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ABSTRACT

In the Freeze-Tag Problem, the objective is to awaken a set
of “asleep” robots, starting with only one “awake” robot. A
robot awakens a sleeping robot by moving to the sleeping
robot’s position. When a robot awakens, it is available to
assist in awakening other slumbering robots. The objective
is to compute an optimal awakening schedule such that all
robots are awake by time t*, for the smallest possible value
of t*. Because of its resemblance to the children’s game of
freeze-tag, this problem has been called Freeze-Tag Problem
(FTP).

A particularly intriguing aspect of the FTP is that any al-
gorithm that is not purposely unproductive yields an O(log n)-
approximation, while no o(log n)-approximation algorithms
are known for general metric spaces.

This paper presents an O(1)-approximation algorithm for
the FTP in unweighted graphs, in which there is one asleep
robot at each node. We show that this version of the FTP
is NP-hard.

We generalize our methods to the case in which there
are multiple robots at each node and edges are unweighted;
we obtain a ©(y/logn)-approximation in this case. In the
case of weighted edges, our methods yield an O((L/d) logn)-
approximation algorithm, where L is the length of the longest
edge and d is the diameter of the graph.

Categories and Subject Descriptors

F.2.2 [Analysis of Algorithms and Problem Complex-
ity]: Nonnumerical Algorithms and Problems—computa-
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tions on discrete structures, geometrical problems and com-
putations, sequencing and scheduling; G.2.2 [Discrete Math-
ematics]: Graph Theory
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1. INTRODUCTION

The Freeze-Tag Problem (FTP) [5] is a parallel version of
the Traveling Salesman Problem (TSP) that naturally arises
in the field of swarm robotics. In the FTP we have n robots,
which are located at points in some metric space (e.g., the
vertices of an edge-weighted graph). Initially, there is one
awake or active robot and all other robots are asleep, i.e.,
in a stand-by mode. Our objective is to “wake up” all of the
robots as quickly as possible. In order for an active robot
to awaken a sleeping robot, the awake robot must travel to
the location of the slumbering robot. Once awake, this new
robot is available to assist in rousing other robots. The ob-
jective is to minimize the makespan, that is, the time when
the last robot awakens. The FTP can be expressed as a com-
binatorial optimization problem as follows: Given a set of
points in metric space, find an arboresence (awakening tree)
of minimum height such that each node has out-degree at
most two. The FTP derives its name because this problem
is reminiscent of the children’s game of “freeze-tag.”

The Freeze-Tag Problem is seen to be a parallel version
of the Traveling Salesman Problem, in which the cities of
the TSP instance correspond to the asleep robots’ initial
locations in the FTP, and the objective is to visit all cities as
rapidly as possible. The FTP has the additional feature that
whenever a salesman visits a city he may also recruit other
salesmen in that city to help visit other cities, in parallel.



In addition to being a parallel version of the TSP, the
Freeze-Tag Problem is also a natural hybrid of problems in
broadcasting, routing, scheduling, and network design. The
FTP is a network design problem because the optimal sched-
ule is determined by a spanning binary tree of minimum
depth in a weighted graph. As in broadcasting problems,
the goal is to disseminate information in a network. The
FTP has elements of routing, since robots must travel to
awaken others or to transfer information. Finally, the FTP
has elements of scheduling, with the number of processors
increasing over time, and scheduling techniques are often
relevant [5].

Other applications of the FTP arise in the context of dis-
tributing data (or some other commodity), where physical
proximity is required for transmittal. Proximity may be re-
quired because wireless communication is too costly in terms
of bandwidth or because there is too much of a security risk.
Solutions to the FTP determine how to propagate the data
to the entire set of participants in the most efficient manner.

