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Abstract

A configuration of unit cubes in three dimensions with
integer coordinates is called an animal if the boundary
of their union is homeomorphic to a sphere. Shermer
discovered several animals from which no single cube
may be removed such that the resulting configurations
are also animals [6]. Here we obtain a dual result: we
give an example of an animal to which no cube may
be added within its minimal bounding box such that
the resulting configuration is also an animal. We also
present a O(n)-time algorithm for determining whether
a configuration of n unit cubes is an animal.

Keywords: Animal, polyomino, homeomorphic to a
sphere.

1 Introduction

An animal is defined as a configuration of axis-aligned
unit cubes with integer coordinates in 3-space such
that the boundary of their union is homeomorphic to
a sphere. A fundamental question is, given an animal
A1 and an animal A2, can A1 be transformed into A2 by
a sequence of single-cube additions and removals, while
each intermediate step configuration is an animal? This
problem was first communicated by Pach in 1988 at the
Seventh NYU Computational Geometry Day [3, 4], and
has since remained open.

A tentative algorithm for computing such a sequence
is as follows. First reduce A1 to a single cube by re-
movals only, and then expand this single cube into A2

by additions only. Unfortunately this algorithm was
shown by Shermer [6] to be infeasible. He presented
constructions of several animals such that no cube could
be removed while maintaining the configuration as an
animal. Such an animal is said to be irreducible. The
smallest irreducible animal known so far consists of 128
cubes, and can fit inside of a 7× 7× 4 box. It has been
conjectured by Shermer to be the smallest possible ir-
reducible animal, but this has not yet been proven.

Here we study a dual algorithm for transforming A1 to
A2. Consider the smallest axis-aligned box containing
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an animal A. Let A′ be the animal such that there is a
cube at every integer coordinate within the box, i.e., it
is a solid rectangular box containing the given animal.
The algorithm is as follows:

1. Transform A1 to A1
′ by addition only.

2. Transform A1
′ to A2

′.

3. Transform A2
′ to A2 by removal only.

It is easy to see that A1
′ can be transformed to A2

′.
We simply add or remove one layer of A1

′, one cube
at a time. The only question is, can any animal A be
transformed to A′ by addition only? If the answer is yes,
then the third step above is also feasible. As it turns
out, the answer is no, thus our alternative algorithm is
also infeasible.

Our results. In Section 2 we present a construction
of an animal to which no cube may be added within its
minimal bounding box such that the resulting collection
of unit cubes is an animal. Such an animal is said to be
weakly inexpandable. Note that any animal can be ex-
panded by adding a cube, but not always within its min-
imal bounding box. In Section 3, we present a linear-
time algorithm for determining whether a given config-
uration of unit cubes is an animal, a problem which has
not been studied thus far.

Theorem 1 There exists an animal that is weakly in-

expandable.

Theorem 2 Given a configuration C of n unit cubes,

it can be determined in O(n) time whether C forms an

animal.

2 Construction

Consider the animal described in Figure 1. It can be
verified that adding any single cube within the 9×9×6
bounding box yields a collection of cubes that is not
an animal. An automatic verification can be also per-
formed using our implementation of the algorithm we
present in Section 3.

3 Algorithm

Outline. The algorithm is performed in four phases:

1. Initial scan and check for illegal adjacencies.
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Figure 1: The six layers of a weakly inexpandable animal.
Shaded squares represent cells in which cubes are present,
unshaded squares represent empty cells.

2. Identification of twins.

3. Circular list expansion.

4. Crossing pair detection.

The input consists of a list of n unit cubes
C = {C1, . . . , Cn} given by their (center) coordinates:
(xi, yi, zi) is the coordinate of Ci. In phase one, we
first determine the set of (at most 26) other cubes that
are adjacent to Ci, for each i = 1, . . . , n. We then de-
termine the set of boundary faces of the configuration
(those faces that are adjacent to some empty cell). We
then scan the input array for invalid edge-adjacencies,
vertex-adjacencies, and inverse-vertex-adjacencies (de-
scribed in detail below). Each cube has a constant
number of neighbors, and a constant number of com-
binations of these neighbors must be checked for these
potential problems, any of which would preclude the
given configuration from being an animal.

In phases two and three, we construct a circular list
of edges, called fundamental polygon of the boundary of
the configuration of cubes. This fundamental polygon
will help us determine whether the given configuration
has genus > 0, which would indicate that the config-
uration is not homeomorphic to a sphere or if it has
genus = 0, which would indicate that the configuration
is an animal. We represent the fundamental polygon
as a circular list L of edges. Once we have a funda-
mental polygon, phase four of the algorithm determines
the presence (or absence) of holes by finding (or failing
to find) a crossing pair of twins (defined below) in the
overall list.

