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ABSTRACT

Motiv ated by applications in computer graphics, we study
the problem of computing an optimal encading in \trian-

gle strips" of a triangulation of a polygonal surface model.
The goal is to facilitate the transmission and rendering of
a polygonal model by decomposing its triangulation into a
minimum number of \tristrips,” ead of which has its con-
nectivit y stored implicitly in the ordering of the data points.
While this optimization problem has beenconjectured to be
hard, its complexity status has been open. We prove that
the tristrip decomposition problem is, in fact, NP-complete.
We also propose two methods for solving the problem to
optimalit y, one basedon an integer programming formula-
tion, one based on a branch-and-bound scheme that relies
on lower bounding techniques for its exciency. We perform
an extensive set of experiments to test the ezxciencies of
these methods and some of their variants. These methods
have been integrated also with the practical system FTSG
(Fast Triangle Strip Generator), in order to utilize optimiza-
tion methods on small subproblems to improve the quality
of the heuristic solutions obtained by FTSG. We use exper-
imentation to judge the quality of the improvemerts.
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1. INTRODUCTION

The problem of computing a succinct encading of a tri-
angulation of a polygonal model arisesin graphics and vi-
sualization, where it is important to be able to transmit
and render massive models at real-time frame rates. Cur-
rent 3D graphics rendering hardware often faces a mem-
ory bus bandwidth bottleneck in the processor-to-graphics
pipeline. Visibilit y culling and model simpli cation meth-
ods help to reduce the number of triangles that must be
transmitted, but it is also important to minimize the time
neededto transmit n triangles that are to be rendered, e.g.,
by compressing the geometric and topological information
in a model, transmitting the compresseddata, and decom-
pressingat the rendering stage, hopefully using a very small
on-chip cade.

An ideal encading for the smallest possible cache (a 2-
vertex cache) is based on \tristrips”:  when vertex vis; is
transmitted, it determines a triangle together with the cache
vertices vj;Vvi+1 . A tristrip is an ordered sequence (with

mj 2triangles. A sequential tristrip encaodesthe set of trian-
glesf(Vi;Vis1;Vi«2)g, 1- i - mj 2. While we concertrate
on the familiar sequerial tristrip in this paper, one can
also use a fan tristrip, encading the set f(vi; Vi« ;Vi«2)g,
1- i- mj 2, of triangles all incident on v;. Figure 1
gives an example showing a sequertial tristrip encoding of
12 triangles.

If the triangulation having n triangles consists of a single
tristrip, then only n+ 2 (rather than 3n) vertices would have
to be transmitted for a triangulation with n triangles. In
general, if we are able to decomposea surface triangulation
into k tristrips, we will needonly n + 2k vertices.

In some cases(e.g., Iris GL), a tristrip may have swaps
special marks (bits) within a vertex sequenceto indicate
an exchange of the two cacdhe vertices; alternativ ely (e.g.,
OpenGL), a swap can be e®ectedby sending a zero-areatri-
angle (transmitting an extra vertex instead of a \swap" bit).
For example, (1;2;3;swap;4;5) yields triangles ((1;2;3),



(3;2;4), (2;4;5)), which also result from the sequence
(1;2;3;2;4;5) (with zero-areatriangle (2;3;2)). A sequen-
tial tristrip is pure if it contains no zero-areatriangles.

In this paper we focus on the case of pure sequeriial
tristrips and addressthe problem of computing an optimal
partition of a triangulated model into the fewest tristrips.

Figure 1: The triangulation is encoded using one
tristrip: ~ (1,2,3,4,1,5,6,7,8,9,6,10,1,2).

Summary of Results We give both theoretical and exper-
imental results:

(1) We establish the complexity of the k-STRIP ABILITY
problem, showing that it is NP-complete to decideif a
given triangulation can be decomposedinto k tristrips,
even if the input triangulation is homeomorphic to a
sphere. This settles an open question posedin 1993 by
J. Rossignac.

(2) We devise two classesof algorithms for computing an
optimal decomposition of a triangulation into tristrips
{ one based on an ezxcient integer programming for-
mulation, and one based on a branch-and-bound al-
gorithm, utilizing some e®ective lower bounding tech-
niques. These are the rst algorithms that have been
developed and implemented to solve the tristrip opti-
mization problem.

(3) We have implemented our new algorithms and inte-
grated them into a leading practical software package
(FTSG) that computes stripi cations.

(4) We have conducted an extensive experimental study of
the relativ e merits of the new algorithms and compare
their performanceto that of a straightforw ard enumer-
ative seard for an optimal solution. Also, as our al-
gorithms are the rst to be implemented that produce
a guaranteed optimal decomposition, they help give
the rst insight into how closeto optimal the heuristic
methods usedin practice tend to be.

(5) We also have devised a method to combine the fast
heuristic-based methods of the FTSG systemwith our
guaranteed optimization methods, allowing a trade-
o® between speed and quality of solution. Since our
optimization algorithms are only capable of solving to
optimalit y problems having about 100 triangles in a
reasonableamount of time, this capability isimportant
in being able to study the decomposition problem on
much larger models as arise in practice.

Related Work. The “rst algorithmic study of problems re-
lated to tristrips, both sequerial and Hamiltonian, appears
in Arkin et al. [2], who consider sequeriial triangulations of
point sets and polygons. In Evans et al. [9], it was shown
that it is NP-complete to determine if a surface having holes
and untriangulated facescan be triangulated in such a way
that the resulting triangulated surface can be decomposed
into k tristrips. While this result was intended to partially
address the complexity of the optimization problem posed
by Rossignac,it relied strongly on the °exibilit y of having
untriangulated facesand on the useof many holes(very high
gerus) in the construction.

