
AMS 311 (Fall, 2013) Joe Mitchell

PROBABILITY THEORY
Homework Set # 5

Due at the beginning of class on Thursday, October 24, 2013. Reminder: Show your reasoning!

Read: Ross, Chapter 5, Sections 5.1–5.5, 5.7. (You may skip section 5.5.1 on hazard rate functions.)

(1). [Related to Example 5b (Ross, Chap 5), and exercises 32, 33 (Ross, Chap 5).] (15 points) The lifetime (in
hours) of a lightbulb is an exponentially distributed random variable with parameter λ = 0.10 (units of hours−1).

(a). What is the probability that the light bulb is still burning one day (24 hours) after it is installed?
(b). Assume that the bulb was installed at noon today and assume that at 3:00pm today you notice that the

bulb is still working. You stick around until 3:30pm, and the bulb is still working when you leave.
(i). What is the chance that the bulb will burn out at some time between 4:30pm and 6:00pm today?
(ii). What is the expected time when the bulb burns out? (again, given that it was still working at 3:30pm today)

(2). (20 points) [Related to Example 1d and Examples 7a, 7b, 7c, 7d (Ross), and exercises 37, 39–41, and theoretical
exercise 29 (Ross, Chap 5). I encourage solution method of Example 1d (from scratch).] Suppose that X has density
fX(x) given below.

fX(x) =
{

x/2 if 0 < x < 2
0 otherwise

Let Y = X2 − 2.
(a). Compute the cdf and the density of Y . (Remember to be very explicit about all cases!) Plot them.
(b). Compute P (Y > 0 | X ≤ 1.8).

(3). (15 points) If Y is uniformly distributed over (0,5), what is the probability that the roots of the equation
4x2 + 4xY + Y + 2 = 0 are both real?

(4). (20 points) [See Example 4b of (Ross) and Exercise 15, (Ross, Chap 5).] Suppose that X is a normal random
variable with parameters µ = 5, σ2 = 49. Using the table of the normal distribution (page 222 in Ross 7th edition),
compute: (a). P{X > 6.1}, (b). P{4 < X < 6.5}, (c). P{X < 8}, (d). P{2X − 6.5 < 10}, (e). P ((X − 6)2 ≤ 1).
Give numerical values for your solutions.

(5). (15 points) Suppose that lifetimes of light bulbs produced by a certain company are modelled as normal random
variables with mean 1000 hours and standard deviation 100 hours. (a). Is this company correct when it claims that
95% of its light bulbs last at least 900 hours? (b). Why is the model of a normal distribution not exactly realistic?

(6). (15 points) Jones figures that the total number of thousands of miles that an auto can be driven before it
would need to be junked is an exponential random variable with parameter 1/20. Smith has a used car that he
claims has been driven only 10,000 miles. If Jones purchases the car, what is the probability that she would get
at least 20,000 additional miles out of it? Repeat under the assumption that the lifetime mileage of the car is not
exponentially distributed, but rather is (in thousands of miles) uniformly distributed over (0,40). Repeat now under
the assumption that the lifetime mileage of the car (in thousands of miles) is Weibull with ν = 10, α = 1, and β = 2.

(Extra Credit). (10 points, but no partial credit: You need to write a complete, clear, detailed, and justified
solution to get the credit. Do this only after you have mastered the other questions.) Let F be the cdf of a
continuous random variable, and let f = F ′ be the pdf. (a) Show that g defined by g(x) = 2F (x)f(x) is also a valid
pdf. (b) Show that h defined by h(x) = 1

2
f(−x) + 1

2
f(x) is also a valid pdf.

PUZZLER PROBLEM (just for your amusement and challenge)
I know two distinct secret numbers: call them X and Y , and assume that X < Y , without loss of generality. You

have no clue how I came up with them. They could be anything (positive, negative, rational, irrational, etc). They
could come from any probability distribution (discrete or continuous). You have no idea. I flip a fair coin. If the
coin shows Heads, I reveal to you the larger number, Y ; if it shows Tails, I reveal to you the smaller number, X. You
do not get to see the result of the coin flip. Your goal is to guess whether the coin was Heads or Tails, based only
on your seeing the one number that I revealed to you. Obviously, if you just decide “Heads” is your guess, without
taking into account the revealed number at all, then you are correct with probability 0.5. But your goal is to be able
to be correct with probability strictly greater than 0.5. Devise a method to do this, and explain your solution.