Related Work. What makes the FTP particularly in-
triguing is that any nonlazy strategy yields an O(logn)-
approximation (Proposition 1.1 of [5]), while no strategy
is known for general metric spaces that yields an o(logn)-
approximation. Arkin et al. [5] showed that even simple ver-
sions of the problem (e.g., in star metrics) are NP-complete.
They give an efficient polynomial-time approximation scheme
(PTAS) for geometric instances on a set of points in any
constant dimension §. They also give a variety of results for
star metrics (including an O(1)-approximation) and for ul-
trametrics, for which an o(log n)-approximation is possible.
Sztainberg et al. [26] analyze and implement heuristics
for the FTP. They show that the greedy strategy gives a
tight approximation bound of ©(y/logn) for the case of
points in the plane and, more generally, greedy yields a
O((logn)'~'/?)-approximation for points in R°. They also
present experimental results on classes of randomly gener-
ated data, as well as on datasets from the TSPLIB [22].
There is an abundance of prior work on the dissemina-
tion of data in a graph. Most closely related to the FTP are
the minimum broadcast time problem, the multicast problem,
and the related minimum gossip time problem. See [17] for
a survey; see [7, 20] for recent approximation results. How-
ever, the proximity required in the F'TP leads to significant
differences: While the broadcast problem can be solved in
polynomial time in tree networks, the FTP turns out to be
NP-hard on the seemingly easy class of weighted stars [5].
In the field of robotics, several related algorithmic prob-
lems have been studied for controlling swarms of robots to
perform various tasks, including environment exploration [1,
2, 8,9, 10, 11, 16, 19, 28, 30], robot formation [23, 24, 25],
searching [29], and recruitment [27]. Ant behaviors have in-
spired algorithms for multi-agent problems such as searching
and covering; see, e.g., [27, 28, 29]. Multi-robot formation in
continuous and grid environments has been studied recently
by several researchers; see, e.g., [12, 24, 25]. The objective
is for distributed robots to form shapes such as circles of a
given diameter, lines, etc. without using global control.
Gage [13, 14, 15] has proposed the development of com-
mand and control tools for arbitrarily large swarms of mi-
crorobots. He originally posed to us the problem of how to
“turn on” a large swarm of robots efficiently; this question
is modeled here as the FTP.

Another related problem is to consider variants in which
all robots are mobile, but they still have to meet in order to
distribute important information. The two-robot scenario
with initial positions unknown to both players is the prob-
lem of rendezvous search that has received quite a bit of
attention; see [4, 21] and the forthcoming book by Alpern
and Gal [3] for an overview.

Preliminaries. Let R = {vo, v1,...,vn-1} C D be a set of
n robots in a domain D. We assume that the robot at vg is
the source robot, which is initially awake; all other robots are
initially asleep. We let d(u,v) denote the distance between
two points, u,v € D.

The domain D is specified by a graph G = (V, E). We
let d = maxy,vep d(u,v) denote the diameter of the graph.
The graph G is unweighted if all edges have the same length
(without loss of generality, unit length) and there is exactly
one robot at each node. We say the graph has unweighted
edges and weighted nodes if all edges have the same length
but there may be multiple asleep robots initially placed at
nodes. For graphs with weighted edges, we let L denote the
length of the longest edge.

Summary of Results.

1. We give a “Density-Based” strategy for the FTP based
on computing a dense region of the domain to awaken

first. This approach leads to a simple O(1)-approximation
for Euclidean spaces and an O((log n)log(s/ 3 )-approximation

algorithm for unweighted graphs. While this strategy
improves upon previous results, its approximation fac-
tor is not as good as the one stated below; it is, how-
ever, a simple, promising approach that may lead to
an improved solution for general graphs.

2. We give a “Sibling-Based” strategy that yields the fol-
lowing new results:

(a) An O(1)-approximation for unweighted graphs.

(b) An O(y/logn)-approximation for graphs with un-
weighted edges and weighted nodes.

(c) An analysis of the makespan when the strategy is
applied to general graphs, having weighted edges
and weighted nodes. We show that the makespan
is O(d + Llogn), resulting in an O((L/d)logn)-
approximation algorithm.

(d) A proof that the strategy gives an O(1)-approx-
imation for computing an awakening that mini-
mizes the total distance traveled by all robots in
a general tree.

3. We explore the limitation of the two proposed meth-
ods. Both strategies begin by finding an arbitrary ap-
proximate minimum-height spanning tree, where the
edges in the spanning tree are the only edges that the
robots ever traverses. We prove that without a bet-
ter method for finding such spanning trees, we cannot
achieve an approximation ratio better than O(y/logn),
even for graphs with unweighted edges and weighted
nodes.

4. We prove that the FTP is NP-hard in unweighted
graphs.



2. A DENSITY-BASED ALGORITHM

The main idea of this density-based strategy is to define
a dense region of the domain and to awaken the robots in
this region first. The subtlety of this approach lies in the
definition of what it means for a region to be “dense”.

2.1 Euclidean Space

If G is a Euclidean graph in R?, then the density-based
strategy yields a (3 + ¢)-approximation algorithm. Recall
that d is the diameter of the graph, and therefore that all
robots are in a d-by-d region of the plane. Conceptually,
we divide the plane into \/n squares, each of size d/n1/4—
by-d/nl/ 4. We send the first robot to the densest square,
i.e., the square with the most robots. By a simple count-
ing argument, this square contains at least y/n robots. We
awaken this square using any nonlazy strategy, which costs
at most O(dlogn/n'/*). Now we have at least y/n robots,
and we use one robot to begin awakening the robots in each
other square, in parallel, which again costs O(dlogn/n'/*).
We conclude:

THEOREM 1. The density-based strategy in R is a (3 +
o(1))-approzimation algorithm. In fact, it is a (3 + o(1))-

approzimation algorithm for any dimension that is o(logn/loglogn).