Deering [7] considers genemalized triangle meshes having
a cade for > 2 vertices, to facilitate geometry compression;
particularly ezxcient algorithms for obtaining such compres-
sions are given by Chow [5]. Bar-Yehuda and Gotsman [4]
useplarbar separator theoremsto show that a vertex cache of
size £(° n) is sutcient and sometimes necessaryto attain
optimal transmission (one vertex per triangle). Gumhold
and Stra¥ser[11] have developed a connectivity compression
and decompressionmethod, using a cache that permits one
vertex per triangle transmitted.

Heuristic methods for decomposing triangulations into a
small number of tristrips have been studied in sewral re-
cernt papers. The \STRIPE [8] system utilizes the popu-
lar earlier SGI greedy heuristic tomesh [1] as its local algo-
rithm, while applying a global approach (\patc hi cation")
to be able to handle very e®ectively models containing many
quadrangular faces. The FTSG system [16] addressedsome
of the de ciencies of STRIPEe.q., its speed and robustness)
and often gives better results (smaller encadings) in prac-
tice. The FTSG methods are most closely related to that
of Spedkmann and Snoeyink [15], who implemented an al-
gorithm specially designedfor TIN (Triangulated Irregular
Network) models, employing a unique traversal algorithm to
“nd the spanning trees of the dual graphs of TIN models.
[16] also proved that one can compute in O(n) time a pure
sequertial tristrip encaoding using at most 2n + 1 vertices for
an input triangulation having n triangles.*

2. PRELIMIN ARIES

We are given a polygonal surface model, S, whose set of
polygonal faces represert the boundary of a polyhedral ob-
ject in 3-space. Each polygonal face is represerted by a cir-
cular list of verticesthat describe the outer boundary of the
face, followed by a possibly empty list of holes A polygonal
facewith no holesis simply connected, while a face with one
or more holes is multiply connected. Each polygonal face
is usually expected to lie in a plane and eac has an asso-
ciated outward surface normal; however, we have observed
that real-world data will often have non-coplanar vertices.

From S we can obtain a triangulated model (or simply tri-
angulation), T, all of whosefacesare triangles. (In practice,
this can be ezciently and robustly accomplished with the
FIST systemof Held [12].) In somecasesweallow T to bean
arbitrary cell complex (any two triangles are either disjoint
or they intersect exactly in a common edge or a common
vertex); however, unless stated otherwise, we assume that

!Note that even if a triangulation on v vertices can be en-
coded with a single tristrip (one vertex per triangle), it will
require roughly 2v vertices in the encading, assuming that
every triangle has 3 neighboring triangles, since there are
2vj 4triangles in atriangulated planar graph on v vertices.



T is a manifold surface, with eadt edgeincident to at most
two triangles.

We assumethat T is connected; if it is not, then our
methods can be applied to each component separately.

Welet G= (T;E) denote the dual graph of the (manifold)
triangulation T, with the set of nodesgiven by the set T of
triangles of T and the edgesE linking two triangles that
sharea common edge. (If T is not manifold, we \split" eadc
non-manifold edge, pairing up its incident triangles so that
each (new) instance of the edgeis bounding either one or
two triangles.)

A sequeriial 2 tristrip is a triangulation T for which the
dual graph G hasa Hamiltonian path such that no three con-
secutive edgescrossedby the path are incident on a com-
mon vertex. Equivalently, T is a tristrip if there exists a

tions, such that the n triangles of T are exactly given by the
triples of consecutive vertices in the sequence: (V1i;V2;Vs),
(V2;v3;Va), 115 (Vni Vet i Vine2 ).

We are interested in partitioning T into a minimum num-

k-STRIPABILITY problem is that of deciding if T can be
partitioned into k tristrips. It can be thought of as the
problem of deciding if the dual graph (which is a planar 3-
regular graph in the caseof a triangulation homeomorphic
to a sphere) can be partitioned into k \alternating" paths
(that turn left, then right, then left, etc).

3. HARDNESS

We prove that k-STRIPABILITY is NP-complete, even
for fully triangulated genus-zero models. We outline the
proof of the following theorem; details are omitted from this
abstract.

Theorem 1. Given atriangulated surface model T home-
omorphic to a sphere, it is NP-complete to decide if T can
be decomposel into k tristrips.

It is clear that k-STRIPABILITY is in NP, since any set
of k tristrips can be readily cheded in polynomial time to
verify that it is a valid decomposition of the input.

To prove NP-hardness, we use a reduction from planar
MAX 2SAT (proved NP-complete in [10]):

Instance : A set of variables V and a set of disjunctive
clauses C, each containing at most two Ii@rals, and an in-
teger N , 0. The bipartite graph G = (C V;E) is planar,
with edgesE linking a vertex v 2 V to a vertex c2 Cif and
only if either v or its negation, ¥, is in clausec.

Question : Is there a truth assignmentfor V that satis es
at least N clausesin C.

Given an arbitrary instance | of planar MAX 2SAT we
produce an instance | ° of k-STRIPABILITY such that there
is a stripi cation for 1° having at most N° tristrips if and
only if there is a truth assignmert for | that satis es at least
N clauses. It is easyto argue that we may assume,with no
loss of generality, that no clausein | contains both v and ¥
for any variable v.

