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Discrete Laplace-Beltrami Operator Determines
Discrete Riemannian Metric
Xianfeng David Gu†, Ren Guo‡, Feng Luo∗, Wei Zeng§

Abstract

The Laplace-Beltrami operator of a smooth Riemannian manifold is determined by the Riemannian metric.
Conversely, the heat kernel constructed from its eigenvalues and eigenfunctions determines the Riemannian metric.
This work proves the discrete analogy on Euclidean polyhedral surfaces that the discrete Laplace-Beltrami operator
and the discrete Riemannian metric (unique up to a scaling) are mutually determined by each other. Given an
Euclidean polyhedral surface, its Riemannian metric is represented as edge lengths, satisfying triangle inequalities
on all faces. The Laplace-Beltrami operator is formulated using the cotangent formula, where the edge weight is
defined as the sum of the cotangent of angles against the edge. We prove that the edge lengths can be determined
by the edge weights unique up to a scaling using the variational approach. The constructive proof leads to a
computational algorithm that finds the unique metric on a topological triangle mesh from a discrete Laplace matrix.

I. INTRODUCTION

Laplace-Beltrami operator plays a fundamental role in Riemannian geometry [6]. In real applications, a smooth
metric surface is usually represented as a triangulated mesh. The manifold heat kernel is estimated from the discrete
Laplace operator. Discrete Laplace-Beltrami operators on triangulated surface meshes span the entire spectrum of
geometry processing applications, including mesh parameterization, segmentation, reconstruction, compression, re-
meshing [3], [5], [10]. A lot of research has been done on the discretization of Laplace operator and theoretical
convergence analysis [9], [8]. The most well-known and widely-used discrete formulation of Laplace operator over
triangulated meshes is the so-called cotangent scheme, which was originally introduced in [1], [4].

Laplace-Beltrami operator is determined by the Riemannian metric. The heat kernel can be constructed from the
eigenvalues and eigenfunctions of the Laplace-Beltrami operator, conversely, it fully determines the Riemannian
metric (unique up to a scaling). In this work, we prove the discrete analogy to this fundamental fact that the discrete
Laplace-Beltrami operator based on the cotangent scheme [1], [4] is determined by the discrete Riemannian metric,
and also determines the metric unique up to a scaling. In other words, the discrete Laplace-Beltrami operator and
the discrete Riemannian metric are mutually determined by each other. The proof is using the variational approach,
which leads to a practical algorithm to compute a Riemannian metric from a prescribed Laplace-Beltrami operator.

II. PRELIMINARIES AND PROOF OVERVIEW

A. Smooth Case

Suppose (M,g) is a complete Riemannian manifold, g is the Riemannian metric. ∆ is the Laplace-Beltrami
operator. The eigenvalues {λn} and eigenfunctions {ϕn} of ∆ are ∆ϕn = −λnϕn, where ϕn is normalized to be
orthonormal in L2(M). The spectrum is given by 0 = λ0 < λ1 ≤ λ2 ≤ ⋅⋅ ⋅ , λn → ∞. Then there is a heat kernel
K(x,y, t) ∈C∞(M×M×ℝ+), such that

K(x,y, t) =
∞

∑
n=0

e−λntϕn(x)ϕn(y).

Heat kernel reflects all the information of the Riemannian metric g.
Theorem 2.1 ([7]): Let f : (M1,g1)→ (M2,g2) be a diffeomorphism between two Riemannian manifolds. If f is

an isometry, then
K1(x,y, t) = K2( f (x), f (y), t), ∀x,y ∈ M, t > 0. (1)

Conversely, if f is a surjective map, and Eqn. (1) holds, then f is an isometry.
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B. Discrete Case

Definition 2.1 (Polyhedral Surface): An Euclidean polyhedral surface is a triple (S,T,d), where S is a closed
surface, T is a triangulation of S and d is a metric on S whose restriction to each triangle is isometric to an
Euclidean triangle.

Definition 2.2 (Cotangent Edge Weight [1], [4]): Suppose [vi,v j] is a boundary edge of M, [vi,v j] ∈ ∂M, then
[vi,v j] is associated with one triangle [vi,v j,vk], the angle against [vi,v j] at the vertex vk is α , then the weight of
[vi,v j] is given by wi j =

1
2 cotα . Otherwise, if [vi,v j] is an interior edge, the two angles against it are α,β , then

the weight is wi j =
1
2(cotα + cotβ ).

