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Abstract. We propose an algorithm for di-
mensionality reduction on the simplex, map-
ping a set of high-dimensional distributions to a
space of lower-dimensional distributions, whilst
approximately preserving pairwise Hellinger
distance between distributions. By introducing
a restriction on the input data to distributions
that are in some sense quite smooth, we can
map n points on the d-simplex to the simplex
of O(ε−2 logn) dimensions with ε-distortion
with high probability. The techniques used
rely on a classical result by Johnson and Lin-
denstrauss on dimensionality reduction for Eu-
clidean point sets and require the same number
of random bits as non-sparse methods proposed
by Achlioptas for database-friendly dimension-
ality reduction.

1. Introduction

High-dimensional distributions play an important role
in areas where data is represented natively as distribu-
tions or histograms, for example in document processing,
image analysis and speech recognition. The dimension-
ality of these distributions can make computation with
such data sets very expensive. Johnson and Linden-
strauss [7] proved a set of n points in Euclidean space
can be projected to O(ε−2 log n) dimensions with only
ε-distortion of pairwise distances between points. A rel-
atively simple method for finding such a map was given
by Frankl and Maehara [5]. Using their technique, the
map is constructed as a projection to a random set of
orthonormal basis vectors.

A similar technique for dimensionality reduction on
simplices would be very powerful. The Hellinger dis-
tance is a useful measure of disparity between proba-
bility distributions and has geometrical properties that
make it a likely candidate for dimensionality reduction
using Johnson-Lindenstrauss (JL) methods. There exists
a simple map between the d-simplex and the positive or-
thant of the unit d-sphere, with the property that the
Hellinger distance between two points on the simplex is
equal to the chordal (Euclidean) distance between equiv-
alent points on the sphere. Having first used this map
from the simplex to the sphere, we may then apply any of
the standard JL methods for dimensionality reduction to
give an embedding to a low-dimensional space. This easy
approach was considered by Bhattacharya et al. [4]. But
it gives an ε-distortion embedding to a lower-dimensional
Euclidean space with no known mapping back to a low-
dimensional simplex that will preserve Hellinger distance
between points. As a consequence, the points in the
lower-dimensional space admit no probabilistic interpre-
tation and cannot replace the original high-dimensional
data in algorithms that require the input to be sets of
probability distributions.

Two issues prevent us from mapping the dimension re-
duced points back to the simplex. Firstly, the points may
have negative coordinates, putting them outside the pos-
itive orthant. Secondly, the points are no longer guaran-
teed to lie on a unit sphere. This second problem was ad-
dressed in a slightly different form by Agarwal, Phillips,
and Venkatasubramanian [2]. They showed that it is pos-
sible to map n points on a d-sphere to the a sphere of
dimension O(ε−2 log n) with ε-distortion of pairwise ge-
odesic distances between points. The main idea is to do
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JL dimensionality reduction on the data using the stan-
dard embedding of the sphere into Euclidean space and
then normalise the data vectors in the target space. We
prove that the same technique also preserves chordal dis-
tances with ε-distortion. The former issue, that existing
JL methods do not keep points in the positive orthant,
turns out to be a bigger obstacle. A core property in
existing JL map constructions is the use of projection
to random basis vectors in a way that assigns positive
or negative coordinates to data points with equal prob-
ability. But we show that it is possible to construct a
JL-style map that will guarantee that data points orig-
inating in a subset of the positive orthant of the unit
d-sphere, which we call the inner region, are mapped to
the positive orthant of the target sphere. This means we
may project from the subset of the simplex corresponding
to the inner region to a lower-dimensional simplex. Un-
fortunately, the fraction of the positive orthant occupied
by the inner region is decreasing in d.

Our construction requires two other extensions to the
classical JL result. Indyk and Motwani [6], showed that a
JL map can be constructed using projections to random
vectors that are independent rather than orthogonal. In
an important extension, Achlioptas [1] proved that spher-
ical symmetry is not a requirement in the choice of ran-
dom vectors.