We let V denote the set of variables, and K the number
of clausesin |. SupposeG is the graph assciated with |.
If c2 Cis a binary clausenode in G, we replace c and the

2We focus on pure sequeriial tristrips, not on \fan" tristrips
and sequertial tristrips with \swaps" (see,e.g., [16]).

two edgesincident on c by one edge. We call this a binary
edge We call the edgeincident to a unary clause a unary
edge Let the resulting graph be denoted G° and embed
G° with straight edges,on an integer grid, O(jVj + K )-by-
O(jVj+K). It isknown (e.g.[14]) that this can be donewhile
guaranteeing a minimum separation distance of £, 1= 2
between any embedded node and any embedded edge.

At ead variable node of G, we certer a square of suz-
ciently small side length © (* < #=10 suzces) and at eath
unary clausenode wetemporarily center aterminating square
having side length £( '=K). The terminating squares are
only usedin the construction and are not part of | °.

Variable Gadgets. For ead variable, we construct a tri-
angulation of the corresponding square, S, as shown in Fig-
ure 2. We rst partition S into m = 16K sectors so that
eadh sector intersects @ in a segmern of length 4'=m. We
place a regular convex polygon, P, at the cernter of S and
r = 32K 2 polygonal \rings" radiating outward from P. The
sectors partition ead ring into m trap ezoids. We triangu-
late eadh trap ezoid in all rings, except the innermost ring,
in a consistert manner, as shawn in the "gure. Also, within
ead sector, the area betweenthe square boundary and the
outermost ring forms a convex quadrilateral. We triangu-
late it in a similar manner. Each trap ezoid in the innermost
ring is triangulated via a stopping gadgetas showvn on the
right in Figure 2. The polygon P is triangulated as shown;
P, along with its triangulation, is called a center gadget

Figure 2: A variable gadget (top); each shaded
trap ezoid contains a stopping gadget (b ottom),
shown with each of its two coverings by a single
tristrip.

Clause Gadgets. Let e be an edgein G° If eis a binary
edgethen e connectstwo variable gadgets. We de ne a tube
corresponding to e, which is a triangulated polygon sharing
one or two edgeswith eadc of the corresponding variable
squares;it will share one edgewith a sector bounding edge
of a variable squareif that variable appearsun-negated and
will share two edgesif the variable appears negated in the



clause. The left and right sidesof a tub e consist of either a
single edge or a pair of edges,and the interior of the tube
is triangulated according to the case. SeeFigure 3. When
multiple tub esare incident on one side of a variable gadget,
we space them out, leaving at least a certain number (2
suzces) of sector bounding edgesbetween any two tubes.
The tub e corresponding to a unary clauseis similar, except
that it links one or two sectors of a variable gadget with a
terminating square; seeFigure 4.

wes

Figure 3: Clause gadgets: Xi_ X2, X1 _ X2, X1 _ Xo.

/ variable variable
Lo Tymaeo gadget | gadget
It variable u
" o . :gadge(:
/ ; % é LT, N
V1T % | variable
X X variablé gadget |
X % gadget__| —
variabl variable
Figure 4: Unary clause gadgets: xi, Xi. gadget [ gadget
Fill In. Wetriangulate eac faceF in the embedding of G° o~
by using a nestedsequenceof 64K jVj? tristrip rings, ead be- /%A"‘”‘
ginning and ending with a stopping gadget (placed against a 4"4?‘ </
variable gadget sector bounding edge), and a certer gadget; “&',:/‘:_'///;'\

seeFigure 5. The center gadget is made to have the same
number of sides as the face F; each of the - 16K jVj edges
of F is mapped to an edge of the center gadget, with the
endpoints speci ed at points along a set of disjoint polygo-
nal curves (shown dashedin the "gure), ead of which has
at most 4jVj bends.

Optimal Stripi cation  of the Construction.  There are
two optimal stripi cations for a variable gadget, one corre-
sponding to TRUE, one corresponding to FALSE. In eact
of these two stripi cations, for ead sector there is a sector
strip, s, that starts in the stopping gadget contained in the
sector as shown in Figure 2. This strip exits the top of the
stopping gadget and turns either left or right depending on
its orientation in the stopping gadget. If s turns right, it
travels through the containing sector. If the sector meets
atube, s then enters the certer triangle in the tube or the
side triangle and turns right. In this case,wecall sa TRUE
strip. If s turns left upon exiting the stopping gadget, it
travels around the variable gadgetin a spiral until reaching
the last triangle in the sector as shown in Figure 6(left). If
the sector meets a tub e or side triangle, s then enters the
center triangle in the tub e or the side triangle and turns left.
In this case,sis a FALSE strip. In either case,if the segmen
does not meet a tube or switch, s endsin the last triangle

Figure 5: Top: A center gadget along with stopping
gadgets and the tristrip covering the gadget in an
optimal stripi cation. Middle: Filling in a face with
tristrip  rings; binary tub es, represen ting clause gad-
gets, are shown highligh ted. Bottom: A schematic
of the tristrip rings, each beginning and ending with
stopping gadgets, surrounding a center gadget.