Definition 2.3 (Discrete Laplace Matrix): The discrete Laplace matrix L = (Li j) for an Euclidean polyhedral
surface is given by

Li j =

{ −wi j i ∕= j
∑k wik i = j

.

Because L is symmetric, it can be decomposed as L = ΦΛΦT where Λ = diag(λ0,λ1, ⋅ ⋅ ⋅ ,λn), 0 = λ0 < λ1 ≤ λ2 ≤
⋅⋅ ⋅ ≤ λn, are the eigenvalues of L, and Φ= (ϕ0∣ϕ1∣ϕ2∣ ⋅ ⋅ ⋅ ∣ϕn), Lϕi = λiϕi, are the orthonormal eigenvectors, such
that ϕ T

i ϕ j = δi j.
Definition 2.4 (Discrete Heat Kernel): The discrete heat kernel is defined as K(t) = Φexp(−Λt)ΦT .
The Main Theorem, called Global Rigidity Theorem, in this work is as follows:
Theorem 2.2: Suppose two Euclidean polyhedral surfaces (S,T,d1) and (S,T,d2) are given, L1 = L2, if and only

if d1 and d2 differ by a scaling.
Corollary 2.3: Suppose two Euclidean polyhedral surfaces (S,T,d1) and (S,T,d2) are given, K1(t) = K2(t),∀t >

0, if and only if d1 and d2 differ by a scaling.

Proof: Note that, dK(t)
dt ∣t=0 =−L. Therefore, the discrete Laplace matrix and the discrete heat kernel mutually

determine each other.

C. Proof Overview for Main Theorem 2.2

We fix the connectivity of the polyhedral surface (S,T ). Suppose the edge set of (S,T ) is sorted as E =
{e1,e2, ⋅ ⋅ ⋅ ,em}, where m = ∣E∣, the face set as F , and a triangle [vi,v j,vk] ∈ F as {i, j,k} ∈ F . We denote an
Euclidean polyhedral metric as d = (d1,d2, ⋅ ⋅ ⋅ ,dm), where d : E →ℝ+ is the edge length function, di = d(ei) is the
length of edge ei. Let

Ed(2) = {(d1,d2,d3)∣di +d j > dk}
be the space of all Euclidean triangles parameterized by the edge lengths, where {i, j,k} is a cyclic permutation of
{1,2,3}. In this work, for convenience, we use u = (u1,u2, ⋅ ⋅ ⋅ ,um) to represent the metric, where uk =

1
2 d2

k .
Definition 2.5 (Admissible Metric Space): Given a triangulated surface (S,K), the admissible metric space is

defined as
Ωu = {(u1,u2,u3 ⋅ ⋅ ⋅ ,um)∣

m

∑
k=1

uk = m,(
√

ui,
√

u j,
√

uk) ∈ Ed(2),∀{i, j,k} ∈ F}.
Definition 2.6 (Energy): An energy E : Ωu → ℝ is defined as:

E(u1,u2 ⋅ ⋅ ⋅ ,um) =
∫ (u1,u2⋅⋅⋅ ,um)

(1,1,⋅⋅⋅ ,1)

m

∑
k=1

wk(µ)dµk, (2)

where wk(µ) is the cotangent weight on the edge ek determined by the metric µ .
Lemma 2.4: Suppose Ω ⊂ ℝn is an open convex domain in ℝn, E : Ω → ℝ is a strictly convex function with

positive definite Hessian matrix, then ∇E : Ω → ℝn is a smooth embedding.
We show that Ωu is a convex domain in ℝm, the energy E is convex. According to Lemma 2.4, the gradient of the

energy ∇E(d) : Ω →ℝm, ∇E : (u1,u2 ⋅ ⋅ ⋅ ,um)→ (w1,w2, ⋅ ⋅ ⋅wm) is an embedding. Namely the metric is determined
by the edge weight unique up to a scaling.

