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@ Stability of Householder QR

Xiangmin Jiao (SUNY Stony Brook) AMS526: Numerical Analysis | (Numerica



Backward Stability of Householder QR

@ For a QR factorization A = QR computed by Householder
triangularization, the factors @ and R satisfy

QR = A+ A, [6A[l/I[All = O(emachine):

i.e., exact QR factorization of a slightly perturbed A (we will not
prove it in class)

e R is R computed by algorithm using floating points

o However, @ is product of exactly unitary reflectors
Q=0:Q:...Q,

where Q is given by computed ¥, since @ is not formed explicitly
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Backward Stability of Solving Ax = b with QR

Algorithm: Solving Ax = b by QR Factorization
Compute A = QR using Householder, represent @ by reflectors
Compute vector y = Q*b implicitly using reflectors
Solve upper-triangular system Rx = y for x

@ All three steps are backward stable
@ We will prove for backward substitution later

@ Overall, we can show that

(A+DAx=b, [ AA|/IA] = Olemachine)

as we prove next
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Backward Stability of Solving Ax = b with Householder QR
Proof: Step 2 gives

(R+6Q)y =b, 16Q|l = Oemachine)
Step 3 gives
(R+0R)x =y, |I6R|/IIR| = O(€machine)

Therefore,

b=(Q+Q)R+IR)% = [ R+ (GQ)R+ QUGR)+ (5Q)(5R)| %

Step 1 gives

b= |A+6A+(5Q)R+ Q(SR) + (6Q)(6R) | X
AA

where QR = A+ /A
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Proof of Backward Stability Cont'd

QR = A+ 5A where [|5A||/||All = O(€machine): and therefore
IIf\’II |A+ A
< 1@ =22 = 0(1
g <19 1= = oW
Now show that each term in AA is small
I(6Q)R]| IR|
jag = 10Dl = Omachine)
1QUR)|| = ISR|| |R]]
P Q| e = O(€pa g
1GQIER) [0R)]|
A = QI = Olmachine)
Overall,
IAA] _ |I6A] | IGQ)R] | IQER)| | I(6Q)(SR)|
< + + + = O(e :
|A] Al |A] |A] |A] (“machine)

Since the algorithm is backward stable, it is also accurate.
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@ Stability of Back Substitution
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Backward Stability of Back Substitution
@ Solve Rx = b using back substitution

ni - Nm X1 by

'mm Xm bm

e for j = m downto 1

m

xj = (bj — Z Xkrik)/ rij

k=j+1

o Back substitute is backward stable

Furthermore, each component of R satisfies
|drij] 2
gl — ME€machine T O(emachine)

@ We will show in full detail for m = 1,2,3 as well as general m
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Proof for B-S of B-S (m=1)

e For m =1, the algorithm is simply one floating point division. Using
floating-point axiom, we get

by b
X1 = b = — 1 =
X1 1@ N1 f11( +61) r11(1—|—e’1)

, 2
where |€1] < €13 chine @9 €11 < €machine T O(Emachine)

@ Therefore, we solved a perturbed problem exactly:

\(5r11\

lna| —

+ O(é? )

(r11+6r1)% = by with machine

€machine
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Proof for B-S of B-S (m = 2)

@ For m =2, we first solve for X, as before. Then, we compute X;:

by — X 1 1
)?1 - (bl © (;(2 ® I’]_2)) O n1 = ( 1 X2I’12( + 62))( + 63)

(1+ea)

rni
_ b1 — 5'<2r12(1 + 62) _ b; — )?2"12(]- + 62)
ETAERA ri1(1 + 2e5)
where |e2|, |€3], [€a] < € achine and
€5, €4l les| < €machine + O(G?nachine)

@ Again, this is an exact solution to (R + dR)x = b with

el e ] [ 2lesl Jel ] [ 2 1 :
r: I —
" \55222\ - { |1 } < [ 1 ] emachine+o(6machine)
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Proof for B-S of B-S (m = 3)

@ For m = 3, we solve for X3 and X, as before. Then, we compute X;:

Si=ho(en)e (X3®n3)]omn
_ [(bl — )?2!’12(1 + 64))(1 + 65) - )?3/’13(1 + 65)](1 + 67)
r1(1+ eg)
_ by — )?grlg(]. + 64) — )~<3r13(1 + 65)(1 + 6/6)
L+ )T+ )+ )

That is, (R + AR)x = b) with

|6r11] |6r12] [6r13]
|r11| ||5I‘12|| |‘6I‘13|| 3 1 2
10ra2]  [0ras] | . 2 i
[ro2| [r23] = 21 €machine T O(Emachme)
|6r33| 1
|rs3]
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Proof for B-S of B-S (general m)

@ Similar analysis for general m gives pattern

[9R]
|R| < We+ O(e machlne)
where W is (for m = 5)
01111 1 4 01 2 3
0111 1 3012
01 1|+ 1 + 2 01
01 1 10
0 1 0
® k3 °

or

=

w = N
N =N W
=N WS

—
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