To construct this list for the entire configuration, we
first construct a list of four edges for each boundary
face. Each small list is oriented in a clockwise direc-
tion as viewed from the interior of the cube to which
the face belongs. These lists will be then merged into

a larger list. Each edge on the boundary of the cube-
configuration is shared by precisely two boundary faces.
As each face has its own list of four edges, there are
exactly two instances of this shared edge. We say that
these two instances form a twin pair of edges, and we
point them to each other. Note that each edge has ex-
actly one twin. The task in phase two is to determine
the twin for each of the edges. Once this is done we
can begin phase three, expanding some initial list of
four edges, one face at a time, until all small lists of the
boundary faces are merged, resulting in a fundamental
polygon in the form of a circular list of edges.

Cubes, faces and edges form a hierarchy and are la-
beled accordingly: Ei,j,k is the kth edge of the jth
face of the ith cube, i ∈ {1, . . ., n}, j ∈ {1, . . ., 6},
k ∈ {1, . . ., 4}. We write T (Ei,j,k) = Ei′,j′,k′ , if Ei′,j′,k′

is the twin of Ei,j,k. Observe that T (T (Ei,j,k)) =
Ei,j,k. A crossing pair of twins is a pair of twins
T (Ei0,j0,k0

) = Ei′
0
,j′

0
,k′

0
and T (Ei1,j1,k1

) = Ei′
1
,j′

1
,k′

1
in

list order Ei0,j0,k0
, Ei1,j1,k1

, Ei′
0
,j′

0
,k′

0
, Ei′

1
,j′

1
,k′

1
. If twin

edges are labeled by the same symbol, a crossing pair
of twins (for symbols a and b) is a subsequence of L

of the form a, b, a, b, where a 6= b. It is known that a
fundamental polygon represents a surface of genus > 0
(resp., = 0), if and only if it contains (resp., does not
contain) a crossing pair of twins. It is also true that
a fundamental polygon containing some adjacent twin
edges is equivalent to a fundamental polygon with those
adjacent edges omitted from the list. See [1] in reference
to these properties.

Using these two properties together gives us a sim-
ple method for determining the existence of a crossing
pair of twins. Search for a pair of twins that are ad-
jacent in the list (if any), remove them, and check the
two edges immediately adjacent to the removed pair.
If these edges are twins, we can remove them as well,
and repeat until the list becomes empty. If the two
edges are not twins, then search the remaining list for
another pair of adjacent twin edges. If such a pair is
found, then repeat the above steps. If no such pair is
found, and the list is non-empty, then there must ex-
ist a crossing pair of twins in the circular list thus the
given configuration is not an animal. If we reach a point
where the list becomes empty, then there cannot have
been a crossing pair of twins in the original list thus the
given configuration is an animal. The whole procedure
takes linear time in the size of the list.

Phase 1. We distinguish several types of cube adja-

cencies. We say that two cubes C1 and C2 are adjacent

if and only if they share either a single vertex, a single
edge, or a single face. Cubes that share a single vertex
are said to be vertex-adjacent, cubes that share a single
edge are said to be edge-adjacent, and cubes that share
a face are said to be face-adjacent.

If a configuration of unit cubes contains a pair of edge-
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adjacent cubes C1 and C2, then the configuration is an
animal only if there is a face-adjacent path of cubes of
length 2 from C1 to C2; see Figure 2. If a configuration

Figure 2: An illegal edge adjacency (left), and the two min-
imal legal edge adjacencies (middle and right).

of unit cubes contains a pair of vertex-adjacent cubes
C1 and C2, then the configuration is an animal only if
there is a face-adjacent path of cubes of length 3 from
C1 to C2; see Figure 3.

Figure 3: An illegal vertex-adjacency (top), and the six
minimal legal vertex-adjacencies.

There is one more type of adjacency that we refer to
as the inverse-vertex-adjacency. Two empty cells are
inverse-vertex-adjacent if and only if they share a single
vertex. There is only one situation where inverse-vertex-
adjacency is illegal: in a 2 × 2 × 2 block of cells, if only
two of the cells are empty and inverse-vertex-adjacent;
see Fig 4.

Given any cube along with its adjacent cubes, it is
easy to determine, in constant time, if all of the above
conditions are met. Since the input configuration con-
sists of n cubes, Phase 1 takes O(n) time.

Phases 2,3,4. The remainder of the algorithm makes
use of the concept of fundamental polygon from geomet-
ric topology; see [1, pp. 60–61].

Figure 4: Two views of the illegal inverse-vertex-adjacency
configuration.

Definition 1 [1, p. 61]. A fundamental polygon is

an even-sided convex polygon in the plane, whose edges

are ordered clockwise. If D is a fundamental polygon, a

gluing scheme S for the edges of D is a labeling of each

edge of D, where each letter used in the labeling appears

on precisely two edges.

b

a a

b

a a

Figure 5: A simple fundamental polygon (left), the result
(a cylinder) of gluing the twin edges labeled b (middle), and
the final surface (a torus) obtained by then gluing the twin
edges labeled a (right) [1, p. 61].

