
AMS 311 (Fall, 2013) Joe Mitchell

PROBABILITY THEORY
Homework Set # 6

Due at the beginning of class on Thursday, October 31, 2013. Reminder: Show your reasoning!

You do not need to evaluate arithmetic expressions or integrals, if they are fully specified. For example, you may

leave
∫ 0.5

0

∫ 1−x

x
x2eydydx in this form.

Read: Ross, Chapter 6 (Sections 6.1, 6.2); Handouts: (1) Continuous Distributions; (2) Expectation, Moment
Generating Functions, Variance, and Covariance.

(1). (20 points) [See related problems 39-41, Ross (Chap 6). See Examples 1a, 1b.] Suppose that X and Y have
joint mass function as shown in the table below. (Here, X takes on possible values in the set {−2, 1, 3}, Y takes on
values in the set {−2, 0, 2, 3.1}.)

-2 0 2 3.1
-2 .02 .04 .06 .08
1 .03 .06 .09 0.12
3 .05 .1 .15 .2

(a). (6 points) Compute P (|X2 − Y | < 5). (b). (6 points) Find the marginal mass function of X (explicitly)
and plot it. (c). (6 points) Compute var(X2 − Y ) and cov(X,Y ). (d). (2 points) Are X and Y independent?
(Why or why not?)

(2). (20 points) Joe and Estie plan to study together for the AMS311 test. They decide to meet at the library
between 8:00pm and 8:30pm. Assume that they each arrive (independently) at a random time (uniformly) in this
interval. It is possible that someone has to wait up to 30 minutes for the other to arrive.

(a). (12 points) What is the probability that someone (Joe or Estie, whichever arrives first) must wait more than
20 minutes until the other one arrives? What is the probability that Joe waits more than 20 minutes?

(b). (8 points) What is the expected amount of time that somebody (the first person to arrive) waits?
Formulate the problem and solve. Make sure you carefully define the random variables you use!

(3). (25 points) Let X and Y be independent exponential random variables with respective parameters 2 and 3.
(a). (10 points) Find the cdf and density of Z = X/Y .
(b). (5 points) Compute P (X < Y ).
(c). (10 points) Find the cdf and density of W = min{X,Y }.

(4). (35 points) SELECT ONE OF THE FOLLOWING FOUR PROBLEMS TO DO AND TURN IN.
You should understand how to do all four of them, since they provide good practice. [See related Examples 1c, 1d,
1e, 2f, and problems 8-10, 19-23, of Ross (Chap 6).]
(a). Let X and Y have joint density

f(x, y) =

{

c(y2 − x2)e−y if −y ≤ x ≤ y, 0 < y < ∞
0, otherwise.

(i). (5 points) Find c (you may leave unevaluated, if you write it in explicit terms involving an integral).
(ii). (15 points) Compute the marginal densities of X and of Y (be explicit about all cases!).
(iii). (5 points) Compute P (Y > 2X). (iv). (5 points) Compute E(X).
(v). (5 points) Are X and Y independent? JUSTIFY YOUR ANSWER.

(b). Let X and Y have joint density

f(x, y) =

{

c(x + y)2 if 0 ≤ x ≤ 1, and 0 ≤ y ≤ 1;
0, otherwise.

(i). (5 points) Find c (you may leave unevaluated, if you write it in explicit terms involving an integral).
(ii). (15 points) Compute the marginal densities of X and of Y (be explicit about all cases!).
(iii). (5 points) Compute P (Y > 2X). (iv). (5 points) Compute P (|Y − X| < 0.5)
(v). (5 points) Are X and Y independent? JUSTIFY YOUR ANSWER.



(c). Let X and Y have joint density

f(x, y) =

{

cxe−(x+y) if x ≥ 0, y ≥ 0
0, otherwise.

(i). (5 points) Find c (you may leave unevaluated, if you write it in explicit terms involving an integral).
(ii). (15 points) Compute the marginal densities of X and of Y (be explicit about all cases!).
(iii). (5 points) Compute Cov(X,Y ). (iv). (5 points) Compute var(X2 + Y ).
(v). (5 points) Are X and Y independent? JUSTIFY YOUR ANSWER.

(d). Let X and Y have joint density

f(x, y) =

{

cx2y2 if |x| ≤ 1, |y| ≤ 2;
0, otherwise.

(i). (5 points) Find c (you may leave unevaluated, if you write it in explicit terms involving an integral).
(ii). (15 points) Compute the marginal densities of X and of Y (be explicit about all cases!).
(iii). (5 points) Compute Cov(X,Y ). (iv). (5 points) Compute P (X > 0, Y > 0).
(v). (5 points) Are X and Y independent? JUSTIFY YOUR ANSWER.

(Extra Credit: 20 points) [Do this only if you thoroughly understand all other parts of the hw! Your solution
must be clearly and completely written, with full justification: In fact, it should be typed and emailed directly to
me (Joe); it can be turned in up until November 5, 2013.]

Suppose we select a point (X,Y,Z) uniformly at random from a unit ball: {(x, y, z) : x2 + y2 + z2 ≤ 1}.
(a). Give explicitly the joint pdf, fX,Y,Z(x, y, z), of X, Y , and Z.
(b). Give explicitly the joint pdf, fX,Y (x, y), of X and Y .
(c). Find an expression for the marginal pdf of X, as an integral.
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