of the segmen and doesnot exit the variable gadget (if not,
problems are created aswe will seelater). All segmen strips
for a given variable must be consistert, since, if some strip
is TRUE and some number of strips are FALSE, then the
strips together are broken into at least 2K = (32K 2=16K )
pieces. To seethis, supposesomestrip s; is TRUE and let
Sk be the set of all FALSE strips in the variable. If § is a
sector and f is a FALSE strip then f spirals around to in-
tersect § 2K times. Each time § intersectsf, it coverstwo
adjacent triangles in 8. This set of 4K triangles is uniquely
determined and consists of 2K connected components for
each FALSE strip. In particular, if s; is contained in the
sector 8§, and Te is the set of triangles covered by Sg in §,
then there are at least 2K connected componerts of 8 nTe
that are not covered by Sg. If s; travels unbroken between
two adjacent componerts, then all strips crossing8 between
the components must be broken; otherwise, s; must t@ bro-
ken betweenthe componernts. Thus, the strips in Sg fsig
are broken into at least 2K pieces. A variable gadget in
which all strips are TRUE (resp., FALSE) corresponds to a
TRUE (resp., FALSE) variable. In either case,there is one
strip to cover the cernter gadget, as shown in Figure 5(top).

e

Figure 6: A portion of a FALSE segment strip.

The optimal stripi cation of clausesdependson a number
of cases;we defer the enumeration to the full paper, where
we presert an enumeration of the possibleoptimal coverings
of clausegadgets. The binary tubein abinary clausegadget
is incident on two sector boundaries, one in eac of the cor-
responding variable gadgets. For eadh of these sectors, there
is a strip that exits the top of the sector and enters the in-
cident triangle in the tube. This strip is TRUE or FALSE
depending on the truth assignmen of the variable. If the
clauseis satis ed, then the two sector strips are enough to
cover the clause gadget. If the clauseis not satis ed then
one additional strip is needed. We have a similar casefor
unary clause gadgets except that there is one strip rather
than two. If the clause is satis ed then the one strip is
enough to cover the clause gadget and if the clause is not
satis ed then one additional strip is needed. Thus, satis-
“ed clausesare covered by the strips that cover the variable
gadgets, while unsatis ed clausesrequire additional strips.

Finally, in an optimal stripi cation, eac face of G° is
covered by 64K jVj? + 1 tristrips (one per ring, plus one for
the certer gadget).

Completing the Pro of (Sketch). We claim that there
exists a truth assignmen for | such that at least N clauses
are satis ed if and only if there is a stripi cation using at
most jVj + 16K jVj + AB4K jVj% + 1) + (K | N) tristrips,

where A is the number of facesof planar graph G°.

First, suppose there is a truth assignmert such that at
least N clausesare satis ed. Then, there is a stripi cation
containing at most jVj+ 16K jVj+ A(64K jVj?+ 1)+ (K j N)
strips. jVj + 16K jV]j of these strips cover the jV| variable
gadgets, A(64K jVj? + 1) strips cover the faces of G° and
K i N strips cover the portions of clause gadgetsthat are
not covered by the jVj + 16K jVj strips that cover variable
gadgets.

Now supposewe have a stripi cation containing at most
iVi+ 16K jVj+ AB4K jVj2+ 1)+ (K j N) strips. First, we
claim that we needat least jVj + 16K jVj + AB4K jVj? + 1)
strips to cover variable gadgets and faces. We now have
K i N additional strips to nish covering clause gadgets.
Suppose one of these strips, s, enters more than one clause
gadget. Then s must either cut acrossa lled in face or a
variable gadget. Any strip entering a variable gadgettravels
towards the certer to becometrapp ed in a stopping gadget.
A strip entering a lled in face zig-zagsin to the center
gadget, where it turns around and goes out, following next
to the portion of the strip that went in to the center. In
doing so, though, the strip cuts across the 64K jVj? ring
tristrips, resulting in an additional 64K jVj? strips required
to cover. (The proof usesthe fact that eact stopping gadget
hasa vertex of degree7, which, by Lemma 4 (below), implies
the existence of the end triangle of a strip incident to it.)
Thus, a strip should not enter a Tled in facein a covering
that usesjVj+ 16K jVj+ A64K jVj?+ (K j N) strips.

4. OPTIMAL STRIPIFICATION

We have shown that the optimal stripi cation problem
is a hard combinatorial optimization problem. We now
presert algorithms to solve the problem exactly, based on
integer programming techniques and branch-and-bound. Of
course, these algorithms have a worst-case exponertial run-
ning time; we perform an experimental study of the algo-
rithms to determine their e®ectivenessin practice.

4.1 Integer Programming Algorithm

We formulate the stripi cation problem as a 0-1 Integer
Program (IP). We assumehere that the input surface trian-
gulation, T, is 2-manifold, sothat ead edgein T belongs
to at most two triangles. (We omit in this abstract our
extensions to the non-manifold case, which is part of the
implementation.)

An edgeis said to be internal if it is shared by exactly
two triangles; otherwise, it is a boundary edge. We let
G = (V(G); E(G)) denote the dual graph of T. A (sequen-
tial) stripi cation of T corresponds to an exact covering of
the nodes of G by a set of sequerial paths in G. Thus,
a stripi cation corresponds to a subgraph, G° of G, with
V(&) = V(G) and E(GY) % E(G). We dene a 0-1 integer
variable x. for each edgee in G such that

ZI
0 ife2 EG)

Xe= 1 otherwise

For any valid I;;;tripi_cation, S, we de ne the objectiv e func-
tion C(S) = Xe, Which is simply the cardinality of

E(G) nE(GY).

e2E (G)



Lemma 1. An optimal stripi ¢ ation, S, of T minimizes
the objective function C(S).

