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1 Introduction

It is a long open problem to combinatorially character-
ize the 3D bar-joint rigidity of graphs. The problem is
at the intersection of combinatorics and algebraic ge-
ometry, and crops up in practical algorithmic applica-
tions ranging from mechanical computer aided design to
molecular modeling.

The problem is equivalent to combinatorially deter-
mining the generic rank of the 3D bar-joint rigidity ma-
trix of a graph G. The k-dimensional bar-joint rigid-
ity matrix of a graph G = (V,E), denoted R(G), is a
matrix of indeterminates p1(v), p2(v), . . . pk(v). These
represent the coordinate position p(v) ∈ R

k of the joint
corresponding to a vertex v ∈ V . The matrix has one
row for each edge e ∈ E and k columns for each ver-
tex v ∈ V . The row corresponding to e = (u, v) ∈ E

represents the bar from p(u) to p(v) and has k non-zero
entries p(u)− p(v) (resp. p(v)− p(u)), in the k columns
corresponding to u (resp. v).

A subset of edges of a graph G is said to be indepen-
dent (we drop “bar-joint” from now on) in k-dimensions,
when the corresponding set of rows of R(G) are gener-
ically independent. This yields the 3D rigidity matroid
associated with a graph G. The graph is rigid if the
number of generically independent rows or the rank of
R(G) is maximal, i.e., k|V | −

(

k+1
2

)

, where
(

k+1
2

)

is the
number of rotational and translational degrees of free-
dom of a rigid body in Rk [2]).

Clearly, the number of edges of G is a trivial upper
bound on the generic rank of R(G). Thus, a graph is
independent in k dimensions only if |E| does not ex-
ceed k|V | −

(

k+1
2

)

; and this should be true of every
induced subgraph. This is called Maxwell’s condition
in k dimensions, and we call such graphs G Maxwell-
independent in k dimensions. In other words, Maxwell’s
condition states that for any subset of edges of G, inde-
pendence implies Maxwell-independence.

In 2D, the famous Laman’s theorem states that the
converse is also true. I.e., Maxwell-independence im-
plies independence. So, in 2D, the Maxwell-independent
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Figure 1: The left subfigure consists of two K5’s inter-
secting on an edge. The middle subfigure and the right
subfigure are two maximal Maxwell-independent sets of
the left subfigure and they have different sizes (the mid-
dle is 18 and the right is 17) .

subsets of edges define the same matroid as the rigid-
ity matroid given by the independent subsets of rows of
the rigidity matrix. Thus the rank of the 3D rigidity
matroid of a graph G is exactly the size of a maximal,
Maxwell-independent subset of edges (here, by maximal
we mean that no edge can be added without violating
Maxwell-independence). Thus all maximal Maxwell-
independent subsets of edges of G must have the same
size.

In 3D, however, different maximal, Maxwell-
independent subsets of a graph in 3D may have dif-
ferent sizes, see Figure 1. I.e, in 3D, the set of Maxwell-
independent subsets of edges does not form a matroid.
Clearly, any maximal independent set of edges of G is
itself Maxwell-independent, so the rank of the rigidity
matroid of a graph is at most the size of some maximal
Maxwell-independent subset of edges and this general-
izes to any dimension. But this reduces to the trivial up-
per bound of number of edges, for Maxwell-independent
graphs G. For other special classes graphs such as
graphs of bounded degree, graphs that satisfy certain
covering conditions etc., somewhat better bounds are
known [4, 3].

This leads to the following natural questions that were
posed in [6] concerning rank of 3D rigidity matroids.

Question 1: Does every maximal, Maxwell-
independent set of a graph have size at least the rank?
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Question 2: Is there a better combinatorial up-
per bound (than the number of edges) for Maxwell-
independent graphs?

1.1 Contributions and Organization

Our main results, Theorem 1, Theorems 4 and Theo-
rem 5 are affirmative answers to both questions. The
bounds for Question 2 use natural inclusion-exclusion
formulae on the ranks for certain type of subgraphs and
give arbitrarily better bounds than existing bounds in
[4, 3] for large classes of graphs that are based on recent
constructions in [1]. The last theorem yields a signifi-
cantly simpler proof of correctness of an existing divide-
and-conquer algorithm [5], that decomposes a Maxwell-
independent graph recursively in order to upper bound
the 3D rigidity matroid rank.

2 Results

In this section, we prove the following main theorem.

Theorem 1. Let M be a maximal Maxwell-independent
set of a graph G = (V,E) and I a maximal independent
set of G. Then |M| ≥ |I|.

The proof requires a few definitions.

Definition 1. The Maxwell count for a graph G =
(V,E) in k dimensions is k|V | − |E|. G is said to
be Maxwell-rigid in k dimensions, if there exists a
Maxwell-independent subset E⋆ ⊆ E such that the
Maxwell count of G∗ = (V,E∗) is at most

(

k+1
2

)

. A
subgraph G′ = (V ′, E′) induced by V ′ ⊆ V is said to be
a vertex-maximal, Maxwell-rigid, component of G if it
is Maxwell-rigid and there is no superset of V ′ that also
induces a Maxwell-rigid subgraph of G.