PRrROOF. The time for the robot to enter the densest square
is at most OPT, and the time for each of these robots to reach
a nonempty square is at most 20PT. The time to awaken the
robots in each square is O(dlogn/n/*) = O(opr-logn/n'/*),
which is a low-order term. The proof is similar in higher di-
mensions and is omitted in this abstract. [

In summary, the density-based algorithm yields a simpler
O(1)-approximation algorithm than previous methods [5],
and it applies to higher dimensions.

2.2 Unweighted Graphs

In this section we prove the following theorem for the F'TP
in unweighted graphs.

THEOREM 2. There exists an O((logn)"°2®/3) -approzimation

algorithm for the FTP on unweighted graphs.

Lower Bound. We begin by proving the following lower
bound on the makespan for unweighted graphs.

LEMMA 1. For an unweighted graph G = (V,E), there
s a lower bound maz(logn,d/2) on the optimal awakening
time OPT.

PROOF. In each time step each (awake) robot can awaken
at most one other robot. Therefore at time 4, at most 2°
robots are awakened. The lower bound of log n follows.

The awakening signal needs to travel from the starting
node vg to the farthest node in GG. This distance is at least
half of the diameter d, implying that d/2 is a lower bound
for opT. O

Dense Subtrees. Let h(T) denote the height of tree T,
and let n = N(T') denote the number of nodes in T'. We say
that a subtree T" of T is dense if h(T") < (h(T) + 1) and
N(T") > /n.

LEMMA 2. For any tree T there exists a dense subtree T,
which can be found in O(n) time.

PrOOF. Cut the tree at half of its height, so that the
leaves of the top subtree are the roots of the bottom sub-
trees. If the top subtree is dense, then we are done. If not,
then the number of nodes in the top subtree is less than
\/n, implying that the number of leaves of the top subtree
is less than v/n—1. (The 1 is subtracted because the root of
the top subtree is not a leaf.) Therefore there are less than
v/n—1 bottom subtrees. There are more than n— /n nodes
in the bottom subtrees, so there exists at least one bottom
subtree with at least v/n nodes. Because the heights of the
subtrees satisfy the constraint, this bottom subtree is dense.

A dense subtree is readily found in time O(n) using depth-
first search to label nodes with their heights and number of
descendants, and then checking the number of descendants
for the nodes at half the height. [

Once we have a subtree 7" with at least v/n nodes, we can
assume 7" has exactly [v/n ] nodes by repeatedly removing
leaves.

Density-Based Algorithm.

1. We first find a spanning tree T of graph G rooted at
vo, whose height is at most d (e.g., using breadth-first
search). Define h to be the height of tree T', which is
between d/2 and d. The awakening algorithm will now
only use the edges in T

2. Identify a dense subtree 7' and activate it recursively.
The base case is h = 1, for which greedy is trivially an
optimum strategy.

3. Activate 2 [y/n] leaves in T by sending each of those
activated robots from 7" to any two leaves. Awaken-
ing these leaves takes at most 4h time. If there are
not enough leaves (which means all the leaves have
been activated by this time), the whole tree has al-
ready been activated, since the awakening signal must
travel through all the nodes to reach all the leaves. Af-
ter these leaves are activated, remove them from the
tree T'.

4. Return the T’ robots back to their original positions
(this preserves the connected tree structure), unless
they are leaf nodes of T', in which case we remove them
from the tree.

5. Divide the tree T into at most 2+/n subtrees each con-
taining at most v/n nodes. (The subtrees-finding algo-
rithm appears below.)

6. Each leaf ¢; from step 3 awakens the ith subtree recur-
sively.

Remark: We do not use the robot on the root node of a
subtree in the awakening process of that subtree, since
this robot may be needed in another subtree. Instead,
we use the robot that has been sent to the root node
to do the recursive awakening process. Thus, we do
not affect the structure of the other subtrees, which
might contain this node.

Subtrees Finding Algorithm. Now we give the subtree-
finding algorithm, which determines a set of at most 2v/n
subtrees covering T', each having at most /n nodes.



LEMMA 3. For any tree T having n nodes, there exist sub-
trees T1,To, ... such that: (1) each subtree T; contains at
most \/n nodes; (2) there are at most 2y/n subtrees; and (3)
if two subtrees are not node disjoint, then they share pre-
cisely one node, and this common node is a root of one of
the two subtrees.

