!

135 

Example 5 – Finding the Distance Between a Point and a Plane 

Find the distance between the point Q(1, 5, –4 ) and the 
plane given by 3x – y + 2z = 6. 

Solution: 
You know that                       is normal to the given plane. 

To find a point in the plane, let y = 0 and z = 0 and obtain 
the point P(2, 0, 0). 

The vector from P to Q is given by 
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Example 5 – Solutions 

Using the Distance Formula given in Theorem 11.13 
produces 

cont’d 
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From Theorem 11.13, you can determine that the distance 
between the point Q(x0, y0, z0) and the plane given by        
ax + by + cz + d = 0 is 

or 

where P(x1, y1, z1) is a point in the plane and  
d = –(ax1 + by1

 + cz1).   

Distances Between Points, Planes, and Lines 
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Distances Between Points, Planes, and Lines 
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Surfaces in Space 
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! Recognize and write equations of cylindrical 
surfaces. 

! Recognize and write equations of quadric 
surfaces. 

! Recognize and write equations of surfaces of 
revolution. 

Objectives 
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Cylindrical Surfaces 
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Cylindrical Surfaces 
You have already studied two special types of surfaces. 

A third type of surface in space is called a cylindrical 
surface, or simply a cylinder.  
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Cylindrical Surfaces 
To define a cylinder, consider the familiar  
right circular cylinder shown in Figure 11.56. 

You can imagine that this cylinder is  
generated by a vertical line moving  
around the circle x2 + y2 = a2 in the  
xy-plane. 

Figure 11.56 

Figure 11.56 
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Cylindrical Surfaces 
This circle is called a generating curve for the cylinder, as 
indicated in the following definition. 
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Cylindrical Surfaces 
For the right circular cylinder shown in Figure 11.56, the 
equation of the generating curve is 

 x2 + y2 = a2.                        Equation of generating curve in xy- plane 

To find an equation of the cylinder, note that you can generate 
any one of the rulings by fixing the values of x and y and then 
allowing z to take on all real values. In this sense, the value of 
z is arbitrary and is, therefore, not included in the equation.  

In other words, the equation of this cylinder is simply the 
equation of its generating curve. 

 x2 + y2 = a2                            Equation of cylinder in space 
146 

Cylindrical Surfaces 
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 Example 1 – Sketching a Cylinder 
Sketch the surface represented by each equation. 
a. z = y2  b. z = sin x,  0 ! x & 2" 

Solution: 
a. The graph is a cylinder whose generating  
    curve, z = y2, is a parabola in the yz-plane. 

    The rulings of the cylinder are parallel to  
    the x-axis, as shown in Figure11.58(a). 

Figure 11.58(a) 
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 Example 1 – Solution 
b. The graph is a cylinder generated by the sine curve in 

the xz-plane. 
 The rulings are parallel to the y-axis, as shown in  
 Figure 11.58(b). 

Figure 11.58(b) 

cont’d 
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Quadric Surfaces 
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Quadric Surfaces 
The fourth basic type of surface in space is a quadric 
surface. Quadric surfaces are the three-dimensional 
analogs of conic sections. 
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Quadric Surfaces 
The intersection of a surface with a plane is called the 
trace of the surface in the plane. To visualize a surface in 
space, it is helpful to determine its traces in some well- 
chosen planes. 

The traces of quadric surfaces are conics. These traces, 
together with the standard form of the equation of each 
quadric surface, are shown in the following table. 
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Quadric Surfaces 

153 

Quadric Surfaces 
cont’d 
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Quadric Surfaces 
cont’d 
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 Example 2 – Sketching a Quadric Surface 

Classify and sketch the surface given by  
4x2 – 3y2 + 12z2 + 12 = 0. 

Solution: 
Begin by writing the equation in standard form. 

You can conclude that the surface is a hyperboloid of two 
sheets with the y-axis as its axis. 
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 Example 2 – Solution 
To sketch the graph of this surface, it helps to find the 
traces in the coordinate planes. 

cont’d 
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 Example 2 – Solution 
The graph is shown in Figure 11.59. 

Figure 11.59 

cont’d 
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Surfaces of Revolution 
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Surfaces of Revolution 
The fifth special type of surface you will study is called a 
surface of revolution.  

You will now look at a procedure for finding its equation. 

Consider the graph of the radius function 
 y = r(z)                           Generating curve 

in the yz-plane.  
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Surfaces of Revolution 
If this graph is revolved about the z-axis, it forms a surface 
of revolution, as shown in Figure 11.62.  

The trace of the surface in the plane z = z0 is a circle 
whose radius is r(z0) and whose equation is 
x2 + y2 = [r(z0)]2.      Circular trace in plane: z = z0 

Replacing z0 with z produces an equation  
that is valid for all values of z. 

