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Outline

@ Stability of LU Factorization

Xiangmin Jiao (SUNY Stony Brook) AMS526: Numerical Analysis | (Numerica



Stability of LU without Pivoting

@ For A= LU computed without pivoting

i [0A]]
LU=A+/0A /1 —0 .
FOA gy~ Omachine)
@ This is close to backward stability, except that we have ||L]|||U]|
instead of ||A|| in the denominator

e Unfortunately, ||L|| and ||U]| can be arbitrarily large (even for
well-conditioned A), e.g.,

A 1000 1] [ 1 o0][10% 1
1 1| [10% 1 0 1-10%

@ Therefore, the algorithm is unstable

Xiangmin Jiao (SUNY Stony Brook) AMS526: Numerical Analysis | (Numerica October 30, 2008

3/12



Stability of LU with Partial Pivoting

With pivoting, all entries of L are in [-1,1], so ||L|| = O(1)
To measure growth in U, we introduce the growth factor
= M0 Uil and hence || U]l = O(p||All)

max; j |ajj|’

o We then have PA= LU

1SA] _

LU = PA+ A, —
1A

O(p€machine)

If p = O(1), then the algorithm is backward stable

In fact, p < 2™, so by definition p is a constant but can be very large
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The Growth Factor

e Bad news: p can indeed be as large as 2”1, Consider matrix

1 1 1 0 1 1
-1 1 1 -1 1 0 1 2
-1 -1 1 1 |=] -1 -1 1 0 1 4
-1 -1 -1 1 1 -1 -1 -1 1 0 1 8
-1 -1 -1 -1 1 -1 -1 -1 -1 1 16

where growth factor p = 16 = 2m~1

@ Good news: Large p occurs only for very skewed matrices, so the
probability of large p decreases exponentially in p

@ In practice, p is no larger than O(y/m). However, this behavior is not
fully understood yet

@ In conclusion,

v

Gaussian elimination with partial pivoting is backward stable
In theory, its error may grow exponentially in m
In practice, it is stable for matrices of practical interests

v

v
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@ Cholesky Factorization
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Hermitian Positive-Definite Matrices

Symmetric matrix A € R™*™ is symmetric positive definite (SPD) if

xTAx > 0 for x € R™\{0}

@ Hermitian matrix A € C™*™ is Hermitian positive definite (HPD) if
x*Ax > 0 for x € C™\{0}

o If Ais m x m HPD and X € C™*" has full column rank, then X*AX
is HPD

@ Any principal submatrix (picking some rows and corresponding
columns) of A is HPD and a;; > 0

@ HPD matrices have positive real eigenvalues and orthogonal
eigenvectors

@ Note: Most textbooks only talk about SPD or HPD matrices, but a

positive-definite matrix does not need to be symmetric or Hermitian!
A real matrix A is positive definite iff A+ A' is SPD.
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Cholesky Factorization

o Key idea: take advantage and preserve the properties of symmetry and
positive-definiteness in factorization

@ Eliminate below diagonal and to the right of diagonal
A_ | w* | a 0 o w*/a
S lw K| | w/a 0 K—ww*/ann

_ a 0 1 0 a w'a | .
_[w/a I}[O K—WW*/311:||:0 I ]_RlAlRl

where oo = /a11, where a;;1 >0

e K — ww*/aj; is principal submatrix of HPD A; = RI*AR;l and
therefore is HPD, with positive diagonal entries
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Cholesky Factorization

@ Apply recursively to obtain
A=(RiR;---R;))(Rm---R2R1) = R*R, rij >0

which is known as Cholesky factorization

@ Question: Is R simply “union” of kth rows of Ry (or R* “union” of
kth columns of R})? Yes. Hint: Write R} in a form similar to
L, = I+£kekT in LU

@ Existence and uniqueness: every HPD matrix has a unique Cholesky
factorization

» Exists because algorithm for Cholesky factorization always works for
HPD matrices

> Is unique since once o = ,/ay; is determined at each step, entire
column w/« is determined

» Question: How to check whether a Hermitian matrix is positive
definite? Answer: Run Cholesky factorization and it would succeeds iff
the matrix is positive definite.
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Algorithm of Cholesky Factorization

o Factorize Hermitian positive definite matrix A € C™*™ into A= R*R

Algorithm: Cholesky factorization
R=A
fork=1tom
forj=k+1tom
er:m — er:m — rk’j:mrkj/rkk

iekem < Thkem/\/Tkk

@ Operation count

3 3" atm 2303~ S
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LDL* Factorization

@ Cholesky factorization is sometimes given by A = LDL* where D is
diagonal matrix and L is unit lower triangular matrix

@ It avoids computing square roots

» Unlike Cholesky factorization, LDL* factorization works for Hermitian
matrices that are not positive definite
@ Analogously, LU factorization can also be written as LDU, where U is
then unit upper triangular
@ Question: How is R in A = R*R related to the L and U factors of
A=LU?7
» U= DL" = \/ER, where \/E = diag(\/ d11, vV (1227 RNV dmm)
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Stability
Theorem
The computed Cholesky factor R satisfies

16A] _

R'R=A+0A, —
A

O(e

machine)’

i.e., Cholesky factorization is backward stable

4

o Forward errors in R is ||[R — R||/||R|| = O(k(A)e
be large for ill-conditioned A

machine)'

@ Solve Ax = b for positive definite A

» Factorize A= R*R; Solve R*y = b; Solve Rx =y
» Operation count is ~ m3/3
» Algorithm is backward stable:

[AA]

(A+ AA)X = b, 22— o

Al — €machine)
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