PROOF. Let T be any tree having at least /n nodes. Our
proof is based on showing the existence of a subtree, T', of T
that has the properties that (a) the number of nodes in 7' is

between /n/2 and /n, i.e., vn/2 < N(T) < /n.; and (b)
if node u € T is not the root of T, then all of u’s descendants
in T are also in 7.

For any node v, let w(v) denote the number of descen-
dants of v in T, including v itself. Let u be a node of T
of minimum height such that w(u) > \/n. Let the children
of u be denoted by vi,v2, -+ ,vr. By our choice of u, we
know that w(v;) < v/n,j = 1,2,--- ,k. We construct the
subtree T as follows: If there exists a node v; such that
Vn/2 < w(v;) < y/n, then choose this v; and all of its de-
scendants to be 7. Otherwise, if no such v; exists, then we
let w be the root of the tree T, and then add to T, succes-
sively, the subtrees rooted at vi,va, ..., until the tree T" has
at least v/n/2 nodes.

We now apply this result (on the existence of the subtree
T) to prove the lemma. Initialize T" to be the original tree,
with n nodes. Let 77 = T' be the subtree satisfying proper-
ties (a) and (b). Then, remove from T all non-root nodes of
Ty ; remove also the root, u1, of T1, if all descendents of uy in
T are also nodes of T1. Now, for the new tree T, let To =T
be the subtree satisfying properties (a) and (b). Continue
in this way, defining T1,75,73,... until the size of T falls
below /n. Each subtree defined in this way has at most
v/n nodes (and at least /n/2 nodes). Further, T; can share
at most one node (its root) with another subtree T}, with
j>i O

Define ¢(T') to be a awakening time of tree T" with the
density-based algorithm. By counting time cost on each
step, we have

t(T) <t(T") +4h +2h + 0+ 2h + max {t(T3)} .

Now with the formula above we prove Theorem 2 by in-
ductively proving the claim:

CrLAamM 1. For any unweighted tree T with height h(T)
and N(T) nodes, and a sufficiently large constant C,

H(T) < [C(log N(T))"#®/3) —12] - max(h(T),log N(T)).

PROOF. The proof is by induction. When A(T) = 1 or
N(T) < 4, the claim is trivial, if we choose a large enough
C' (21 suffices).

Now we make the induction hypothesis that for all trees
T such that N(T') < m (m > 4), the claim holds. Consider
a tree T with N(T) = m. By the induction hypothesis
applied to the dense tree T”, the awakening time ¢(T”) of

tree T" satisfies
HT') < [C(log N(T"))'s®/3) _12].
max(h(T"),log N(T"))

< [Cllog VN(T))"*/» —12] -
max( [@-‘ ,log\/N(T))
< (2/3)[C(log v/N(T))" =% —19]

max(h(T),log N(T)) .
(The (2/3) arises in the last inequality, rather than a (1/2),
in order to account for the rounding up in the [h(T)/2]
expression in the case that h(T) = 3.) Then, applying the
induction hypothesis to the subtrees T;, the awakening time
t(T;) satisfies
HTy) < [C(log /N(T))e®/3) _12] . max(h(T),log /N (T))
< [C(log v/N(T))e®/3) _12] . max(h(T),log N(T)) .
Thus, the awakening time ¢(7") of tree T satisfies
HT) < 8h(T)+ (5/3)[C(log \/N(T))e®/3) —12].
max(h(T),log N(T))
8+ C(5/3)(log v/N(T))"*5*/¥ — 20] -
max(h(T),log N(T"))
[C(5/3)(0.51og N(T))'*5/3) _ 12] .
max(h(T),log N(T))
[C(log N (7)) 5/ — 1]
max(h(T),log N(T)) .

IN

O

Combining this with Lemma 1, we have proved Theorem 2.

THEOREM 3. The algorithm requires O(n?) time.

PROOF. It takes O(n) preprocessing time to calculate the
number of children for all the nodes. Then for each recursive
step, the extra time is O(n?) to find the dense subtree and
determine how to split the subtrees. Thus for the processing
time ¢(n) we have the recursive formula t(n) < 2t(n/2) +
O(n?), which means the whole algorithm is O(n?) running
time. [

3. SIBLING-BASED ALGORITHM

In this section we present another approach to solve the
FTP. As before we find a small-height spanning tree T'. The
main idea of our sibling-based algorithm is that each sibling
in the tree T dumps the awakening work onto its “smaller”
siblings.

3.1 Unweighted Graphs

In this section we prove the following theorem for the FTP
on unweighted graphs.

THEOREM 4. There is an O(1)-approzimation algorithm
for the FTP in unweighted graphs.