Proof. Here we give the high level roadmap of the proof:
both the intuitive idea, as well as formal argument of
how the theorem follows from various observations and
lemmas, whose statements and proofs are given later in
the section. See Figure 2.

Note. We use M to refer to both the set of edges M
over a vertex set V and the graph (V,M) interchange-
ably, when the vertex set V is clear from the context. In
general, by rank(G), we refer to the rank of the rigidity
matrix of G.
First, notice that if M is itself independent, we are

done. Similarly, if M is maxwell-rigid, we are done,
since |M| = 3|V | − 6 ≥ rank(G) = |I|.

Let IM with |IM| = rank(M) be a maximal indepen-
dent set of M. Without loss of generality, let IM ⊆ I.
See Figure 3. The edges in M \ IM are dependent
and define independent rigidity circuits in M. On

the other hand, by the maximality of the Maxwell-
independent set M each edge e in A =def I \IM causes
a Maxwell-dependence when added to M: specifically,
some Maxwell-rigid, vertex-induced subgraph M′ of M
has Maxwell count greater than 6 after adding e. How-
ever, since e itself is independent of M, this points to a
rigidity circuit already present in M, specifically in M′.

Thus, in order to show |M| ≥ |I|, we can use a 2-step
process to show that M\ IM ≥ A = I \ IM.
Step 1 demonstrates a bijection from A to a subset

of Maxwell-dependences in I ∪ M. We achieve this
in Observation 1, showing that A partitions into ∪iAi,
where each Ai is contained in a unique, vertex-maximal,
Maxwell-rigid component Mi of M, with vertex set Vi.
Thus we get

∑

i

|Ai| = |A| = |I \ IM|.

Thus each e ∈ A causes exactly one vertex-maximal
Maxwell-dependence, depending on which Ai it belongs
to. The vertex-maximal, Maxwell-dependences corre-
sponding to Ai are denoted MD(Mi) in Figure 4.
Step 2 is to demonstrate an injective map from these

vertex-maximal Maxwell-dependences MD(Mi) to in-
dependent circuits in M. I.e, we would like to show
that

|M \ IM| ≥
∑

i

|Ai|.

Since all edges in A are independent of M, it follows
that Ai ⊆ A is independent of Mi ⊆ M and together
we get Ai+ rank(Mi) ≤ 3|Vi| − 6, which we know to
be |Mi|, since each Mi is Maxwell-rigid. Thus the
|MD(Mi)| is equal to |Ai| ≤ |Mi|− rank(Mi), which in
turn is the number of independent circuits in Mi. Let
us call this statement Step 2(a):

|Mi| − rank(Mi) ≥ |Ai|.

In other words, within each Mi, Step 2 is already com-
plete.

All that is left to prove is Step 2(b) that

|M| − rank(M) ≥
∑

i

(|Mi| − rank(Mi))

The left hand side is equal to the number of independent
circuits in M and the right hand side is the sum of all
the independent circuits in theMi’s. This together with
Step (2a) and Step (1) implies that

|M \ IM| ≥
∑

i

|Ai| = |A| = |I \ IM|

thus proving the theorem.

To show Step 2(b), again we use a two-step process.
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Step 2(b)(i) is an inclusion-exclusion principle to ob-
tain |M| from the |Mi|’s, proved in Observation 1. This
uses the natural, so-called strong, 2-thin cover prop-
erty (defined later) of the set XM of vertex-maximal,
Maxwell-rigid components Mi. Let H(XM) denote the
union of all edges e that lie in some pairwise intersection
Mi∪Mj . For each such e, let ne be the number of Mi

that contain e. By Observation 1, we obtain that

|M| =
∑

i

|Mi| −
∑

e∈H(XM)

(ne − 1)

.
Step 2(b)(ii) is another inclusion-exclusion principle

shown in Theorem 4. Here we obtain the rank of M
from the ranks of the Mi’s:

rank(M) ≤
∑

i

rank(Mi)−
∑

e∈H(XM)

(ne − 1).

Clearly Step 2(b) follows by combining Step 2(b)(i) and
Step2(b)(ii) thus completing the proof of the theorem.

Note. The most challenging part is showing the rank
inclusion-exclusion for Step 2(b)(ii), given in Theorem
4. This is of independent interest, since it gives the first
nontrivial upper bound on the 3D rigidity matroid rank,
for Maxwell-independent graphs. To show Theorem 4,
we (constructively) show, in Lemma 3, the existence of
an Independence assignment for the collection XM of
vertex-maximal, maxwell-rigid components of M. This
is a collection of independent sets Ii for the Mi in XM,
with a special structure. This is achieved by showing
another independently interesting property of Maxwell-
independent graphs in Theorem 2. To prove this final
theorem, we introduce the concept of a component graph
of XM; then we show using Observation 1 that Maxwell-
independent graphsM have an interesting class of com-
ponent graphs; finally, using Observation 2, we show
that these component graphs generalize partial 9-trees
and Henneberg constructions of type I. Theorem 2 per-
mits us to construct the independence assignment for
Lemma 3. See Figure 4.