III. EUCLIDEAN TRIANGLE

Given a triangle {i, j,k}, three corner angles denoted by {θi,θ j,θk}, three edge lengths denoted by {di,d j,dk}.
In this case, the problem is trivial. Given (wi,w j,wk) = (cotθi,cotθ j,cotθk), we can compute (θi,θ j,θk) by taking
the arctan function. Then the normalized edge lengths are given by

(di,d j,dk) =
3

sinθi + sinθ j + sinθk
(sinθi,sinθ j,sinθk).
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Lemma 3.1: Suppose an Euclidean triangle is with angles {θi,θ j,θk} and edge lengths {di,d j,dk}, angles are
treated as the functions of the edge lengths θi(di,d j,dk), then

∂θi

∂di
=

di

2A
,

∂θi

∂d j
=− di

2A
cosθk, (3)

where A is the area of the triangle.
Lemma 3.2: In an Euclidean triangle, let ui =

1
2 d2

i and u j =
1
2 d2

j then

∂ cotθi

∂u j
=

∂ cotθ j

∂ui
. (4)

Corollary 3.3: The differential form ω = cotθidui + cotθ jdu j + cotθkduk is a closed 1-form.
Definition 3.1 (Admissible Metric Space): Let ui =

1
2 d2

i , the admissible metric space is defined as

Ωu := {(ui,u j,uk)∣(√ui,
√

u j,
√

uk) ∈ Ed(2), ui +u j +uk = 3}.
Lemma 3.4: The admissible metric space Ωu is a convex domain in ℝ3.

Proof: Suppose (ui,u j,uk)∈Ωu and (ũi, ũ j, ũk)∈Ωu, then from
√

ui+
√u j >

√
uk, we get ui+u j+2√uiu j > uk.

Define (uλ
i ,u

λ
j ,u

λ
k ) = λ (ui,u j,uk)+(1−λ )(ũi, ũ j, ũk), where 0 < λ < 1. Then

uλ
i uλ

j = (λui +(1−λ )ũi)(λu j +(1−λ )ũ j) = λ 2uiu j +(1−λ )2ũiũ j +λ (1−λ )(uiũ j +u jũi)

≥ λ 2uiu j +(1−λ )2ũiũ j +2λ (1−λ )
√

uiu jũiũ j = (λ√uiu j +(1−λ )
√

ũiũ j)
2.

It follows

uλ
i +uλ

j +2
√

uλ
i uλ

j ≥ λ (ui +u j +2
√

uiu j)+(1−λ )(ũi + ũ j +2
√

ũiũ j)> λuk +(1−λ )ũk = uλ
k .

This shows (uλ
i ,u

λ
j ,u

λ
k ) ∈ Ωu.

Definition 3.2 (Edge Weight Space): The edge weights of an Euclidean triangle form the edge weight space

Ωθ = {(cotθi,cotθ j,cotθk)∣0 < θi,θ j,θk < π,θi +θ j +θk = π}.
Note that,

cotθk =−cot(θi +θ j) =
1− cotθi cotθ j

cotθi + cotθ j
.

Lemma 3.5: The energy E : Ωu → ℝ

E(ui,u j,uk) =
∫ (ui,u j,uk)

(1,1,1)
cotθidτi + cotθ jdτ j + cotθkdτk (5)

is well defined on the admissible metric space Ωu and is convex.
Proof: According to Corollary 3.3, the differential form is closed. Furthermore, the admissible metric space

Ωu is a simply connected domain. The differential form is exact, therefore, the integration is path independent, and
the energy function is well defined.

Then we compute the Hessian matrix of the energy,

H =−2R2

A

⎡⎢⎢⎢⎣
1

d2
i

− cosθk
did j

− cosθ j
didk

− cosθk
d jdi

1
d2

j
− cosθi

d jdk

− cosθ j
dkdi

− cosθi
dkd j

1
d2

k

⎤⎥⎥⎥⎦=−2R2

A

⎡⎣ (ηi,ηi) (ηi,η j) (ηi,ηk)
(η j,ηi) (η j,η j) (η j,ηk)
(ηk,ηi) (ηk,η j) (ηk,ηk)

⎤⎦ .

Let ni be the perpendicular from the incenter of the triangle and orthogonal to the edge ei. dini+d jn j +dknk = 0,
ηi = ni/rdi,η j = n j/rd j,ηk = nk/rdk, where r is the radius of the incircle of the triangle. Suppose (xi,x j,xk) ∈ ℝ3

is a vector in ℝ3, then

[xi,x j,xk]

⎡⎣ (ηi,ηi) (ηi,η j) (ηi,ηk)
(η j,ηi) (η j,η j) (η j,ηk)
(ηk,ηi) (ηk,η j) (ηk,ηk)

⎤⎦⎡⎣ xi
x j
xk

⎤⎦= ∥xiηi + x jη j + xkηk∥2 ≥ 0.

