
AMS 526 Homework 2

Due: Monday 10/03 in class

1. (15 points) Consider the matrix

A =

[
2 11
10 5

]
.

(a) By hand calculation, determine a real SVD of A in the form of A = UΣV T . The SVD is not
unique, so find the one that have the minimum number of minus signs in U and V . (Hint:
Compute the eigenvalue decomposition of ATA by hand.)

(b) List the singular values, left singular vectors, and right singular vectors of A.

2. (20 points) Given A ∈ Cm×n, let B = AT (i.e., bij = aji) and C = A∗ (i.e., cij = āji).

(a) Do A, B and C have the same singular values? Prove that the answer is yes or give counterex-
amples.

(b) What are the relationships between the singular vectors of A and B, and between the singular
vectors of A and C?

3. (10 points) Let P ∈ Cm×m be an orthogonal projector. Show that I−P is also an orthogonal projector,
and I − 2P is unitary.

4. (10 points) Consider the matrices

A =

 1 0
0 1
1 0

 , B =

 1 2
0 1
1 0

 .

Answer the following questions by hand calculation.

(a) What is the orthogonal projector P onto range(A), and what is the image under P of the vector
(1, 2, 3)∗?

(b) Answer the same questions for B.

5. (15 points) Let A be an m × n matrix with m ≥ n, and let A = Q̂R̂ be a reduced QR factorization.
Show that A has rank n if and only if all the diagonal entries of R̂ are nonzero.

6. (30 points) Implement both the classical and modified Gram-Schmidt procedures in C. Use each to
generate an orthogonal matrix Q whose columns form an orthonormal basis for the column space of
the n× n Hilbert matrix H, for n = 2, . . . , 12. The Hilbert matrix has entries hij = 1/(i+ j − 1). For
example, a 3× 3 Hilbert matrix has entries 1 1/2 1/3

1/2 1/3 1/4
1/3 1/4 1/5

 .

As a measure of the quality of the results (specifically, the potential loss of orthogonality), plot the
quantity − log10(‖I − QTQ‖F ), which can be interpreted as “digits of accuracy,” for each method

1



as a function of n. In addition, try applying the classical procedure twice (i.e., apply your classical
Gram-Schmidt routine to its own output Q to obtain a new Q), and plot the resulting departure from
orthogonality. How do the three methods compare in speed, storage, and accuracy?
Implement your code by following the template files given on the class website. Submit your C code,
the plots, and your conclusions of the comparative study.
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