Pr oof. Let n be the number of triangles in T, b be the
number of boundary edges, and m(S) be the number of
strips in stripi cation S. For a strip s 2 S, let n(s) be
the number of triangles in the strip. The number of edges
(with possiblerepetitions) bounding the region de ned by s
is n(s) + 2. Summing over all strips, we have

(n(s) + 2) = n+ 2m(S):
s2S

In this summation, eadc counted edge that is internal is
counted twice and ead that is boundary is counted once.
Further, the counted internal edgeshave a one-to-one corre-

ondence with the edges in E(G)nE(G). Thus,

o5 (N(s)+ 2) = 2C(S)+ b;sothat 2C(S)+ b= n+ 2m(S),
and C(S) = m(S) + (ni b=2= m(S) + constapt:

By Lemma 1, our IP problem is to minimize = .,z (g, Xe,
subject to the xe's de ning a valid stripi cation, S, of T.
We now show how to de ne a small set of appropriate linear
constraints on the xe's. The constraints can be categorized
into local and global ones.

A local con guration
mesh and its dual. Righ t: A sequential cycle, whose
encoding is (1;2;3;4;5;6;7;8;1;2;::).

Figure 7: Left: of a triangle

The local constraints enforce that the dual of a tristrip is
a path. Since xe = 1 indicates that edge e is not selected
for a path, we require that the sum of the three variables
corresponding to dual edgesincident on a common node
(triangle) sum to at least one. Referring to Figure 7 (left),
theseconstraints say that X1+ X2+ X3, 1,and X1+ Xa+ Xs ,
1. The local constraints must also enforce that the dual
path \alternates" its turns left, then right, then left, etc.
For the example in the "gure, this leadsto the constraints
that X + X1+ x4, land xz+ x1+ x5, 1.

The global constraints are necessaryto ensure that any
sequertial strip hastwo \ends" and doesnot cycle; seeFig-
ure 7 (right). For ead self-looping sequertial strip (sequen-
tial cycle), with variables x1; x2; ¢¢¢; xx corresponding to the
dual edges,we imposethe constraint x; + Xz + ¢¢¢+ xi , 1
to ensurethat at least one edgeis not selected. (In the full
paper, we give examples to show that without the global
constraints, the IP solution leadsto a suboptimal stripi ca-
tion.)

Lemma 2. The IP formulation can be derived from T in
O(n) time and consists of £( n) linear constraints, with a
total of £( n) occurrences of variables in constraints, where
n is the number of triangles in T.

Pr oof. (Sketch) The number of local constraints is at
most 2 times the number of edges,plus the number of ver-
tices in G. They are readily found in linear time.

Because of the alternating nature of sequerial cycles,
ead edge can appear in at most two sequertial cycles, im-
plying that there are O(n) global constraints. (Examples
exist with -( n) global constraints.) We can identify them
in linear time by \stripping" them o® one by one.

Example. Our software produces the IP formulation in
MPS format for usein CPLEXa dedicated commercial opti-
mization code from ILOG [6]. For the example in Figure 8,
it produces an IP formulation that includes 24 local con-
straints and one global constraint. CPLEX solves this IP
in 0.13 secondson our low-end workstation, resulting in the
two strips shown in the "gure.

Figure 8: Example

triangulation  with
decomp osition into two tristrips (dual paths high-
ligh ted).

its optimal

Comparison with Implicit Enumeration. Implicit enu-
meration is a commonly used branch-and-bound method
that solves 0-1 IPs. (Details of the method appear in the
full paper.) We implemented this method (using a depth-
“rst-search order in the enumeration tree, in order to save
on memory) to serve as a bendhmark and to validate our
codes. On atest suite of 10 randomly generated\grid" mod-
els, each with 32 triangles, the CPLE>ased solution based
on our IP formulation is roughly 100 times faster (average
of 0.77 seconds,versus 78.62 seconds).

4.2 Branch and Bound

We have devised a custom-tailored branch-and-bound al-
gorithm for our optimization problem. The algorithm per-
forms a limited enumeration of the possible stripi cations,
while utilizing ezxcient and e®ective fathoming rules in or-
der to prune branchesof the enumeration tree. At any given
stage of the algorithm, the current candidate (partial) solu-
tion has covered some portion of T with a set of (disjoint)
tristrips, and we must consider which candidate tristrips
should be usedto cover the remaining no triangles, To of T.
First, we note the following fact (proof omitted here):

Lemma 3. There are O(n3) distinct tristrips passing
through any given triangle in the remaining mesh, To.

There are many possible choicesin designing how the al-
gorithm enumerates the candidate tristrips. In our imple-
mentation, we adopt a method that tends to processthe
longer strips rst. For eadch of the three ways in which a
strip can be extended, we start one from the base triangle
in one of the two directions, say, the \left" direction, and
extend the strip until we encounter either the boundary of

T or the strip itself. This extremal \left hand" strip can



then be shortened one triangle at a time, as we consider al-
ternativ es. For each "xed \left hand" strip, we can extend
it in the other direction from the basetriangle until it can
no longer be grown. Then this \right hand" strip can be
shortened one triangle at a time. In this way, we enumerate
all sequertial strips that passthrough a given triangle. For
ead such strip, we add it to the partial solution. If T is cov-
ered, we have reached a solution; otherwise, we contin ue the
enumeration. This enumeration procedure can be seenas
traversing a branch-and-bound (B&B) tree of O(n) height,
each node of which has degreeO(n?).