By the following theorem, we can construct a funda-
mental polygon for the boundary of a connected config-
uration of unit cubes without any illegal adjacencies.

Theorem 3 [1, p. 64]. (i) Let D be a fundamental

polygon, and let S be a gluing scheme for the edges of

D. Then there is a surface Q ⊂ R
d that is obtained

from D and S.

(ii) Let Q ⊂ R
d be a compact connected surface. Then

there is a fundamental polygon D and a gluing scheme

S for the edges of D such that Q is obtained from D

and S.

We now give a more detailed description of phases 2, 3
and 4. We start by examining each boundary face of the
configuration. Our objective at this stage is to identify
and label every pair of twin edges uniquely. This can
be done in linear time, as each cube has at most six
boundary faces, each boundary face has exactly four
edges, and the twin of each edge instance must be in
one of three possible locations; see Figure 6.

Once the boundary edges have been labeled, we begin
constructing a fundamental polygon for the configura-
tion of unit cubes, by using breadth-first search. This
is illustrated in Figure 7 on a small example.

Start with any boundary face, say Fi0,j0 , and mark
this face as visited. Insert the edges of Fi0,j0 into a
circular list in clockwise order. Examine each of the
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Figure 6: The three possible locations of a twin edge.

Figure 7: The first five steps in the expansion phase of the
algorithm.

twins of the edges of Fi0,j0 . For instance, say we exam-
ine T (Ei0,j0,k0

) = Ei1,j1,k1
. Ei1,j1,k1

belongs to bound-
ary face Fi1,j1 . Replace Ei0,j0,k0

in our circular list
with a sequence of edges: those of Fi1,j1 , except for
Ei1,j1,k1

, in clockwise order starting with the edge fol-
lowing Ei1,j1,k1

. The replacement and insertion of edges
can be easily done in constant time if we maintain point-
ers from the edges to nodes of a circular linked list.
Mark Fi1,j1 as visited, and continue examining the twins
of the edges of Fi0,j0 . As we are doing a breadth-first
search of the boundary faces, we also insert Fi0,j0 into
a queue so that we know to examine its edges later. It
should be clear that if T (Ei′,j′,k′) belongs to a visited
face, we return to the face containing Ei′,j′,k′ without
doing anything, and proceed to the next edge. Let L

denote the circular list (representing the fundamental
polygon) obtained. Observe that L has even size, and
|L| = 2m = O(n). Identification of twins and circular
list expansion (Phases 2 and 3) take O(n) time.

Once the search is complete, we scan for unvisited
faces. The existence of any such face implies that there
are at least two connected components of cubes in the
given configuration, and that it is therefore not an an-
imal. Once again, this test can easily be done in O(n)
time. Should it happen that all faces have been visited,
we then have a fundamental polygon, in the form of a
circular list with an even number of edges. Recall that a
fundamental polygon represents a surface of genus > 0
(resp., = 0), if and only if it contains (resp., does not
contain) a crossing pair of twins. Finally, with the as-
sistance of Lemma 4 below, we can determine whether
the boundary of the given configuration of unit cubes
has genus 0 or genus > 0.

A sequence a1a2 . . . of integers between 1 and m is
called an (m, d)-Davenport-Schinzel sequence, if (i) it
has no two consecutive elements which are the same,
and (ii) it has no alternating subsequence of length d+2,
i.e., there are no indices 1 ≤ i1 < i2 < . . . < id+2 such

that

ai1 = ai3 = ai5 = . . . = a, ai2 = ai4 = ai6 = . . . = b,

where a 6= b. Let λd(m) denote the maximum length of
an (m, d)-Davenport-Schinzel sequence (see [2, 5]. Ob-
viously, we have λ1(m) = m, and it is known that
λ2(m) = 2m−1, for every m (λd(m) is super-linear in m

for d ≥ 3). Here we are only interested in the (simple)
case d = 2, i.e., in the equality λ2(m) = 2m − 1.

Lemma 4 Either there exist two consecutive elements

in L that are the same, or L has at least one crossing

pair of twins.

Proof. Observe that the circular list L has a crossing
pair of twins if and only if any linear list derived from
it (by breaking the circular list arbitrarily) has a sub-
sequence of the form a, b, a, b, where a 6= b. Recall that
L has length 2m and consists of m distinct symbols,
and each symbol appears twice. Then either there exist
two consecutive elements in L that are the same and we
are done, or no two consecutive elements are the same.
In the latter case, we either (i) can find a subsequence
of the form a, b, a, b, with (a 6= b), that is, a crossing
as defined above, and we are done; or (ii) there is no
such subsequence, hence L forms an (m, 2)-Davenport-
Schinzel sequence. However, since |L| = 2m, this would
contradict the equality λ2(m) = 2m − 1 given above.
In other words, (ii) is impossible and this concludes the
proof. �

As mentioned in the outline of the algorithm, crossing
pair detection (Phase 4) takes O(m) = O(n) time. So
the entire algorithm takes time O(n).
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