We begin with Observation 1. First we define 2-thin
and strong 2-thin covers. These are natural concepts
that have been used by many others.

Definition 2. A cover of a graph G = (V,E) is a col-
lection X of pairwise incomparable subsets of V , each of
size at least two, such that ∪X∈XE(X) = E. A cover
X = {X1, X2, . . . , Xm} of G is 2-thin if |Xi ∩ Xj | ≤ 2
for all 1 ≤ i < j ≤ m. Let H(X ) be the set of all
pairs of vertices u, v such that Xi ∩ Xj = {u, v} for
some 1 ≤ i < j ≤ m. The cover is strong 2-thin if
H(X ) ⊆ E. Denote by ne the number of elements in
X that contain both endpoints of e and G(Xi) as the

Step 1 Step 2

Step 2(a) Step 2(b)

Step 2(b)(i) Step 2(b)(ii)

Theorem 1

Observation 1 Theorem 4

Lemma 3

Theorem 2

Observation 2

Figure 2: The proof roadmap.

M

I

IM

M\IM

I\IM = A

Figure 3: I and M.

MD(M1)

MD(M2)

MD(M3)

MD(Mn)

M\IM
A = I\IM

A1

A2

A3

An

bijection

injection

Step 1 Step 2

Figure 4: Two mapping steps.
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subgraph of G induced by Xi. The inclusion-exclusion
(IE) count on rank of cover X in 3D is defined as

IE =
m
∑

i

rank(G(Xi))−
∑

e∈H(X )

(ne − 1).

Observation 1. (a) Let X = M1,M2, . . . ,Mn be
the vertex maximal, Maxwell-rigid components of a
Maxwell-independent graph M. Then X forms a
strong 2-thin cover of M and |M| =

∑

i |Mi| −
∑

e∈H(XM)

(ne − 1).

(b) Each edge in A connects 2 vertices that are within
exactly one of the vertex-maximal, non-trivial,
Maxwell-rigid components of M. A partitions into
∪iAi, where each Ai is contained in a unique Mi

of M, and
∑

i |Ai| = |A| = |I \ IM|.

To state the next result, we need a few definitions and
an observation.

Definition 3. Given G = (V,E) and its vertex-
maximal Maxwell-rigid components M1,M2, . . . ,Mn,
a component graph MG of G is a mapping of G such
that any component of G is a component node in MG

and whenever Mi and Mj share an edge in G, their cor-
responding component nodes in CG are connected via an
edge node.

Definition 4. Given G and its corresponding compo-
nent graph CG, all component nodes of CG that have
degree less than 10 are leaves. If we remove all leaves
from CG, we can get another graph CG1

. The compo-
nent nodes with degree less than 10 in CG1

are the new
leaves. After removing the new leaves, we can get CG2

.
Keep on removing leaves until no component with de-
gree less than 10 can be found. If the remaining graph
K, which is called a kernel graph, is empty, then we call
CG an extended partial 9-tree.

Observation 2. (a) Let M be Maxwell-independent.
Cycles in M must contain at least four vertex-
maximal Maxwell-rigid components. For a cycle of
n components, its maximum Maxwell count is n+3.

(b) In M and its vertex-induced subgraphs, not every
component is shared by more than or equal to 2 cy-
cles.

Theorem 2. If M is a vertex-maximal Maxwell-
independent set of some graph G = (V,E), then the
component graph of (V,M) is an extended partial 9-tree.

Definition 5. Graph G = (V,E) with vertex-maximal,
Maxwell-rigid components Mi ∈ X has an indepen-
dence assignment , if there is a independent set I and
maximal independent set Ii in each of the Mi’s, such
that I restricted to Mi, denoted I|i ⊆ Ii and for any
e ∈ H(X ), e does not appear in at most one of the Ii’s
whose corresponding Mi contains e.

Lemma 3. If G is Maxwell-independent, then there is
an independence assignment of G.

Theorem 4. Given a Maxwell-independent graph G =
(V,E) and a set X of vertex-maximal Maxwell-rigid
components M1,M2, . . . ,Mn that is a cover of G , then
the IE count on the rank of these components will be at
least rank(G).

Definition 6. Given graph G = (V,E), a subgraph is
proper vertex-maximal Maxwell rigid if it is Maxwell-
rigid and the only graph that contains this subgraph and
is Maxwell-rigid is G itself.

We note that the collection of proper vertex-maximal
Maxwell-rigid components may not be 2-thin cover.

Theorem 5. Given a Maxwell-independent graph G =
(V,E) and a set of proper vertex-maximal Maxwell-rigid
components M1,M2, . . . ,Mn which is a cover of G,
then the IE count on the rank of these components will
be at least rank(G).
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