
AMS 526 Homework 1

Due: Wednesday 09/14 in class.

1. (10 points) Show that if A ∈ Rm×n has rank p, then there exists an X ∈ Rm×p and Y ∈ Rn×p such
that A = XY T , where rank(X) = rank(Y ) = p.

2. (10 points) Show that a triangular orthogonal matrix is diagonal. What are the diagonal entries?

3. (10 points) Show that if R is a nonsingular n × n upper-triangular matrix, then R−1 is also upper-
triangular. Analogously, if L is a nonsingular n × n lower-triangular matrix, then L−1 is also lower-
triangular.

4. (20 points) For each of the following verify the inequality and give an example of a nonzero vector or
matrix (for general m and n) for which equality is achieved. In this problem x is an n-vector and A is
m× n matrix.

(a) ‖x‖∞ ≤ ‖x‖2
(b) ‖x‖2 ≤

√
n‖x‖∞

(c) ‖A‖∞ ≤
√
n‖A‖2

(d) ‖A‖2 ≤
√
m‖A‖∞

5. (10 points) Show that ‖AB‖p ≤ ‖A‖p‖B‖p, where 1 ≤ p ≤ ∞.

6. (10 points) For the 2-by-2 matrix A =

[
w x
y z

]
, derive expressions for σmax(A) and σmin(A) (i.e., σ1

and σ2) as functions of w, x, y, and z.

7. (30 points) Implement two MATLAB functions to perform ABx in two ways: (AB)x and A(Bx),
where A,B ∈ Rn×n. You must write your own functions of matrix-matrix or matrix-vector
multiplications using for loops and scalar operations; do NOT use MATLAB’s built-in
function for matrix-matrix or matrix-vector multiplications. Use MATLAB’s built-functions
tic and toc to measure the runtimes for each n, and plot the runtimes of two functions against n for
n = 50, 100, 200, 400, 800. Submit your completed code and plots to the TA by email. Also submit a
report of an analysis of the numbers of floating point operations required by the two approaches. Does
your analysis correlate well with their actual performances?
(Note: If you are unfamiliar with MATLAB, you can start with the template file on class webpage.)
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