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Abstract—In this paper we address the problem of scalable and
load balanced routing for wireless sensor networks. Motivated
by the analog of the continuous setting that geodesic routing on
a sphere gives perfect load balancing, we embed sensor nodes
on a convex polyhedron in 3D and use greedy routing to deliver
messages between any pair of nodes with guaranteed success.This
embedding is known to exist by the Koebe-Andreev-Thurston
Theorem for any 3-connected planar graphs. In our paper we
use Ricci flow to develop a distributed algorithm to compute
this embedding. Further, such an embedding is not unique and
differ by one another with a Möbius transformation. We employ
an optimization routine to look for the M öbius transformation
such that the nodes are spread on the polyhedron as uniformly
as possible. We evaluated the load balancing property of this
greedy routing scheme and showed favorable comparison with
previous schemes.

I. I NTRODUCTION

In large scale sensor networks it is critical to balance out
work load on different sensors, to prevent some nodes running
out of battery immaturely. In terms of routing, we hope that the
selected routes are ‘load balanced’ such that the node residual
battery levels are as uniform as possible. Route selection for
load balancing is affected by many parameters such as traffic
pattern, residual battery distribution, and network topology. If
there is a lot of traffic in certain region, we would like to
distribute the traffic load on paths that are relatively spread
out. If there are groups of sensors running low on battery, we
would like routes to avoid these regions as much as possible
and take de-tours on nodes with ample resources.

II. T HEORY AND PIPELINE

Our approach: spherical embedding. For a surface with
positive constant curvature everywhere, i.e., a sphere, the
shortest paths have uniform distribution and greedy routing
(in terms of spherical distance) on the sphere has guaranteed
delivery and perfect load balancing. Motivated by this, we
would investigate the mapping of a sensor network to a
spherical metric. The well-known Koebe-Andreev-Thurston
Theorem describes thespherical embedding of a 3-connected
planar graph: for any such graphG, there exists a pair of
circle packing on a unit sphere, whose intersection graphs are
isomorphic toG and the planar dual ofG respectively. This
spherical embedding realizing the 3-connected planar graph
can be seen as a convex polyhedron with all edges tangent
to the unit sphere. Each vertex is associated with a circle
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Fig. 1. Step 4. Ricci flow

on the sphere. Adjacent vertices have their circles tangentto
each other. See Figure 3 for an example. With the spherical
embedding, it is not hard to see that with the 3D coordinates
of the vertices, a greedy method has guaranteed delivery for
all pairs of vertices, as mentioned in [4]. This greedy method
uses the distance functiond(u, v) = −c(u) · c(v), wherec(u)
is the 3D coordinate ofu. This routing scheme is referred to
aspolyhedron routing in this paper. The circle packing can be
computed with a number of approaches. In this paper we use
a different technique by using discrete Ricci flow. We intersect
the original planar graph and its dual graph to obtain a planar
triangulation and run the Ricci flow algorithm to compute a
pair of circle packings, for the original graph and its dual
simultaneously. Ricci flow, introduced by Richard Hamilton
for Riemannian manifolds [1], modifies the surface metric, in
proportional to Gaussian curvatures, such that the curvature
evolves in the same manner as heat diffusion. It is a powerful
tool for finding a Riemannian metric satisfying the prescribed
Gaussian curvature. For discrete triangulated graph, discrete
Ricci flow is formulated. In this case, we apply Ricci flow
to find the spherical embedding of a given graph, which not
only guarantees delivery but also holds good load balancing
properties.Figure /reffig:graph show the original planar graph
and its overlapped graph, reduced graph. Figure 3 shows a
circle packing result of this graph.

The spherical embedding is not unique and differs from
one another by a Möbius transformation. Thus we further
investigate the load balancing property of this spherical em-
bedding by choosing a proper Möbius transformation. For
the case of uniform traffic pattern and uniform sensor battery
level, one heuristic is to makes the circles at the vertices to
have a similar size.Figure 4 shows the uniform results. Or,
we choose the Möbius transformation such that the area of
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(a) Input graphG; (b) Overlap of tG and G̃; (c) The reduced graph.

