
AMS 501 Homework #1

Due: 09/14/2011 in class

1. (10 points) Find the general solutions of the following separable equations. Here, primes denote
derivatives with respect to x,

(a) y′ = e2x+y;

(b) y′ = xy + x+ y + 1.

2. (10 points) (a) Show that the initial value problem yy′ = 1, y(0) = 0 is not well posed by finding two
solutions. (b) Explain why the Picard’s existence theorem does not apply to this problem.

3. (10 points) Suppose that φ(t) is a differentiable function with

φ′(t) ≤ kφ(t) (k > 0)

for t ≥ a.

(a) Multiply both sides by e−kt, then show that

d

dt

(
φ(t)e−kt

)
≤ 0

for t ≥ a.

(b) Show that φ(t) ≤ φ(a)ek(t−a) for t ≥ a.

Note: This result is used in the proof of the uniqueness of solutions of the IVPs, so it can help your
understanding of the Picard’s existence theorem.

4. (20 points) Find the general solutions of the following first-order differential equations, as well as the
corresponding particular solutions for the given initial conditions. Here, primes denote derivatives with
respect to x.

(a) y′ = (1− y) cosx, y(π) = 2.

(b) y′ − 2xy = 3x2 exp(x2), y(0) = 5.

5. (20 points) Consider the following homogeneous second-order linear differential equations. Verify that
y1 and y2 are linearly independent solutions of the differential equations. Then find a particular solution
for the given initial conditions.

(a) y′′ − 10y′ + 25y = 0; y1 = e5x, y2 = xe5x; y(0) = 3, y′(0) = 13.

(b) x2y′′ + 2xy′ − 6y = 0; y1 = x2, y2 = x−3; y(2) = 10, y′(2) = 15.

6. (30 points) Let y1 and y2 be two solutions of

A(x)y′′ +B(x)y′ + C(x)y = 0

on an open interval I, where A, B, and C are continuous and A(x) is never zero.
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(a) Let W =W (y1, y2), the Wronskian of y1 and y2. Show that

A(x)
dW

dx
= (y1)(Ay

′′
2 )− (y2)(Ay

′′
1 ).

Then substitute for Ay′′2 and Ay′′1 from the original differential equation to show that

A(x)
dW

dx
= −B(x)W (x).

(b) Solve this first order equation to deduce Abel’s formula

W (x) = K exp

(
−
ˆ
B(x)

A(x)
dx

)
,

where K is a constant.

(c) Why does Abel’s formula imply that the WronskianW (y1, y2) is either zero everywhere or nonzero
everywhere?
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