Together with Lemma 1, we can conclude the following:

COROLLARY 1. In an unweighted graph G with n nodes
and diameter d the optimal makespan is ©(logn + d).



The Algorithm. We first find a spanning tree T of graph G
rooted at v, whose height is at most d (e.g., using breadth-
first search), and we root the tree at vg. Define h to be the
height of tree T', which is between d/2 and d. As before the
awakening algorithm will now only use the edges in 7.

We define the priority of node v, p(v), to be the number
of nodes in the subtree rooted at node v. We denote nodes
v1,02,...,V; to be the k children of root node vg, and we
assume they are sorted in decreasing order by priority.

The algorithm is as follows: The first awake robot at vg
begins to awaken robots at children nodes vi,v2,...,v; in
order of decreasing priority; once it has awakened all of these
children, the robot stops. When the robot at v;,i > 2 is
awakened, it rouses the robots at two sibling nodes in order
of decreasing priority. Then it returns to node v; and re-
cursively awakens the subtree rooted at v,. (The fact that
the robot awakened at v; behaves differently from those at
other siblings v;,i > 2, is only necessary for the case of
graphs with edge weights, in Section 3.3.)

Thus at every other time step, there is a group of robots
at vg. Some of these robots return to their original nodes
to awaken the subtrees. The rest of the robots in the group
rouse the sleeping robots with the highest priorities.

LEMMA 4. The robot at node v; will be awakened by time
4Tlogj ]+ 1.

PROOF. At time step i = 2, there are two robots at wo,
one from v, another from v;.

Suppose that at time step 2i we have m active robots at
the root vo. Then at most 1/4 of these robots at v are going
to awaken their original subtrees. This is because whenever
a robot stops awakening siblings, it has 3 replacement robots
(two that it awakened personally, one that was awakened by
the first sibling robot that is awakened). Therefore at least
%m robots at vp will awaken children of vy at time step
2i + 1. Consequently at time step 2i + 2 at least %m active
robots are at vg.

So by induction, at time step 2i at least (3/2)" active
robots are at vg. Because vy, vz, ..., v; are awakened in order
of decreasing priority, if there are 14 j active robots at time
step 4, v; is awakened by that time. Therefore the robot
at v; is awakened by the smallest time step 2¢ such that
(3/2)" > (1+4). This condition means the robot at node v;
will be awakened by time step 4 [logj]+1. O

COROLLARY 2. The recursive awakening of the subtree
rooted at v; starts by time 4 [logj | +7.

PRrROOF. When the robot at node v; is awakened, it awak-
ens two siblings and returns to its original position v; to
start recursively awakening the robots in the subtree rooted
at v;. Therefore by Lemma 4 the corollary follows. []

LEMMA 5. Forallj=1,2,...,k, p(v;) <n/j.

PROOF. The lemma follows from p(vi) > p(v2) > -+ >
p(v;) and p(v1) + p(v2) + -+ p(v;) <n. O

LEMMA 6. For an unweighted tree with n nodes and height
h, the algorithm awakens all robots in time ©(logn + h).

ProoOF. We prove by induction on h that there exists a
constant ¢, such that the makespan is at most ¢ (logn + h):

For an unweighted tree with height A = 1, the algorithm
has a makespan of 2logn, since the distance between any
pair of leaves is at most 2.

For an unweighted tree with height A, suppose by induc-
tion that each subtree rooted at v; for j =1,2,...,k can be
awakened by time c[log(p(v;)) +h —1]. As long as ¢ > 11,
it follows from Corollary 2 and Lemma 5 that all the nodes
in the subtree are awakened by time

4[log 7] + 7 + c(log(p(v;)) + h — 1)
4logj + 11 + clog(n/j) +ch — ¢
clogn + ch.

ANIN

Thus we proved the inductive steps for the trees of height
h establishing the upper bound. It follows from Lemma 1
that this bound is tight within a constant factor. [

This concludes the proof of Theorem 4.

THEOREM 5. The Sibling-Based Algorithm requires linear
time.

Proor. Using a breadth-first search algorithm, we can
find a spanning tree in linear time, and it takes linear parallel
running time to assign priority to each node (counting the
number of children for the node). The total time for a robot
to make decisions is linear in the sum of the node degrees
which the robot needs to walk through during the whole
awakening process, which is O(n). Thus the total running
time is linear. [

NP-Hardness of FTP on Unweighted Graphs.

THEOREM 6. The Freeze-Tag Problem is NP-Hard for un-
weighted graphs (i.e. all edge lengths are one) with exactly
one robot at each node.

PROOF. The proof is a variant of the one presented in [5],
which shows that FTP on general weighted graphs is NP-
hard to approximate within a factor better than 5/3.

