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Abstract

For the important class of parametrically defined sur-
faces, we present a constructive, adaptive approximation
algorithm that relies only on evaluation of the shape op-
erator at chosen points. Earlier approximations with ε-
nets provided no explicit method for selection of the points
from the manifold. Both approaches utilize previous con-
straints on the distribution of sample points in the mani-
fold to ensure topological correctness of the approximant.
The restriction to parametric surfaces was chosen be-
cause they are pervasive in practical applications in ge-
ometric modeling, computer graphics and scientific visu-
alization. For these applications, the explication of spe-
cific input meshes is crucial, as can now be accomplished.

1. Introduction

For surface approximation algorithm, focus is re-
stricted to C2 parametric surfaces for a constructive,
adaptive algorithm with output that is topologically
equivalent to the original manifold. We denote the sur-
face as S : [0, 1]2 → R3, an embedded compact man-
ifold with boundary. Our main result builds on re-
cent work of Clarkson, Dai et al., and Leibon and
Letscher [7, 9, 13]. These articles give precise, quan-
titative connections between curvature, approximation
quality, and sample set size, but do not yield an effi-
cient construction of the desired sample set. Any prac-
tical algorithmic application of such sample sets ob-
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viously requires an efficient construction, the princi-
pal goal of this article. In particular, we show how to
give bounds on the number of approximating piecewise-
linear (PL) surface elements needed to approximate S,
as a function of root Gauss curvature κ. Given η > 0,
this PL approximant will be everywhere within dis-
tance η of S (as measured by Hausdorff distance) and
have O(η−1(ln η−1)2

∫
S
κ) surface elements; where κ

denotes root Gauss curvature.
Discrepancy theory [14, 15] is used to establish a se-

lection of points from the parameter space [0, 1]2 that
can be used to create the PL of S. These sample sets
are chosen to have sufficiently strong enough pseudo-
random properties to appropriately saturate level sets
of S according to the shape operator. Our asymptotic
dependence upon curvature is tight; our dependence
on the approximation parameter η is tight to within a
log2 factor. Our construction depends on a priori up-
per bounds on both curvature and directional deriva-
tives of curvature. We remark that once these param-
eters are provided, the algorithm evaluates the surface
S and its derivatives at a polynomially-bounded num-
ber of points (in terms of η−1 and maximum curvature)
in order to ultimately construct the sample set.

While stating these important contributions, it may
also be instructive to indicate the design limits of this
approach. This algorithm does not address the qual-
ity of the triangles produced, leaving these important
questions as an open topic of investigation.

2. Related Work

Within the current literature [7], an ε-net of the
manifold with respect to a curvature-related metric was
used to establish an approximation by a Delaunay tri-
angulation [7], extending previous work [11] and [13].
Here, as in our result, triangles are piecewise-linear el-
ements in the Euclidean space in which the surface is
embedded. However, it is unclear how to efficiently con-



struct such an ε-net or, indeed, any approximation to
the net that is sufficient to preserve the size bounds.
While exhaustive methods can be shown produce ε-nets
in this setting [12], they rely on potentially extrava-
gant algorithmic primitives, such as computing a point
of maximum distance from a given family of points in
our setting where computing even a single distance (in
the curvature metric) may be quite expensive. Our con-
structive method yields a sample set with size propor-
tional to η−1(ln(η−1))2; in contrast, the (nonconstruc-
tive) methods of [7] achieve (optimal) size proportional
to η−1. (Recall that η is the resulting guarantee on
Hausdorff distance.)

Many methods for topologically faithful approxima-
tion of manifolds without boundary [3, 5, 4, 6] have
arisen from the seminal paper [2]. These sampling cri-
teria depend upon the medial axis, which has unfor-
tunate computational implications [8]. Those topolog-
ical criteria have been integrated into approximation
methods that are directly relevant [7, 13] to our work.
Two recent methods for topologically faithful approxi-
mations of manifolds with boundary [1, 10] also build
upon these foundations [2], but the work [1] has the ad-
vantage of using an auxiliary geometric construction to
avoid some of the difficulties inherent in computation
of the medial axis.

3. The Approximation

We first describe our notation and setting. We con-
centrate on approximation of embedded surfaces given
by a map S : [0, 1]2 → R3. Here by a surface we
mean a smooth parameterized non-self-intersecting 2-
manifold. We measure curvature by using the Gauss
map, N : S([0, 1]2) → Σ2 where Σ2 denotes the unit
sphere and the map N takes a point to its unit nor-
mal vector.

For each point p ∈ [0, 1]2, the differential of N at
S(p) is a self-adjoint linear map on the tangent space
of S at S(p). By the spectral theorem [16], we can
choose a basis which orthogonally diagonalizes this op-
erator:

Definition 3.1. Let {−→κ1,
−→κ2} be an orthonormal basis

that diagonalizes the differential of N at S(p). We call
−→κ1,
−→κ2 the directions of principal curvature at S(p) and

the eigenvalues κ1, κ2 the principal curvatures at S(p).