We now describe our fathoming rules, which are of critical
imp ortance to the exciency of our B&B algorithm. Consider
a vertex, v, of the triangle mesh. It has many triangles
incident onit. Somehave beencoveredalready in the partial
solution, while others are uncovered so far. The uncovered
triangles, in general, form a set of \sectors" around v. Let
us say they have cardinalities rq;rz;:::

Lemma 4. Let ¢ be a maximal subsguene of triangles in
a tristrip suchthat each triangle in ¢ is incident on a vertex
v. Then, ¢ consists of at most three triangles; if ¢ consists
of one or two triangles, then at least one of these triangles
must be an end triangle of the tristrip.

Pr oof. The proofis basedon a simple local investigation
of the casesin the neighborhood of v.

Thus, eat \sector" on v will contribute to the \end trian-
gles" of at least one sequerial strip if its cardinality is not
Omod 3. Let s; = 0if ri = Omod 3, and s; = 1 otherwise.

Lemma 5. In any cgmpletion of the partial stripi ¢ ation,
there must be at least ;s tristrips that have an end tri-
angle incident on v, with v incident on at most 2 of the
triangles in the strip.

Consider a tristrip. It hastwo \end triangles" (only oneif
it is a trivial strip of only 1 triangle). Consider the vertices
incident on thesetwo end triangles. In general, there are six
sud vertices; however, we claim that at most 4 of them are
vertices that are incident on at most two of the triangles of
the strip. (In the caseof a 1-triangle strip, the total number
of such vertices is simply 3.)

Lemma 6. At most 4 verticesof a tristrip are incident on
2 triangles of the strip.

We consider v to receive a \charge" from a strip s if v
is incident on at most 2 of the triangles in s. (Necessarily
these triangles will be end triangles of s). Then, wghave
shown that v is charged at least an amount C, = i Si,
go the total amount of charges over all vertices is at least

v Cv. On the other hand, ead strip can result in at most
4 charges, sothe total chargeis at most 4ng, where ns is the
number of strips in a completion of the partgal stripi cation.
Thus, we have the lower bound ns , (1=4) , Cy, which we
use as the basis of our fathoming rule. More speci cally,
if we keep track of the quantities C,, for eact vertex v, as
we proceed, then whenewer we get to a \no de” in the B&B
tree where (1=4) |, Cy, plus the current number of strips
(the onesthat are already part of the partial solution), is no
lessthan the best (complete) stripi cation found so far, we
know that we do not haveto explore the B&B tree below this

node { sincethe number gf strips necessaryto complete the
covering is at least (1=4) , Cy, we are doomed to obtain a
result that is no better than the best solution found so far.

Implemen tation Issues. In order to get an initial feasi-
ble (hopefully closeto optimal) solution, we utilize the FTSG
package (with the dynamic programming option on). Also,
a key issuein implementing the algorithm is to update ex-
ciently the strip lower bound when visiting new nodes. From
the analysis above, one can update the lower bound \lo cally”
by recalculating C, for those vertices whose incident faces
have changed. The computing time at eac of those ver-
tices is expected to be constant. Note that the new lower
bound is established asif the remaining triangle meshis still
one connected componert. It is certainly better to compute
lower bounds componentwise and sum them; however, we
have found in practice that the overhead for maintaining
connected components o®setsthe bene't.

There are casesfor which the above bounding scheme re-
sults in trivial lower bounds (0O or 1); e.g., see Figure 9,
where the fathoming rule givesa lower bound of 1, while it
actually requires 3 tristrips to cover the example. To im-
prove the lower bound, we implemented a \one-strip" test
(in linear time [2]) to determine whether a single strip can
indeed cover a component. If so, no further fathoming is
neededon that component; otherwise, we have established
a better lower bound (of 2 strips).

Figure 9: An example for whic h our fathoming rule
(with lower bound of 1) is not very e®ectiv e but can
be impro ved with the \one-strip" test.

4.3 Experiments

We have conducted experiments using three main classes
of data: randomly generated\grid" models, randomly gen-
erated \sphere" models, \real-w orld" models (extracting
small patches, if the model is too large to run in a reason-
able time). The \grid" models are generated by randomly
triangulating ead square (by randomly picking one of the
two diagonals) in an n £ n regular grid. To build \sphere"
models, we rst use the sphere program of O'Rourk e and
Xu [13] to generate random points on or near a sphere, and
then apply the ghull program [3] of Barber and Huhdanpaa
to obtain the triangulated convex hulls.

CPLEX vs. B&B. The following comparisons were done
on a Sun4cwith 37 MB memory running SunOS 4.1.3.U1.

In testing the branch-and-bound method on the same 10
\grid" models used in our base comparison with implicit
enumeration, we obtained an average running time of 0:94
seconds, which is 22% slower than using CPLEXn the IP
formulation, but still two orders of magnitude faster than
using implicit enumeration.

We also ran tests on some larger models: 10 \grid" ones
and 10\sphere" ones,ead containing 72 triangles, verifying
that the CPLEXnd B&B methods generatethe sameoptimal
number of strips. The average running times on the two
sets of models are listed in Table 1. (In very recert tests,



No. of triangles 69 49 37 55 61 72 75 58
No. of constraints 124 122 86 65 65 189 182 131
Running | CPLEX | 0.83| 0.32 | 0.82] 0.25]0.12| 342 145 | 0.35
Time (s) | B&B 1.06| 4860 0.69| 0.18] 0.06 | 0.86 | 67.22 | 0.75

Table 2: The running

Method Time(s)
Grid | Sphere

B&B 4182 901

CPLEX 57 2625

Table 1: The average running
and the branc h-and-b ound metho d on 10 \grid"
mo dels and 10 \sphere® models, each containing 72
triangles.

on another platform (Sun Ultra-30 with 512MB memory,
running Sun0OS5.6) with the latest (7.0) version of CPLEXwe
obtained similar results, with the B&B method just under
twice as fast as CPLEXn solving the sphere models, and
about 100 times slower at solving the grid models.)