The reduction is from 3SAT. Without loss of generality,
we assume that n, the number of variables, is even. For
technical reasons, we include n clauses of size 2 of the form
“x or ", one for each variable. We let ¢ be the maximum
number of clauses in which a literal appears. We now de-
scribe the construction of the graph. Let r be a root node,
the node containing the only “awake” robot. From r we have
a path to a node p, which includes n/2 nodes (including r
and p). Clearly, the path has p/2 — 1 edges. Next, there are
p/2 preliminary nodes pi,...pn 2, with an edge (p,p;:) for
1<i<p/2.

Next, we group the n variables in an arbitrary way to
n/2 pairs, and assign a pair to each preliminary node. Each
pair of variables, say j,k is represented by four vertices,
xj, Tj, Tk, Tk, with edges to these four vertices from the
preliminary node p; assigned to them. In addition, we have
an edge (z;, ;) for every variable j.

From z; (resp. %;) we have a path containing ¢ nodes
(¢ — 1 edges) to a literal node y; (resp. ;).

Finally, there is a node for each clause (including the
clauses of size 2 we included) with an edge from literal node
y; (or g;) to each clause in which it appears.

Recall that all edges have unit length.

We claim that all robots can be awakened in time n/2 —
141+14c¢c—141=n/2+4+c+ 1 if and only if the
formula is satisfiable. A satisfying truth assignment can
be turned into such a wake-up tree, easily: The robot at
r travels to p waking all robots along the way, arriving at



p at time n/2 — 1. There are now n/2 awake robots at p.
Each such robot travels to a different preliminary node p;
(another 1 time unit), and now there are 2 awake robots at
each preliminary node. Each such awake robot goes to a
true literal (1 more time unit). Now, at this true literal, say
x;, there are 2 awake robots. One goes down the path to the
y; node, (there are now ¢ awake robots at y;) and then to
all clauses the literal appears in, which takes time ¢ — 14 1.
The other robot goes to the false literal, Z; then down its
path to the §; node, which also take time 1 + ¢ — 1. Since
each clause has a true literal, all robots are awake, and the
process took n/2 —1+1+4+1+c.

Conversely, a solution of makespan n/2 + ¢ + 1 induces
a satisfying truth assignment, as the only way to wake up
all robots at clause nodes in this time is to have a wake up
path to them from 7 to p to p; to a variable node x, down
the path to a literal node y to the clause node. Any other
path musy be longer.

Note that if there is no satisfying truth assignment, then
the makespan is longer by only 1 time unit; thus, our reduc-
tion does not give a hardness of approximation result.

Note also that we can easily modify the graph to have
node degrees of at most 5, by replacing the paths with trees
where internal nodes have 2-3 children. []

3.2 Unweighted Edges but Weighted Nodes

We consider now a graph G having unweighted (without
loss of generality, unit-length) edges, but having weighted
nodes, i.e., there may be multiple asleep robots initially at a
node. When there are multiple asleep robots at a node, logn
is no longer a lower bound on the makespan of an awakening
strategy; d/2 is still a lower bound because the signal still
needs to travel to the farthest node.

We show how a simple variant of the sibling-based algo-
rithm results in an o(log n)-approximation algorithm for this
case of the FTP; this improves the O(log n)-approximation
bound that follows from the general results of [5].

THEOREM 7. There exists an O(~y/logn)-approximation al-
gorithm for the FTP on graphs with unweighted edges but
weighted nodes.

PrOOF. We propose the following Hybrid Algorithm:
Hybrid Algorithm.

1. If the diameter d > y/logn, then we apply the sibling-
based algorithm from Section 3.1, only using one of
the robots originally placed at each node during the
awakening process.

2. If the diameter d < +/logn, then we activate nodes
in G in the order of decreasing number of robots on
the nodes. (We completely ignore the topology of the
tree.)

In Case 1, the entire tree is awakened in time O(d+logn).
Since d/2 is a lower bound on oPT and d > +/logn, we
see that d + logn = O(dy/logn), so the algorithm is an
O(+/log n)-approximation.