Let the shape operator D2 be the matrix, D2S(p),
of linear map dNp with respect to this basis.

Definition 3.2. The operator norm ‖D2S‖op =
max{|κ1|, |κ2|} is called the principal curvature of S
at S(p) and κ =

√
|detD2S| =

√
|κ1κ2| is called the

root Gaussian curvature of S at S(p).

One can view quantities such as κ naturally as func-
tions on S or, of course, as functions on [0, 1]2; we de-
note by κ(p) the Gaussian curvature of S at S(p).

The three constructions [7, 9, 13] follow the same
basic steps, taking as input a set of sufficient sample
density of the manifold. The simplicial triangulation τ
which we utilize as our approximation is similar. This
approximation is formed by taking each geodesic trian-
gle and replacing it with the unique Euclidean trian-
gle having the same vertices. Both works [7, 9] present
analyses for determining the quality of this approxima-
tion.

The primary result we utilize is an estimate on the
Hausdorff distance of the approximation in terms of
its “density”. To be precise, here we recall notation
previously used [7]. The dII(·, ·) is the metric asso-
ciated to the second fundamental form qII given by
qII(S(p);S(q)) = S(p) · hqS(p), i.e., the inner prod-
uct between S(p) and hqS(p) where hq is the shape
operator at q.. Using this form the metric dII(p,p′) =
infσ

∫ b
a

√
qII(σ′(t), σ(t))dt where the infimum is taken

over all paths σ : [a, b]→ R3 where from S(p) to S(p′).

Definition 3.3. Given ε > 0, a set Y ⊂ S is an ε-cover
provided for each point S(p) ∈ S, Y meets

BII
ε (S(p)) = {S(q)|dII(S(p), S(q)) ≤ ε}.

4. Constructing Sample Sets

In this section we describe the construction of our
sample sets in comparison to the ε-covering [7]. The ap-
proximating regions will be inversely proportional to
κ, with appropriate refinements when κ could be zero.
This creates larger elements in regions of lower curva-
ture.

The algorithm We take as input

1. a smooth surface S : [0, 1]2 → R3,

2. an upper bound β on the curvature of the surface
(β ≥ ‖κ‖op),

3. an upper bound Λ on the directional derivative of
curvature and on the first derivative of the mani-
fold (Λ ≥ max{‖∂κ/∂u‖op, ‖∂S/∂u‖2}),

4. a desired tolerance η > 0.

Here ‖ · ‖op denotes operator norm (equal to the abso-
lute value of the largest eigenvalue, in this case), ‖ · ‖2
denotes the normal Euclidean norm on vectors, and η
denotes the desired guarantee in Hausdorff distance be-
tween the surface and the approximant.

Our construction will give a set of sample points in
parameter space X. The sample set to be fed into the
Leibon-Letscher construction is Y = {S(p)|p ∈ X}. In



order to describe the properties we require of the sam-
ple set X, we pause to develop some notation. We will
let hp denote the self-adjoint shape operator of the sur-
face S at p. Let Br be the unit ball of radius r about
the origin and, for p ∈ [0, 1]2, denote by Br(p) ⊂ [0, 1]2

the translate of Br to the point p. For a set S and a lin-
ear operator A denote by A−1S the inverse image of S
under the operator A.

Central to our approximation are sets of the form

h−1
p Bγ(p) := {p + v : ||hp(v)||2 < γ}.

Since hp is orthogonally diagonalizable, this set is an
ellipse oriented along the eigenspaces of hp. For any el-
lipse E with major and minor axes given as vectors
v1,v2, we define

√
E to be the ellipse with major and

minor axes
v1√
‖v1‖

and
v2√
‖v2‖

.

Definition 4.1. Let γ > 0. We define a finite sub-
set X ⊂ [0, 1]2 to be a (h, γ, α)-hitting set provided

that Ep = (
√
h−1
p Bγ(p) ∩ B√

γ/α
(p)) ∩ X 6= ∅ for

every point p ∈ [0, 1]2 with non-zero Gauss curva-
ture. When p ∈ [0, 1] is a point of zero curvature, set
Ep = B√

γ/α
(p).

Given an (h, γ, α)-hitting set X ⊂ I2 we will con-
sider the sample set YX ⊂ S defined as follows

YX = {S(p)|p ∈ X}.

The regions of Definition 3.3 are well defined and hence
Delaunay triangulations exist when

ε ≤ min
{

2inj(S)
5

,
2π
5β

}
,

where inj(S) is the injectivity radius of the manifold
(the injectivity radius at a point y on the manifold
M is half the shortest geodesic loop passing through
y and inj(M) is the infimum of the injectivity radii of
the points on the manifold) and β is an upper bound
on principal curvature of the manifold [13]. The algo-
rithm we use is described below:

Input: A parametric surface S : [0, 1]2 → R3,
0 < η < 1

Output: A triangulation Σ.
Construct a
(h, η/(9Λ2 ln η), (ln(η−1))−1/2)-hitting set
X ⊂ [0, 1]2. Take the sample set
YX = {S(p)|p ∈ X} and build the triangulation
as [7].