It isinteresting to notice that our B&B method runs faster
on \sphere" models than on \grid" models, and CPLEXbe-
haves contrarily . Indeed, the B&B method is roughly 2-3
times faster than CPLEXon \sphere" models. However, it is
70-100times slower on \grid" models. This may be partly
becausethe IP formulations of these \sphere” models con-
tain 39% more constraints than that of \grid" models on
average (286 vs. 205), and partly becausefewer strips are
required to cover a \sphere" model than a \grid" model
(Table 3), which probably implies a smaller B&B tree for a
\sphere” model than for a \grid" model.

We also ran both methods on somesmall triangle meshes
obtained from \real-w orld" models, by grouping short strips
(obtained using FTS® into connected components (we say
more about this later). Table 2 shows the running times.
Both methods seemto run faster on these small meshes.
However, the B&B method exhibits more variation in run-
ning time. We will investigate this issue later.

Grid Sphere

OPT [FTISG | % [ OPT [FTISG | %

12 11 16.7 7 11 57.1

11 15 36.4 9 11 22.2

11 13 18.2 9 12 33.3

13 11 7.7 7 10 429

12 13 8.3 8 10 25

12 15 25 7 11 57.1

12 14 16.7 8 12 50

11 11 27.3 8 9 12.5

12 15 25 7 12 71.4

13 11 7.7 7 12 71.4
Table 3: The optimal number of tristrips vs. the
number obtained by FTSGon 10 \grid® models and

10 \sphere" models, each containing 72 triangles.

Comparisons with FTSG. How well are the heuristic
methods used in practice doing in comparison with an op-
timal stripi cation? We compare the number of tristrips
in the optimal solution with the number obtained using a

times using both CPLEX

times using both CPLEXand the B&B metho d on

some small triangle meshes.

leading package (FTSGrun with the options \-dfs -alt -DP",
which is generally the best choice for minimizing the number
of tristrips). The following experiments were run on a Sun
sparc Ultra-30, running SunOS 5.6 with 512MB. Table 3
lists the number of sequertial strips in an optimal solution
and in the FTSG solution on the 10 \grid" models and 10
\sphere" models. Also listed in the table are the percert-
agesby which FTSGncreasesthe number of strips over the
optimal.

104008

-+ exp(0.18x - 2.05)
Avg running time

104007 -

g

Number of triangles

Figure 10: The running
nentially with input size.

time of B&B grows exp o-

More Tests of the B&B. To seehow the performance of
our B&B algorithm scaleswith input size, we generated 9
groups of random \sphere" models, each with 10 models of
the same size, ranging from 16 to 96. The average running
time for each group is plotted (log-scale) in Figure 10. A
least-squares 't of the data shows the exponential growth
of y = exp(0:18x j 2:05). The predicted running time on a
sphere model of 100 triangles is about 2.5 hours; for com-
parison, FTSGakesonly a few milliseconds on such a model.

We also show in Figure 11 how the B&B method gener-
ates progressiwely fewer strips as the algorithm runs (on a
\sphere" model of 96 triangles). The B&B method starts
with a stripi cation obtained by FTSGcontaining 15 strips,
and eventually "nds an optimal solution with 11 strips.

For practical problems, one may wish to spend a reason-
able amount of time running the B&B method and then
stop the algorithm within a speci ed time frame, reporting
the best solution found so far. We investigate this strategy
by running the following experiments on a full suite of 173
real-world models (the sameset usedin [16] for FTSGests).
For each model, we run the B&B method for atime equal to
k times the FTSGunning time, where k = 2;4;8;:::;1024,
then stop and record the number of tristrips. The results
show that for k = 1024, we obtain improvemerts over FTSG
on 10% (19) of the models. Table 4 shows how the number
of strips changeswith k for a few models. The column for
k = 0 shows the number of strips obtained by FTSG

Etcacy of Fathoming Rule. We have seenthat the run-
ning time of the B&B algorithm is exponertial. We con-
ducted tests that show, though, that it is dramatically better



Model Verts | Tris

0 2 ! 8116732164128 256[512]1024
compdesk | 136 204 | 51[50(49 |48 |46 |43 |40 | 35 34 (opt)
doors 280 488 |54 |54 5454545353 53] 52751 51
extrude 64 24178187 [ 7171717 7 7 7 7
pilot 586 [ 1012|6565 [ 55|55 [ 655|655 55| 65 | 54 | 54 54
roadarm 72 132 | 8[| 88| 7|77 6 (opt)
tool-1.2 1052 12096 5 | 5 | 5[ 5[5]5]57] 4] 3 (opt)

Table 4: Num ber of strips using truncated B&B, stopping after k times the FSTGun time.

% one to trade o® speed for optimalit y within the practical
@ e FTSGsystem.

s We outline the method here. First, we use the \path-
o & peeling” algorithm of FTSGo obtain aninitial setof tristrips.
%sﬁ Then, according to a pre-speci ed cut-o® size, k, we cate-
(P o gorize the strips into \short" and \long" strips. The long
Buzs strips are kept asis, but the short strips are regrouped into
g w2 i) connectedcomponernts (\patc hes"). In the grouping of short
Cs strips, we do not allow patchesto becomelarger (in number
3. a— of triangles) than a user-speci ed threshold, K. Then, each

patch is fed into the optimization algorithm (using CPLEr
B&B) to compute its optimal stripi cation. As K increases,
the method allows oneto get closerand closerto an optimal

solution.