In Case 2, we consider the complete graph G’ = K,, on
the n nodes of G, with all edges of G’ having unit length. An
optimal awakening strategy for G’ is to awaken the nodes in
order of decreasing node weight (number of asleep robots at
the node); the fact that this is optimal follows easily by an

Figure 1: Example of a “bad” spanning tree in a
graph G with unweighted edges. Here, each chain is
of length /logn, the ©(n/+/logn) bottom level nodes
form a complete graph, each edge has unit length,
each bottom level node has initially exactly D
asleep robots, and all other nodes have initially ex-
actly one asleep robot.

exchange argument, as in [5]. The time required to awaken
all robots in G’ is a lower bound on the optimal time to
awaken all robots in G, since the distance in G between any
two nodes is at least the distance (one) between the nodes
in G’. Since the maximum distance between two nodes in
G is at most d < /logn, this algorithm awakens G in time
at most d times the time to awaken G’. Thus, we obtain an

O(v/log n)-approximation. [

Limitation of the Above Method. The algorithms in

this paper begin by finding an arbitrary approximate minimum-

height spanning tree 7', where the edges in the spanning tree
are the only edges that the robots ever traverse. Unless the
algorithms are more careful in choosing 7', we cannot hope
to obtain an approximation factor better than O(1/logn) for
the the case of unweighted edges and weighted nodes, as we
now show:

THEOREM 8. Consider the FTP on a graph G having un-
weighted edges and weighted nodes; any algorithm based on
an (arbitrary) approximate-minimum-height spanning tree is
an Q(+/logn)-approzimation algorithm.

PrOOF. Consider the example shown in Figure 1. The
unique minimum-height spanning tree T" of graph G is a star
of chains of length /log n, with each of the ©(n/+/logn) leaf
nodes having exactly gViogn asleep robots and each of the
O(n) nonleaf nodes having exactly one robot. In G, any two
leaf nodes are at distance 1, while in T' they are at distance
2v/logn from each other.

The optimum awakening time for the tree T' is O(logn);
we can achieve O(logn) time, e.g., using the sibling-based
algorithm. The 2VI°8 ™ robots at each leaf cannot assist in



awakening any other robots for at least v/logn steps, imply-
ing that they cannot contribute to a faster awakening algo-
rithm than ©(logn). In contrast, an awakening in G can
be achieved in time ©(y/logn) by first sending one robot to
awaken one leaf in 7', then awakening all of the leaves in
time ©(y/logn), and then awakening the remaining nodes
(along the chains) in another O(y/logn) steps. [

From Theorem 8, we immediately obtain the following
corollary, showing that our analysis of the Hybrid Algorithm
is tight:

if j > 2.

If 5 = 1, then, since the recursive awakening process of
the subtree rooted at v; starts at time d(vo,v;), we know
that the subtree is awakened by time

d(vo,v1) + c[Llog(p(v;)) + h — d(vo, v1)]
c(Llog(p(vy)) + h)
c¢(Llogn + h),

t

INIA

which completes the proof, by induction. (We remark that
the distinction between the j > 2 and j = 1 cases is neces-
sary because the subtree rooted at the first child, vi, may

THEOREM 9. The Hybrid Algorithm is a ©(v/log n)-approzimatigiytain almost all of the descendents of vo, while, in con-

algorithm for the FTP on graphs with unweighted edges but
weighted nodes.

3.3 General Graphs

We continue to assume, without loss of generality, that
the shortest edge of G has length 1, but now we allow longer
edges as well. We let L denote the length of the longest edge
and let d denote the diameter of G.

As before, we find a spanning tree T for the graph G,
where the height h of T is between d/2 and d, and we run
the sibling-based algorithm on the spanning tree 7T'.

Using notation and arguments similar to the unweighted
case, we prove the following lemmas and corollaries. First,
note that Lemma 5 still holds for the weighted case. Lemma 4,
Corollary 2, and Lemma 6 become the following:

LEMMA 7. The robots at node v; are awakened by time
4L[log 7] + d(vo, vj).

PROOF. The proof of Lemma 4 implies that by time 4L[log j

there is a robot that has reached the root node vg and has
at least begun its journey down edge (vo, v;) to awaken the
robots at v;. This implies that the asleep robots at node v;
will be awakened by time 4L [logj ] + d(vo,v;). O

COROLLARY 3. The recursive awakening process of the
subtree rooted at v; starts by time 4L[log j]+ d(vo,v;)+6L.

PROOF. When the robot at node v; (5 > 2) is awakened,
it awakens two siblings and returns to its original position
v; to start recursively awakening the robots in the subtree
rooted at v;. The travel to awaken the two siblings and
then return to v; involves 6 edge traversals, each of length
at most L; thus, by Lemma 7, the claim follows. [

LEMMA 8. For the tree T, the sibling-based algorithm awak-

ens all of the robots by time O(h + Llogn).

Proor. We prove, by induction on the number of lev-
els of tree T', that there exists a constant, ¢, such that the
makespan is at most ¢ (Llogn + h).

For a weighted tree with one level (i.e., a weighted star),
the algorithm has a makespan of at most 2L logn, since the
distance between any pair of leaves is at most 2L.

