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Preconditioning

Motivation: Convergence of iterative methods heavily depends on
eigenvalues or singular values of equation
Main idea of preconditioning is to introduce a nonsingular matrix M
such that M−1A has better properties than A. Thereafter, solve

M−1Ax = M−1b,

which has the same solution as Ax = b
Criteria of M

I “Good” approximation of A, depending on iterative solvers
I Ease of inversion

Typically, a precondition M is good if M−1A is not too far from
normal and its eigenvalues are clustered
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Left, Right, and Hermitian Preconditioners

Left preconditioner: Left multiply M−1 and solve M−1Ax = M−1b
Right preconditioner: Right multiply M−1 and solve AM−1y = b
with x = M−1y
However, if A is Hermitian, M−1A or AM−1 breaks symmetry
How to resolve this problem?

Suppose M is Hermitian positive definite, with M = CC ∗ for some
C , then Ax = b is equivalent to[

C−1AC−∗] (CTx) = C−1b,

where C−1AC−∗ is Hermitian positive definite, and it is similar to
C−∗C−1A = M−1A and has same eigenvalues as M−1A
Example of M = CC ∗ is Cholesky factorization M = RR∗, where R
is upper triangular
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Preconditioned Conjugate Gradient

When preconditioning a symmetric matrix, use SPD matrix M , and
M = RRT

In practice, algorithm can be organized so that only M−1 (instead of
R−1) appears

Algorithm: Preconditioned Conjugate Gradient Method
x0 = 0, r0 = b, p0 = M−1r0, z0 = p0
for n = 1 to 1, 2, 3, . . .

αn = (rT
n−1zn−1)/(pT

n−1Apn−1) step length
xn = xn−1 + αnpn−1 approximate solution
rn = rn−1 − αnApn−1 residual
zn = M−1rn preconditioning
βn = (rT

n zn)/(rT
n−1zn−1) improvement this step

pn = zn + βnpn−1 search direction
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Commonly Used Preconditioners

Jacobi preconditioning: M = diag(A). Very simple and cheap,
might improve certain problems but usually insufficient
Block-Jacobi preconditioning: Let M be composed of
block-diagonal instead of diagonal.
Classical iterative methods: Precondition by applying one step of
Jacobi, Gauss-Seidel, SOR, or SSOR
Incomplete factorizations: Perform Gaussian elimination or
Cholesky factorization but ignore fill
Multigrid (coarse-grid approximations): For a PDE discretized on
a grid, a preconditioner can be formed by transferring the solution to a
coarser grid, solving a smaller problem, then transferring back. This is
sometimes the most efficient approach if applicable
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Partial Differential Equations
Numerical Methods for PDEs

Sparse Linear Systems

Direct Methods
Iterative Methods
Comparison of Methods

Multigrid Methods

Smooth or oscillatory components of error are relative to
mesh on which solution is defined

Component that appears smooth on fine grid may appear
oscillatory when sampled on coarser grid

If we apply smoother on coarser grid, then we may make
rapid progress in reducing this (now oscillatory) component
of error

After few iterations of smoother, results can then be
interpolated back to fine grid to produce solution that has
both higher-frequency and lower-frequency components of
error reduced
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Multigrid Methods, continued

Multigrid methods : This idea can be extended to multiple
levels of grids, so that error components of various
frequencies can be reduced rapidly, each at appropriate
level

Transition from finer grid to coarser grid involves restriction
or injection

Transition from coarser grid to finer grid involves
interpolation or prolongation

Michael T. Heath Scientific Computing 92 / 105



Partial Differential Equations
Numerical Methods for PDEs

Sparse Linear Systems

Direct Methods
Iterative Methods
Comparison of Methods

Residual Equation

If x̂ is approximate solution to Ax = b, with residual
r = b−Ax̂, then error e = x− x̂ satisfies equation
Ae = r

Thus, in improving approximate solution we can work with
just this residual equation involving error and residual,
rather than solution and original right-hand side

One advantage of residual equation is that zero is
reasonable starting guess for its solution

Michael T. Heath Scientific Computing 93 / 105



Partial Differential Equations
Numerical Methods for PDEs

Sparse Linear Systems

Direct Methods
Iterative Methods
Comparison of Methods

Two-Grid Algorithm

1 On fine grid, use few iterations of smoother to compute
approximate solution x̂ for system Ax = b

2 Compute residual r = b−Ax̂

3 Restrict residual to coarse grid

4 On coarse grid, use few iterations of smoother on residual
equation to obtain coarse-grid approximation to error

5 Interpolate coarse-grid correction to fine grid to obtain
improved approximate solution on fine grid

6 Apply few iterations of smoother to corrected solution on
fine grid
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Multigrid Methods, continued

Multigrid method results from recursion in Step 4: coarse
grid correction is itself improved by using still coarser grid,
and so on down to some bottom level

Computations become progressively cheaper on coarser
and coarser grids because systems become successively
smaller

In particular, direct method may be feasible on coarsest
grid if system is small enough
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Cycling Strategies

Common strategies for cycling through grid levels
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Cycling Strategies, continued

V-cycle starts with finest grid and goes down through
successive levels to coarsest grid and then back up again
to finest grid

W-cycle zig-zags among lower level grids before moving
back up to finest grid, to get more benefit from coarser
grids where computations are cheaper

Full multigrid starts at coarsest level, where good initial
solution is easier to come by (perhaps by direct method),
then bootstraps this solution up through grid levels,
ultimately reaching finest grid
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Multigrid Methods, continued

By exploiting strengths of underlying iterative smoothers
and avoiding their weaknesses, multigrid methods are
capable of extraordinarily good performance, linear in
number of grid points in best case

At each level, smoother reduces oscillatory component of
error rapidly, at rate independent of mesh size h, since few
iterations of smoother, often only one, are performed at
each level

Since all components of error appear oscillatory at some
level, convergence rate of entire multigrid scheme should
be rapid and independent of mesh size, in contrast to other
iterative methods
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Multigrid Methods, continued

Moreover, cost of entire cycle of multigrid is only modest
multiple of cost of single sweep on finest grid

As result, multigrid methods are among most powerful
methods available for solving sparse linear systems arising
from PDEs

They are capable of converging to within truncation error of
discretization at cost comparable with fast direct methods,
although latter are much less broadly applicable
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