Figure 11.62 
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Surfaces of Revolution 
In a similar manner, you can obtain equations for surfaces 
of revolution for the other two axes, and the results are 
summarized as follows. 
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a. An equation for the surface of revolution formed by 
revolving the graph of 

 about the z-axis is 

 Example 5 – Finding an Equation for a Surface of Revolution 
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 Example 5 – Finding an Equation for a Surface of Revolution 

b. To find an equation for the surface formed by revolving 
the graph of 9x2 = y3 about the y-axis, solve for x in 
terms of y to obtain 

 So, the equation for this surface is 

 The graph is shown in Figure 11.63. 
Figure 11.63 

cont’d 
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Cylindrical and Spherical 
Coordinates 
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! Use cylindrical coordinates to represent 
surfaces in space. 

! Use spherical coordinates to represent 
surfaces in space. 

Objectives 
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Cylindrical Coordinates 
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The cylindrical coordinate system, is an extension of 
polar coordinates in the plane to three-dimensional space. 

Cylindrical Coordinates 
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To convert from rectangular to cylindrical coordinates (or 
vice versa), use the following conversion guidelines for 
polar coordinates, as illustrated in Figure 11.66. 

Figure 11.66 

Cylindrical Coordinates 



169 

Cylindrical to rectangular: 

Rectangular to cylindrical: 

The point (0, 0, 0) is called the pole. Moreover, because 
the representation of a point in the polar coordinate system 
is not unique, it follows that the representation in the 
cylindrical coordinate system is also not unique. 

Cylindrical Coordinates 
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Convert the point (r, !, z) =               to rectangular 
coordinates. 

Solution: 
Using the cylindrical-to-rectangular  
conversion equations produces 

So, in rectangular coordinates, the point  
is (x, y, z) =       as shown in Figure 11.67. 

Example 1 – Converting from Cylindrical to Rectangular Coordinates 

Figure 11.67 
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Cylindrical Coordinates 

Cylindrical coordinates are especially convenient for 
representing cylindrical surfaces and surfaces of revolution 
with the z-axis as the axis of symmetry, as shown in         
Figure 11.69. 

Figure 11.69 
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Cylindrical Coordinates 

Vertical planes containing the z-axis and horizontal planes 
also have simple cylindrical coordinate equations, as 
shown in Figure 11.70. 

Figure 11.70 
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Spherical Coordinates 
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Spherical Coordinates 

In the spherical coordinate system, each point is 
represented by an ordered triple: the first coordinate is a 
distance, and the second and third coordinates are angles. 

This system is similar to the latitude-longitude system used 
to identify points on the surface of Earth. 
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For example, the point on the                                                                        
surface of Earth whose latitude                                                                     
is 40°North (of the equator) and                                                                     
whose longitude is 80° West                                                                                      
(of the prime meridian) is shown                                                                
in Figure 11.74. Assuming that                                                                     
the Earth is spherical and has a                                                                       
radius of 4000 miles, you would                                                          
label this point as 

Figure 11.74 

Spherical Coordinates 
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Spherical Coordinates 

177 

The relationship between rectangular                                                                                         
and spherical coordinates is illustrated in 
Figure 11.75. To convert from one system                                                                                  
to the other, use the following. 

Spherical to rectangular: 

Rectangular to spherical: Figure 11.75 

Spherical Coordinates 
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To change coordinates between the cylindrical and 
spherical systems, use the following. 

Spherical to cylindrical (r ! 0): 

Cylindrical to spherical (r ! 0): 

Spherical Coordinates 
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The spherical coordinate system is useful primarily for 
surfaces in space that have a point or center of symmetry. 
For example, Figure 11.76 shows three surfaces with 
simple spherical equations. 

Figure 11.76 

Spherical Coordinates 

180 

Example 5 – Rectangular-to-Spherical Conversion 

Find an equation in spherical coordinates for the surface 
represented by each rectangular equation. 
a. Cone: x2 + y2 + z2 

b. Sphere: x2 + y2 + z2 – 4z = 0 

Solution: 
a.  Making the appropriate replacements for x, y, and z in 
    the given equation yields the following. 
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The equation ' = "/4 represents the upper half-cone, and 
the equation ' = 3"/4 represents the lower half-cone. 

Example 5 – Solution 
cont’d 
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Example 5 – Solution 

b. Because                               and                        the given  
equation has the following spherical form. 

   Temporarily discarding the possibility that ( = 0, you have 
the spherical equation 

cont’d 
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Example 5 – Solution 

Note that the solution set for this equation includes a point 
for which ( = 0, so nothing is lost by discarding the factor (. 

The sphere represented by the equation ( = 4cos ' 
is shown in Figure 11.77.  

Figure 11.77 

cont’d 


