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Conjugate Gradient Method

Algorithm: Conjugate Gradient Method

xo=0,ro=b, py=ro
forn=1t01,2,3,...

an=(rI_1rn-1)/(P_1AP,_1) step length

Xp = Xp—1+ apPp_1 approximate solution
rn="rn_1—anAp,_1 residual
Bo=(r]ra)/(rI 1rn_1) improvement this step
Pr="n~+ BaPn_1 search direction

@ Only one matrix-vector product Ap,_; per iteration

@ Apart from matrix-vector product, #operations per iteration is O(m)

o If A is sparse with constant number of nonzeros per row, O(m)
operations per iteration

@ CG can be viewed as minimization of quadratic function

o(x) = %XTAX — x T b by modifying steepest descent
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An Alternative Interpretation of CG

X0 =
for n
Qp
Xn

Bn
Pn

Algorithm: CG

0, ro=b, pyg=ro
=1t01,2,3,...

= rf_lfn—l/(P,T_lAPn_l)
= Xp-—1 + anpnfl

rn=rn1—a,Ap,

=ryra/(ry_1rn-1)
=r,+ 5npn—1

Algorith
X0 =
for n

Qp
Xn
rn
Bn
Pn

m: A non-standard CG

0, ro=b, py=ro
=1to1,2.3,...

= ’nT—1Pn—1/(PnT_1APn—1)

= Xp-1 + O[npnf]_
= b — Ax,

=—r)Ap, 1/(p]_1Ap, 1)

=r,+ /Bnpn—l

@ The non-standard one is less efficient but

easier to understand

o ltiseasy tosee r,=r,_1 —a,Ap,_; = b— Ax,

o We

need to show:

» «, minimizes ¢ along search direction p,
» «, and (3, are equivalent to those in standard CG
» Minimizing ¢ along p,, also minimizes ¢ within Krylov subspace
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Optimality of Step Length

@ Select step length «, over vector p,_; to minimize
o(x)=32xTAx —xTb
o Let x, =xp_1+ anpp_q,

1
o(xn) = E(Xn—l + anpn—l)TA(Xn—l +anpp_1) = (Xp-1+ anpn_l)Tb

1
= fa,%p,z—_lAp,,_l + a,,p,-,r_le,,,l — a,,p,z—_lb + constant

2
1
= Ea%pnT,lAp,,_l — appl_irn_1 + constant
@ Therefore,
dy T T Prirn-1
=0= A — rno1=0=a,=—— )
da,, OnpPn_1APp—1 — Pp—1rn—-1 Op P,7,—_1AP,,,1

o |n addition, p,llr,,_l = ranlr,,_l because p,_1 = rn—1+ BnPy_o
and r]_ p,_» = 0 due to the following theorem.
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Properties of Conjugate Gradients
Theorem (38.1)

If rn_1 # 0, spaces spanned by approximate solutions x,,, search directions
p,, and residuals r,, are all equal to Krylov subspaces

]Cn = <X17X2,... 7xf7> = <p07p17"'7pn—1>
= <ro,r17...,r,,_1) = <b, Ab,...,An71b>

The residual are orthogonal (i.e., r]r; =0 for j < n) and search directions
are A-conjugate (i.e, p] Ap; =0 for j < n).

This theorem implies that

Qpn = (’Ll’n—l)/(l’zflAPn—ﬂ = ran1Pn—1/(PanlAPn—1)

and
T T T
By = Frntn Iy (l’n_l _anApn—l) _ ro Ap,_1
n— T - T T )
Fo1rn—1 Fn1rn—1 pnflApn—l
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Proof of Theorem 38.1
Prove based on notation of standard CG.

@ Proof of equality of subspaces by simple induction.

e To prove r] r; =0, note that r, = r,_1 — a,Ap,_; and

(Ap,1)T = P, A 5o

T, _ r._.T7 T
r,rj= (r,,_1 - a,,Apn_l) rj=r, 1rj —amp, 1Ar;.

» If j < n—1, then both terms on right are zero by induction.
> If j=n—1 plugin o, = (ry_1rn-1)/(Pr_1AP,_1)

Ar

T T . T Pn_1Arn-1

Pl — QpPp 1 Arj=1F, 1Fn 1 —Fy 1Fh1—F A ,
n—1APn—1

which is zero because

PanlAPnfl = PLlA(’nfl + BaPn_2) = Pan1A’n71

by induction hypothesis.
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Proof of Theorem 38.1 Cont'd

e To prove p] Ap; = 0, note that p, = r, + B,p,_1, SO
n J n

phAp; =r) Ap;+ B.p,_1Ap;.

» If j < n—1, then both terms on right are zero by induction.
» If j=n—1, plugin B, = (rIry)/(r] 1r,_1),

1
roAp; + Bapy 1 AP; = 1] AP,y + — 1T
n

1
= a_r:—(rn + anAp,_1)
1
=—rir1
Qp

=0.
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Optimality of Conjugate Gradients

Theorem (38.2)

If ro_1 # 0, then error e, = x, — X, are minimized in A-norm in IC,,.

Proof.

Consider arbitrary point x = x, — Ax € K,, with error
e=x,—x=e,+ Ax. So

el = (en+ Ax)T A(en + Ax)
= e,Z—Ae,, + AxTAAX + 2e,77_AAx,

where e] AAx = r] Ax = 0 because r, 1 KC,. Since A is SPD,
||e||?4 > ||en||i\ and equality holds iff Ax = 0. O

@ Because K, grows monotonically, error decreases monotonically.
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Rate of Convergence

@ In addition, CG can be studied in terms of polynomial approximation

» It find optimal polynomial p, € P, of degree n with p(0) = 1,
minimizing ||p,(A)eo|| g4 with initial error g = x.

» Convergence results can be obtained from this polynomial
approximation

@ Some important convergence results

» If A has n distinct eigenvalues, CG converges in at most n steps
» If A has 2-norm condition number «, the errors are

llen|la <5 (\/E— 1)
leolla VE+1

n
which is &~ 2 (1 — %) as k — 00. So convergence is expected in

O(/k) iterations.

@ In general, CG performs well with clustered eigenvalues
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