2. Definitions and Results

2.1. Dimensionality Reduction in Euclidean Space
with Sign Guarantees. Typical JL-results operate in
on a set P of n data points in Rd and find a map
f : Rd → Rk which approximates all Euclidean pair-
wise distances. Specifically, given a set of points P ⊂ X
in a metric space (X, dX), let f : X → Y map to another
metric space (Y, dY ). Let f(P ) = {f(p) | p ∈ P} be the
image of P under f . We say f(P ) has ε-distortion from
P if there exists a constant c such that for all p, q ∈ P

(1−ε)dY (f(p), f(q)) ≤ c·dX(p, q) ≤ (1+ε)dY (f(p), f(q)).

In this paper we consider several other metric spaces.
Although we often retain the Euclidean metric, we re-
strict to subsets of Rd and Rk. In particular, let Od =
{p ∈ Rd | ∀i p(i) ≥ 0} be the positive orthant of Rd,
where p(i) is the ith coordinate of point p. Also, let
ei ∈ Rd be the unit vector where the ith coordinate is 1
and the rest are 0. Then the (d−1)-dimensional simplex

Md−1 is the convex hull of the d vectors {e1, e2, . . . , ed}.
As mentioned in the Introduction, constructing map-
pings f : Od → Ok or f : Md−1 → Mk−1 with ε-
distortion seems difficult so we define a subset of Od

which we call the inner region Id. Let xc =
(

1√
d
, . . . , 1√

d

)
be the center point of Od. Let θIR = arccos(

√
(d− 1)/d)

be the inner angle. Then we define Id ⊂ Od as all points
p along rays from the origin at an angle of at most θIR
from xc. Note this defines the largest uniform half cone
that is contained within Od.

We are now prepared to state one of our main results.

Theorem 1. Consider a set P ⊂ Od of size n, con-
stants 0 < ε < 1/2 and 0 < δ < 1, and an integer
k = O(ε−2 log(n/δ)). We can construct family F of map-
pings f : Rd → Rk with the following properties.
(1) When f is chosen uniformly from F then f(P ) has
ε-distortion from P with probability at least 1− δ.
(2) f : Id → Od for all f ∈ F .

2.2. Dimensionality Reduction on the Simplex.
The Hellinger distance is a commonly used measure of
distance between distributions. We can think of a dis-
crete distribution µp : V → R+ on a domain V of d ele-
ments such that

∑
v∈V µp(v) = 1 as a point p ∈ Md−1.

The then Hellinger distance between two points p, q ∈
Md−1 is defined

dH(p, q)
2 =

d∑
i=1

(
√
p(i) −

√
q(i))

2.

The positive orthant of the (d − 1)-sphere is Sd−1pos =

Sd−1 ∩ Od. We define a bijective map from the (d − 1)-
simplex, Md−1, to Sd−1pos . Let h : Md−1 → Sd−1pos be defined

h((p(1), . . . , p(d))) = (
√
p(1), . . . ,

√
p(d)).

The map h has a unique inverse h−1 : Sd−1pos → Md−1

given by h−1((q(1), . . . , q(d))) = (q2(1), . . . , q
2
(d)). The re-

striction of the inner region to the positive orthant of
the sphere is ISd−1pos = Id ∩ Sd−1pos , and we define the inner
region of the simplex as IMd−1 = h−1(ISd−1pos ).
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We are now prepared to state our second main result.

Theorem 2. Consider a set P ⊂ IMd−1 of size n, con-
stants 0 < ε < 1/2 and 0 < δ < 1, and an integer
k = O(ε−2 log(n/δ)). We can construct family G of map-
pings g : IMd−1 →Mk−1 such that g(P ) has ε-distortion
from P with probability at least 1 − δ when g is chosen
uniformly from G.

Note: The big-O of Theorem 2 does not hide any ter-
rible secrets; the constants are not much worse than for
regular JL. In fact the bound in Theorem 1 is as good as
the best known results, and it is only certain non-linear
steps in constructing G that introduce larger constants.
The major limitation of this result is the decreasing size
of I as d grows.