If the result is zero, then (xi,x j,xk) = λ (ui,u j,uk),λ ∈ ℝ. That is the null space of the Hessian matrix. In the
admissible metric space Ωu, ui+u j +uk =C(C = 3), then dui+du j +duk = 0. If (dui,du j,duk) belongs to the null
space, then (dui,du j,duk) = λ (ui,u j,uk), therefore, λ (ui + u j + uk) = 0. Because ui,u j,uk are positive, λ = 0. In
summary, the energy on Ωu is convex.

Theorem 3.6: The mapping ∇E : Ωu → Ωθ ,(ui,u j,uk)→ (cotθi,cotθ j,cotθk) is a diffeomorphism.
Proof: The energy E(ui,u j,uk) is a convex function defined on the convex domain Ωu, according to Lemma

2.4, ∇E : (ui,u j,uk)→ (cotθi,cotθ j,cotθk) is a diffeomorphism.
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IV. EUCLIDEAN POLYHEDRAL SURFACE

A. Closed Surfaces

Suppose a polyhedral surface (S,T,d) with the admissible metric space and the edge weight (see Section II-B).
Lemma 4.1: The admissible metric space Ωu is convex.

Proof: For a triangle {i, j,k} ∈ F , define

Ωi jk
u := {(ui,u j,uk)∣(√ui,

√
u j,

√
uk) ∈ Ed(2)}.

Similar to the proof of Lemma 3.4, Ωi jk
u is convex. The admissible metric space for the mesh is

Ωu =
∩

{i, j,k}∈F

Ωi jk
u

∩
{(u1,u2, ⋅ ⋅ ⋅ ,um)∣

m

∑
k=1

uk = m},

the intersection Ωu is still convex.
Lemma 4.2: The differential form ω defined on Ωu

ω = ∑
{i, j,k}∈F

ωi jk =
m

∑
i=1

2widui,

is a closed 1-form, where ωi jk on each face is given in Corollary 3.3, wi is the edge weight on ei.
Lemma 4.3: The energy function

E(u1,u2, ⋅ ⋅ ⋅ ,un) = ∑
{i, j,k}∈F

Ei jk(u1,u2, ⋅ ⋅ ⋅ ,un) =
∫ (u1,u2,⋅⋅⋅ ,un)

(1,1,⋅⋅⋅ ,1)

n

∑
i=1

widui

is well defined and convex on Ωu, where Ei jk is the energy on the face, defined in Eqn. (5).
Proof: For each face {i, j,k} ∈ F , the Hessian matrices of Ei jk is semi-positive definite, therefore, the Hessian

matrix of the total energy E is semi-positive definite. Similar to the proof of Lemma 3.5, the null space of the
Hessian matrix H is

kerH = {λ (d1,d2, ⋅ ⋅ ⋅ ,dn),λ ∈ ℝ}.
The tangent space of Ωu at u = (u1,u2, ⋅ ⋅ ⋅ ,un) is denoted by T Ωu(u). Assume (du1,du2, ⋅ ⋅ ⋅ ,dun) ∈ T Ωu(u), then
from ∑m

i=1 ui = m, we get ∑m
i=1 dum = 0. Therefore,

T Ωu(u)∩KerH = {0},
hence H is positive definite restricted on T Ωu(u). So the total energy E is convex on Ωu.

Theorem 4.4: The mapping on a closed Euclidean polyhedral surface ∇E : Ωu →ℝm,(u1,u2, ⋅ ⋅ ⋅ ,un)→ (w1,w2, ⋅ ⋅ ⋅
,wn) is a smooth embedding.

Proof: The admissible metric space Ωu is convex as shown in Lemma 4.1, the total energy is convex as shown
in Lemma 4.3. According to Lemma 2.4, ∇E is a smooth embedding.

B. Open Surfaces

Corollary 4.5: The mapping on an Euclidean polyhedral surface with boundaries ∇E : Ωu →ℝm,(u1,u2, ⋅ ⋅ ⋅ ,un)→
(w1,w2, ⋅ ⋅ ⋅ ,wn) is a smooth embedding.

It can be proven by using double covering technique [2].
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