Fig. 2. A 3-connected planar graphG is shown in (a), its dual is̃G, the
overlap graphD = G ∪ G̃ is shown in (b). The reduced graph is shown in
(c).
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Fig. 3. The circle packing embedded in the plane and the spherical
presentation of the graph and convex polytope realization in 3D.

the circle at each node is proportional to the residual battery
level. By simulations we show that this idea works well in
practice and compares favorably with previous load balanced
routing schemes that also use greedy routing ideas [3], [5].
Figure 7 shows the comparison routing result between the
uniform optimization and non-uniform with battery concern
optimization.

Last, our scheme falls within the framework of building a
virtual coordinate system for greedy routing in a network [6].
For all the virtual coordinates schemes, one needs to have a
location service such that one can inquire the virtual coordinate
of any other node in the network. Efficient location services
for sensor networks have been developed [7], [2]. Such loca-
tion services can be used in routing with virtual coordinates
developed in this paper. The virtual coordinate addresses in
this case, as in [6], are simple Euclidean coordinates of the
form (x, y, z). The location service keeps the mapping from a
node’s ID and its virtual coordinates. In the following, we first
review related work on the topic of greedy routing and load
balanced routing respectively. Then we introduce the theory
of spherical representation and polyhedron routing. Simulation
results are presented on the performance evaluation.

III. S IMULATIONS

We conducted extensive simulation tests to evaluate routing
properties of our polyhedron routing. It was compared with
previously published methods of curveball routing [5] and
outer space routing [3]. We also include simple greedy routing
as a baseline comparison scheme.

Fig. 4. The spherical embedding before and after the Möbiusoptimization.
Nodes residual battery levels are assumed to be uniform in this case.

A. Curveball and Outer Space Routing

In Curveball routing [5], The entire network is mapped to
a sphere using stereographic projection. A sphereS is placed
with its center coinciding with the center of the network. Then
each nodep in the network is projected to the point onS where
the straight line joiningp with the north pole of the sphere
intersectsS. The network is assumed to be of the shape of a
disk of some radiusR, and the authors suggest using a sphere
of radiusR/1.2.

In Outer Space Routing [3], the network is assumed to be
in the shape of a square in the first quadrant. The size of the
network is then quadrupled by successive reflections in theX
andY axes. Each node is assigned a virtual coordinate with
equal probabilities in the image of the network in one of the4
quadrants. Note that being created by reflections, the rightand
left borders of the quadrupled network correspond to the same
regions of the original network. Similarly, the top and bottom
borders are identified. The quadrupled network therefore has
the topology of a torus.

B. Simulation Results

We carried out several different experiments on balancing
and distributing load in the network. Our main observations
are the following:

• The polyhedron routing is the only one that has 100% de-
livery guarantee. Other methods in consideration perform
progressively worse as the density decreases and number
of holes increase.

• Polyhedron routing is better in distributing loads than
other methods, closely followed by curveball.

• Outer space has morebalanced load in the sense that the
average load in any region of the network is about the
same irrespective of where the region in question lies in
the network. However, this balance comes at the cost of
uniformly high load in every region. That is, outer space
balances the loads by creating high loads everywhere.

• Polyhedron routing is the only method that can adapt to
specific requirements of a network, such as variations in
density and variations in available energy (battery levels)
across the network. In such cases, polyhedron routing can
shift routing paths to take advantage of higher density
or energy levels in specific parts of the network. As the
energy levels change, we can periodically recompute the
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polyhedral embedding to match the current needs of the
network.

The details follow. We first look at routing characteristics,
followed by the load balancing properties. Finally we present
results regarding the computational cost of the embedding
algorithm.

(a) Dense Network. (b) Network with holes. (c) Sparse network.

Fig. 5. Experimental networks. (a) Dense Network. 1850 nodes, avg. degree
14.88 (b) Dense network with large holes. 2100 nodes, avg degree 12.14 (c)
Sparse network. 1774 nodes, avg. degree 3.32.

Delivery Guarantees.Different routing methods have differ-
ent success rates in delivering messages, depending on the
structure of the network. In a simple dense network such as
the one in Figure 5(a), all the methods have100% success rate.
In networks with more complex topology such as Fig 5(b) or
sparse Fig 5(b), the success rates vary. The results are shown
in Table I. This shows that Polyhedron method is the only one

Polyhedron curveball outer space simple greedy
holes(Fig 5(b)) 100% 95.42% 95.76% 93.94%
sparse(Fig 5(c)) 100% 61.14% 50.32% 57.16%

TABLE I
SUCCESS RATES ON NETWORKS SHOWN INFIG 5(B), (C).

with perfect delivery guarantee. Outer space is the worst, this
is because even in routing to nearby nodes, this method can
cause the message to travel a large distance when it goes to
a distant copy of the destination. The longer travel increases
the chances of failure before delivery.