A crucial part in this algorithm is the grouping of short
strips into patches of bounded size. We have experimented
with two main methods for doing this, one basedon a sim-
ple BFS algorithm (adding adjacent small strips until the
threshold K is reached) and one basedon a prioritized ap-
proach, in which we give preferenceto adding shorter strips

Time (millisecs)

Figure 11: The number of sequential strips obtained
by the branc h-and-b ound metho d decreases as run-
ning time increases.

than a\brute force" enumeration, showing that our fathom-
ing rule is highly e®ectiwe in pruning candidates; seeTable 5.

Model | Running Time(ms) Nodes visited : :
B&B | Brute Force | B&B | Brute Force during the patch growing.
1 17 3916 1126 2006216 Exp erimen ts. Weran experiments on the suite of 173real-
2 87 7093 6246 | 3401612 world polygonal models usedin [16]. In using FTSGthe strip
2 373 ?gi 23";3886 Zgzggg concatenation option was disabled so asto focus exclusively
= 35 143 838 1081750 on the e®ectivenessof the patch optimization algorithm.
6 37 1361 2716 | 698584
7 36 1738 2587 884116 ‘ ‘
8 7 440 467 | 227251 . K- greedy
9 8 967 475 562687 8 —{5— prioritized
10 46 1506 3358 716184 5%, o
“61030* 1
Table 5: Running time and number of nodes vis- 3 ﬁ"ﬁ
ited by B&B and brute-force metho d on 10 \sphere" £l B " . x %
mo dels, each with 30 triangles. 2.l o
=}
in

In the experiments reported so far, we only applied the
\lo cal" fathoming rule, and did not perform it component-
wise. In the full paper, we report on experiments that show
the e®ectof applying the fathoming rule componentwise and
alsothe e®ectof using the one-strip test to improve the lower
bound. While in somecasesthere was a noticeable improve-
ment, the results were not dramatic, sothe extra time spent
in performing the more advanced fathoming rules was not
determined to be worth it in most cases.

1000
5

L in]
" Strip Cut-Off Size

Figure 12: The average number of tristrips the

strip cut-o® size k.

VS.

We rst useda patch sizebound of K = 30 and measured
the number of tristrips obtained using various strip cut-o®
sizes, k. Both the greedy patching method and the pri-
oritized method are tested and compared. Figure 12 shows
how the number of strips varies with the strip cut-o® size, k,
for the two di®erert patch growing methods. It clearly indi-
catesthat the prioritized method hasthe advantage over the
greedy method. For the former method, the average num-
ber of strips decreasesmonotonically asthe strip cut-o® size
increases. When the cut-o® size reaches 30, we obtain the

5. PATCH OPTIMIZA TION IN FTSG

Since the running times of our optimization algorithms
grow exponertially with the model size, they can only be
applied to relativ ely small models (fewer than 100triangles).
We have developed a method of patch optimization to allow



best average number of 1000.7, which is 6:7% fewer than
that obtained by FTSGalone. Note that there is virtually no
discernible improvemert for k > 20.

However, for the prioritized method, the averagerunning
time increasesfrom 264 to 420 secondsper million triangles
when the strip cut-o® size increasesfrom 5 to 30. This can
be expected, since more strips are processed. Nevertheless,
the best and worst average running times are still of the
sameorder. This makesit reasonableto setk = K in the
future experiments.

Patch size | VPT Strips | Time(s)
FTSG 1.2487| 1072.7| 14.3
20 1.2339| 1019.2 | 255.7
25 1.2316 | 1009.3| 274.7
30 1.2299 | 1000.7 | 419.6
35 1.2282| 994.3 | 1115.8
40 1.2273| 988.9 | 84025
45 1.2262| 984.0 | 69777.1

Table 6: The performance of the patc h optimization
using di®erent patc h size bounds.

Next, we study how the performance of our algorithm
varies with the patch sizebound, K, for valuesranging uni-
formly from 20to 45. The rst two columns in Table 6 list
the averagevertex per triangle ratio (VPT) and the average
number of sequertial strips, both of which decreaseas the
patch size increases. The secondrow in the table lists the
results for the original FTSGThe third column in Table 6
lists the running time of eadh run in secondsper million tri-
angles. We can seethat, asthe patch size bound increases,
the running time can grow exponertially .

1035

1030 | %?Avg num of strips

5pS

1020 [

015 [

1010 [

Number of Stri

1005 [

1000

Patch Size: No. of TriAéngIes“

Figure 13: The number of strips decreases as the
patc h size bound increases.

6. CONCLUSION

We have developed the rst exact optimization methods
for optimizing the number of tristrips in a partitioning of
a triangulated model. Our experiments compared the rel-
ative merits of two main approaches { using a commercial
integer programming package and using a custom-tailored
branch-and-bound algorithm. We have also integrated the
optimization methods into the practical FTSG systemin or-
der to provide users a trade-o® between running time and
optimalit y.

On the theoretical front, we have establishedthe complex-
ity of the K-STRIPABILITY problem, showing that it is NP-
complete and answering a question posed by J. Rossignac

in 1993. The most intriguing open problem is to provide
any nontrivial approximation algorithm and/or to establish
hardness of approximabilit y results.
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