3. Analysis

3.1. Euclidean JL maps. JL techniques center around
constructing maps where the mapped coordinates of a
point are dot products with randomly chosen basis vec-
tors. For this to function, it is important to have a large
choice of possible basis vectors with the property that
there are no pathological sets of data points for which

no map will work. It is equally important to choose
basis vectors from a distribution which will ensure that
unbiased estimators of distances between points can be
constructed from the dot products with good concen-
tration bounds. Finding a distribution of random basis
vectors that satisfy these requirements while guarantee-
ing that no points in Id are mapped outside of the Od

is non-trivial. We use the angle θo = arccos(1/
√
d) =

arccos(xc · ei). Then let all unit vectors at an angle θo to
xc be the possible basis set B.

Lemma 3. The angle between a vector v ∈ B and a
vector u ∈ Id is at most π/2.

Our strategy for constructing a JL map f ∈ F is to
pick k random vectors r1, . . . , rk from a special distri-
bution over B. Now define f : Rd → Rk by f(v) =√

d
k (v · r1, . . . , v · rk). Lemma 3 proves that if v ∈ Id,

then f(v) ∈ Ok, since every dot product v · ri will be
non-negative.

In a central technical result, we prove that if we have
a distribution of random unit vectors in Rd in the sub-
space orthogonal to xc, then we may get a distribution
of random unit vectors in B by scaling the unit vectors
in the subspace down and adding a component parallel
to xc. And most importantly, if the distribution of unit
vectors over the subspace is well-behaved in a particular
sense, then the distribution over the B will give rise to
a JL map with good concentration bounds. There are
three requirements for the distribution of random unit
vectors over the subspace.

(1) For a random vector r of the distribution and
a fixed vector v in the subspace, the dot prod-
uct r ·v must be symmetrically distributed about
zero.

(2) (r · v)2 must be an unbiased estimator of ||v||2
up to a scaling factor.

(3) The even moments of r ·v must be less than those
of an appropriately scaled normal distribution.

These requirements are all satisfied by the non-sparse,
database-friendly distribution of random unit vectors
studied by Achlioptas [1], and so by using this distri-
bution over the subspace, we get a set of JL maps which
prove theorem 1.
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3.2. Simplex JL maps. The bijection h defined in sec-
tion 2.2 has the useful property that the Hellinger dis-
tance between two points on the simplex is equal to the
chordal, Euclidean, distance between equivalent points
on the sphere. If we start with a set of points in IMd−1,
using h we may map them to ISd−1pos . Then using the
JL map of Theorem 1, we may map the set of points
to Ok, with ε-distortion under Euclidean distance. The
data points will generally not lie on Sk−1pos after the map-
ping to Ok, but by normalising the corresponding data
vectors, we bring the points back to the Sk−1pos . We prove
bounds on the additional distortion of chordal distances
incurred by this normalisation. Now, using h−1 we may
map the points back to Mk−1, and we thus have a set of
maps that prove Theorem 2.

4. Further Work and Open Questions

The limited size of the inner region Id is the main
problem with the presented result. We are investigating
the possibility of mapping a subset of Sd−1pos larger than
ISd−1pos to ISd−1pos itself, making Theorem 2 applicable to
this larger subset at the expense of incurring additional
distortion. Doing this somewhat efficiently will rely on
choosing a scaling constant c 6= 1 in the ε-distortion def-
inition. Such a choice of scaling constant may not be
appropriate for all applications. Alon [3] proved lower
bounds on the best possible dimensionality reduction in
Euclidean space, showing that existing JL methods are
near-optimal in the number of dimensions they require

to give ε-distortion. In the light of the difficulty of find-
ing good, general simplex dimensionality reduction meth-
ods, it would be interesting to explore the possibility of
finding stronger lower bounds for simplex dimensionality
reduction, both for the case of c = 1 and without this
restriction.
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