Algorithm 1: Outline of algorithm to produce ap-
proximation of surface

The rest of the section is devoted to proving the fol-
lowing main theorem.

Theorem 4.2. Let η be small enough so that
η(ln η−1)4 ≤ 9/(32β5) and so that

η ≤ min{e1/β
2
, 9(inj(S)/5)2, 9(π/5β)2},

The above algorithm produces a triangulation with Haus-
dorff distance no more than η using a vertex set of cardi-
nality at most

C1(Λ)
(ln(η−1))2

η
(1 + o(1))

∫
S

κ.

The next section will give an efficient construction
for (h, γ, α)-hitting sets; as the choice of h, α is con-
sistent throughout, we refer to an (h, γ, α)-hitting set
simply as a γ-hitting set. The next section will describe
the quality of our approximation. We follow this with
a discussion of how to efficiently construct sets suffi-
cient for the approximation, along with upper bounds
on their cardinalities.

Before we describe how to build our hitting sets X
we need to establish an estimate of the sample density
YX . This is easily established by the following lemma.

Lemma 4.3. Assume β < 1/α. Let p be a sample,
Ep be the hitting ellipse for p and q,q′ ∈ Ep. Then
|dII(q,q′)| ≤ (Λ/α)

√
γ.

Corollary 4.4. Consider a γ-hitting set X and the set
YX = {S(p)|p ∈ X}. Then YX is a Λ/α

√
γ-cover.

This establishes that ε = (Λ/α)
√
γ and the follow-

ing fundamental relationship between γ,α and η which
we will use later.

η = 9(Λ/α)2γ. (4.1)

Finally, we describe the construction of the (h, γ, α)-
hitting sets. We first need to select a finite subset {Ak}
to approximate our shape operators.

Lemma 4.5. Let ρ, α > 0. There is an explicit collection
{Ak} of self-adjoint operators such that for each point
p with the eigenvalues of hp in [−β,−α] ∪ [α, β], there
is a k such that ||hpA

−1
k − I||op < ρ that has at most

4(8β ln(β/α)/ρ)3 many points. Furthermore for each p,∣∣{k : ||hpA
−1
k − I||op < ρ}

∣∣ ≤ 18 .

Theorem 4.6. Let S : [0, 1]2 → R3 be a surface
with κ the root Gauss curvature, h the shape operator,
and β > 0 the maximal curvature in absolute value.
Let Λ, α > 0 such that || dduh||op < Λ for any direc-
tion u. Choose γ < α10/(32Λ2β5) and set ρ so that



γ =
(
α3ρ/(4

√
2β3/2Λ)

)2
. Then

|X| ≤ 72
√

2
ln(γ−1)

γ

∫∫
κdλ+

72
√

2
ln(γ−1)

γ
α+

54α3

√
2β3/2Λ

ln(γ−1)
√
γ

+
α

γ
ln
α

γ
.

Then, observe that substituting γ = ηα2/9Λ2 into
Theorem 4.6 and setting α = 1/

√
ln η−1 gives the de-

sired form of Theorem 4.2. The key step in the proof
is to consider the level sets of ||hpAk−1 − I||op where
one can apply Koksma-Hlwaka to relate the number of
sample points in the level set and the discrepancy.

5. Verifying Topology

The following outlined is provided for minor updates
to Algorithm 1 to establish ambient isotopy of the ap-
proximant.

• First, the weaker homeomorphic equivalence can
be established under the nearest neighbor map-
ping when ε < f/4 where f is the local feature
size [9]. This results in a constraint on our hit-
ting set of η = 9ε2 ≤ 9(f/4)2.

• Then, ambient isotopy can be established by en-
suring that the normal distance from S to the
approximant is less than the distance from S to
the medial axis of S [4]. Let χ be d(S,MA(S))
where MA(S) is the medial axis of the surface
S and d(·, ·) is the Euclidean distance. The pa-
per [9] establishes that for an ε-sample the nor-
mal distance (maximal distance from S to the ap-
proximant along normals) is at most 9βε where β
is maximal curvature. So we require 9βε ≤ χ or
ε ≤ χ/(9β). This means that we should require
η ≤ χ2/(9β2).

This is sufficient to demonstrate the ambient iso-
topy, but reliance on the previous works [4, 9] is a prag-
matic convenience, and stronger theorems may be pos-
sible by more careful examination of permissible map-
pings.

6. Conclusions and Future Work

We present a constructive algorithm to adaptive ap-
proximation of C2, single patch parametric surfaces
with explicit topological guarantees for manifolds with-
out boundary. Open questions regarding topological
equivalence remain regarding generalization beyond

the nearest neighbor mappings and for manifolds with
boundary.
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