For a weighted tree T rooted at vo, suppose by induction
that each subtree rooted at the children of wvg, v; for j =
1,2,...,k, can be awakened by time c[Llog(p(v;)) + h —
d(vo,v;)]. Aslong as ¢ > 11, it follows from Corollary 3 and
Lemma 5 that all the nodes in the subtree are awakened by
time
t 4L[log j1+6L+d(vo, vj)+c[L og(p(v;))+h—d(vo, v;)]
4Llogj + 10L + cLlog(n/j) + ch — (¢ — 1)d(vo, v;)

cLlogn + ch
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trast, we can bound the number of descendents in the sub-
trees of v; for j >2.) O

Note that the only difference in the proof of Lemma 8,
compared with Lemma 6, is that we prove, by induction,
that there exists a constant ¢ such that the makespan is c(h+
Llogn) instead of ¢(h+logn). The proofs for Lemma 7 and
Corollary 3 follow similarly to the unweighted case, except
that the edge lengths are different and are bounded by L
or d(vj,vo). The important observation of Lemma 8 is that
the L multiplies the logn term but does not multiply the
height h. We obtain the following theorem:

THEOREM 10. For a weighted graph G with longest edge
length L, diameter d, and n nodes, the algorithm awakens
all of the robots by time O(d + Llogn).

The following corollary isolates the difficult case for the
FTP in general graphs.

COROLLARY 4. For a graph G with n nodes, diameter d,
and longest edge length L, the sibling-based algorithm gives
an O((L/d) logn)-approzimation algorithm for the FTP prob-
lem. Thus, if L = o(d), the sibling-based algorithm is an
o(log n)-approzimation algorithm.

4. BICRITERIA VERSION OF FTP

In this section we consider a bicriteria optimization prob-
lem for the FTP. Specifically, we simultaneously optimize
the makespan and the total distance travelled by all of the
robots in the awakening process. We use the following no-
tation: If the makespan of an algorithm is at most f(n)
times the optimal makespan and the total distance travelled
by all robots is at most g(n) times the optimal total travel
distance, then we say that the algorithm is an { f(n), g(n))-
approximation.

We prove the following theorem for the bicriteria version
of the FTP:

THEOREM 11. 1. For an unweighted graph G, there
ezists an { O(1), O(1) )-approzimation algorithm for the
FTP.

2. For a graph G with weighted edges and unweighted

nodes, there exists an { O(v/logn), O(+/log n) )-approzimation

algorithm for FTP.

3. For any general graph G, there exists an ( O(logn), O(1))-

approximation algorithm for the FTP.

The proof of Theorem 11 is based on the next two theo-
rems. We define the weight W (T') of a tree T to be the sum
of the edge lengths in the tree T'.



THEOREM 12 ([6]). For any graph G and any € > 0,
there exists a spanning tree T of G whose weight is at most
2(1 + O(e)) times the weight of a minimum spanning tree
of G, and whose diameter is at most 1 + O(1/¢) times the
diameter of G.

Next we show that the minimum total distance travelled
in a tree is order of the weight of the tree.

THEOREM 13. For any tree T', the sibling based algorithm
is a 4-approximation for the problem of minimizing the total
distance travelled on T.

PrROOF. Since the awakening signal must travel through
all the edges to awaken all of the robots, OPT is at least
W (T). With the sibling-based algorithm, each edge is tra-
versed at most three times; it follows that the total dis-
tance travelled with the sibling-based algorithm is at most
4aw(T). O

Proof of Theorem 11:

First, we select the spanning tree 1" according to Theo-
rem 12. Then we use the sibling-based algorithm on the
tree T. According to Corollary 1, we know it is an O(1)-
approximation for the makespan. It follows from Theo-
rem 13 and Theorem 12 that this algorithm gives an O(1)-
approximation for the total distance travelled.

If the diameter d is greater than /logn, we select the
spanning tree T" as above, and apply the sibling-based algo-
rithm to it. According to Corollary 1 it is an O(y/logn)-
approximation for the makespan. It follows from Theo-
rem 13 and Theorem 12 that this algorithm gives an O(1)-
approximation for the total distance travelled.

If the diameter d is less than /logn, we use the greedy
algorithm, ignoring the graph structure. It follows from
Theorem 7 that it is an O(y/logn)-approximation for the
makespan. Since a spanning tree has n — 1 edges, the total
distance travelled by all the robots is at least n — 1. Thus,
the greedy algorithm gives an O(1)-approximation for the
total distance travelled.

For a general graph G, we select the spanning tree T' as
above and use the sibling-based algorithm on it. It follows
from Theorem 10 that it is an O(logn)-approximation for
the makespan. It follows from Theorem 13 and Theorem 12
that this algorithm gives an O(1)-approximation for the to-
tal distance travelled. O
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