Load balancing becomes difficult to compare when mes-
sages are not delivered. In the rest of this section, we will con-
sider only the dense network in Figure 5(a), where messages
are delivered by all the methods, therefore fair comparisons
can be made.

Load balancing. For a set of5000 random routing attempts,
we monitored the traffic load at each node. The polyhedron
routing comes out superior to others in the experiment. The
detailed results exhibit interesting characteristics of the differ-
ent routing algorithms.

The situation becomes clearer in Figure 6 and Table II. In a
dense network, greedy routing behaves almost like shortest
path routing, therefore has the smallest average load, but
crowds the center, where nodes have high load. Outer space
has more uniform load, but at the cost of increasing the load
for everyone. The average load is80% more than that of
greedy routing. This happens because the outer space protocol
balances load by making messages travel via very long paths.
This drawback is also apparent from the plot 6(b). Curveballis
better than either of the two. Its average load is incrementally
(2%) higher than greedy routing, but still has a crowded center.

Finally, the polyhedron method has slightly higher (6% of
greedy routing) average load, implying it takes paths that are
slightly longer, but makes use of this flexibility to get better
load balancing than curveball (Figure 6(d)).

simple greedy outer space curveball Polyhedron
average load 25.39% 46.65% 25.85% 26.96%

TABLE II
MEAN LOADS ON NODES FOR DIFFERENT ROUTING METHODS.

Route adjustment to battery and density levels.A network
is not always uniform. The density of nodes may vary in
different regions, or as nodes work, the energy consumed
may result in varying levels of battery in different parts of
the network. We consider the network in Figure 7(a), where
battery levels drop from left to right. then we compute a
polyhedral embedding optimized for battery, where nodes with
higher battery are given larger areas, therefore expected to take
up more load. Figure 7(c) shows3 routes as found by poly-

(a) (b) (c)

Fig. 7. Battery based optimization.(a) shows the distribution of battery: levels
decrease left to right. Red indicates lowest battery. Afteroptimizing the routes
in (c) tend to pass through high battery region.

hedral routing when the embedding has been optimized with
respect to battery levels. In this case, the routes clearly tend
to pass through regions of higher battery levels. Figure 7(b)
shows the corresponding routes when the embedding does
not consider battery levels. In this case, the routes are spread
over the network, thereby draining parts with low energy. The
corresponding routes found by curveball routing are similar to
Figure 7(b) and those found by simple greedy routing resemble
straight lines. Therefore both these tend to empty the energy
of already weak nodes on the right. We omit these figures due
to lack of space.

A similar concern is the variation in density. We would
in general like routes to pass through regions of high density
where there are more nodes, so that the load per node is lower.
Figure 8 shows that a dense region in the network can be

(a)Network with a
dense area (shaded

nodes)

(b)Embedding on
sphere: dense region
expands to take up

more space.

(c)Embedding a unifromly
dense network, a region
of same area takes less

space in embedding.

Fig. 8. Embedding optimization w.r.t density.
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Fig. 6. Plots of load distribution.

embedded such that it is larger, therefore handling more routes.
When the network is uniform, a region of similar radius is
smaller in the embedding.
Computation and communication complexity.The embed-
ding algorithm with Ricci flow uses an iterative procedure to
reduce curvature error until the network can be embedded.
Here we evaluated the computational cost and communication
costs of the Ricci flow step. We plotted the reduction in error
against the number of iterations in Figure 9 (a) The number
of vertex is 1500, we can see the error is below1 × 10−3

after 400 iteration steps. And the number of iterations against
the size of the network in Figure 9 (b), we use the error of
1×10−3 to plot this curve. The curvature error drops fast with
respect to the number of iterations.
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Fig. 9. (a) Curvature error Vs. # Iterations. (b) # iterations v.s. network size.

IV. CONCLUSIONS

Polyhedron routing proposed in this paper is the first
method that has both guaranteed delivery and the state-of-
the-art load balancing properties among the family of greedy
routing solutions. The work explores the space of conformal
maps for network embedding and load distribution. How to
rigorously characterize the load balancing property induced
by the spherical representation and what is the limitation of
load balancing by using conformal maps, or by using greedy
embeddings, are interesting open problems arising from this
paper.
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