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ABSTRA CT

Werevisit the problem of computing shortest obstacle-avoid-
ing paths among obstaclesin three dimensions. We prove
new hardness results, showing, e.g., that computing Eu-
clidean shortest paths among sets of \stac ked" axis-aligned
rectangles is NP-complete, and that computing L ;-shortest
paths among disjoint balls is NP-complete. On the positive
side, we presert an excient algorithm for computing an L ;-
shortest path betweentwo given points that lies on or above
a given polyhedral terrain. We also give polynomial-time

algorithms for some versions of stacked polygonal obstacles
that are \terrain-lik e" and analyze the complexity of short-
est path maps in the presenceof parallel halfplane \w alls."”

Categories and Sub ject Descriptors: F.2.2 [Analy-
sis of Algorithms and Problem Complexity]: Nonnumerical
Algorithms and Problems| geometrical problemsand com-
putations

General Terms: Algorithms, Theory

Keyw ords: Shortest path, NP-hardness, motion planning,
terrain

1. INTR ODUCTION

The problem of computing shortest paths within a geomet-
ric domain has been well studied in computational geome-
try; seethe surveys[18, 19]. The two-dimensional problem
of computing a shortest path among a set of obstacles is
relatively well understood, and there are algorithms [14],
based on the continuous Dijkstra paradigm, that compute
a shortest path in the Euclidean metric (or any L, metric,
p. 1) among a set of polygonal obstacles having a total of

5

n vertices, in worst-case optimal running time O(n logn).

In three dimensions, one is interested in computing a
shortest path among a set of polyhedral obstacles, or other
obstacles (balls, cylinders, etc). The general problem is
known to be hard, with hardnessarising from two sources:

Permissionto make digital or hard copiesof all or part of this work for

personalor classroomuseis grantedwithout fee provided that copiesare
not madeor distributedfor pro t or commercialadvantageandthatcopies
bearthis noticeandthefull citationonthe rst page.To copy otherwiseto

republishto poston senersor to redistrituteto lists, requiresprior speci ¢

permissiorand/orafee.

SCG'04,June8—11,2004,Brooklyn, New York, USA.

Copyright 2004ACM 1-58113-885-7/04/0006.$5.00.

Micha Sharir
Scool of Computer Science
Tel Aviv University
Tel Aviv 69978, Israel
michas@tau.ac.il

Algebraic hardness: Unlik e shortest paths among obsta-
clesin the plane, shortest paths in a polyhedral domain
need not lie on a discrete graph. Shortest paths in
a polyhedral domain are polygonal, with bend points
that are either obstacle vertices, or lie interior to ob-
stacle edgesand then they obey a simple unfolding
property: The path reachesthe edge and leavesit at
equal angles. Thus, a locally optimal subpath that
bends only at edgescan be unfolded at each edge
along its edge sequence,resulting in a straight seg-
ment. Given an edge sequence,this local optimalit y
property uniquely identi es a shortest path from s to
t through that edge sequence. However, Bajaj [1, 2]
has shown that comparison of the lengths of two paths
arising from distinct edgesequencesnay require expo-
nentially many bits, since the algebraic numbers that
describe the optimal path lengths may have exponen-
tial degree. (We note, though, that this is not the main
dixcult y in a combinatorial approach to the problem.
In fact, similar issuesarise alsoin the planar case,and
usually one assumesa computational model with in -
nite precision real arithmetic, which we also adopt for
the three-dimensional case.)

Com binatorial hardness: The number of combinatorially
distinct shortest paths from s to t may be exponertial
in the input size. In particular, the shortest path map
with respect to a source point s in a polyhedral do-
main having n vertices may have an exponertial num-
ber (-(2 ")) of cells. Canny and Reif [3] used this
fact to prove the NP-hardness of the 3-dimensional
L p-shortest path problem, for any p, 1.

In light of the (double) ditcult y of the general problem,
researd has focusedon special casesand on approximation
algorithms. Special caseshaving n°-time algorithms in-
clude Euclidean shortest paths among k convex polyhedral
obstacles[22], or among vertical \buildings" (prisms) having
k di®erert heights [12].

While computing L:-shortest paths among general poly-
hedral obstaclesin R® is NP-hard [3], if the obstaclesare or-
thohedral, having faces orthogonal to the coordinate axes,
a seardh of the grid graph suzces for computing optimal
paths; see,e.g.,[7, 9, 10] for excient algorithms that exploit
this special structure.

The special caseof shortest paths on a polyhedral surface
(i.e., the obstacles are the complement of the surface) can
be especially etciently solved, since the surface constraint
e®ectively makesthe problem two-dimensional; the contin u-



ous Dijkstra paradigm leadsto an O(n?)-time algorithm [4,
20]. (Seealso [15] for a recertly announced improvemert.)

Related to someof our work is the recert result of Dror et
al. [11] on the touring polygons problem (TPP), which can
be viewed as a special caseof the shortest path problem in
which the obstacles are a \stack" of planes, each having a
simple polygonal hole; Dror et al. show that the TPP can
be solved exactly in polynomial time if the polygonal holes
are convex, and that the problem is NP-hard if the holesare
noncorvex (and overlapping).

Approximation algorithms are based on discretizing the
space by selectively placing sample points (e.g., along the
edgesof polyhedral obstacles) and searding the visibilit y
graph of the discrete set of points. Analysis of how well
lengths are preserved in the discretization shows that paths
whoselength is within (1+") times optimal can be computed
in time polynomial in the input complexity and (1=") [8, 21].
Choi, Sellen, and Yap [5, 6] have addressedsome inconsis-
tencies in earlier work, drawn attention to the distinction
betweenbit complexity and algebraic complexity, and intro-
duced the notion of \precision-sensitivit y." Har-Peled [13]
has given discretization methods for computing approximate
shortest path maps in polyhedral domains, computing, for
“xed sources and" 2 (0; 1), a subdivision of sizeO(n?="4**)
in time roughly O(n*="), sothat for any point t 2 R® a
(1 + ")-approximation of the length of a shortest s-t path
can be reported in time O(log(n=")).

Our Results

In this paper we reconsider the complexity of the shortest
path problem among obstaclesin R® in an attempt to un-
derstand better the distinction betweenthose instancesthat
are combinatorially hard and those that are not.

We answer someof the open questionsthat have beencir-
culating in the community since the Canny-Reif hardness
result was discovered in 1986: Is it NP-hard to nd Eu-
clidean shortest paths among a set of disjoint axis-aligned
boxes, or even a set of \stacked" axis-aligned rectangles?
What if the obstacles are disjoint balls or other \fat" sets?
What if there is only a single-obstacle polyhedral terrain
(and oneis allowed to °y over it)?

We do not addressissuesof algebraic complexity; where
needed, we assumethat we have an \oracle" that exactly
compares path lengths. (Again, this is not much di®erert
from the standard assumptions made in the planar case.)

Our results include the following ones:

1. We presert an O(n® logn)-time algorithm for comput-
ing an L 1-shortest path betweentwo given points that
lies on or above a given polyhedral terrain with n faces.

2. We analyze the complexity of shortest path maps in
the presenceof parallel halfplane \w alls."

3. We show that the Euclidean shortest path problem is
NP-complete for the caseof obstaclesthat are disjoint
axis-aligned boxes, even if the obstaclesare \stac ked"
axis-aligned quadrants ead of which is unbounded to
the northeast or to the southwest.

4. Complementing our hardnessproof, we give polynomial-
time algorithms for the case of stacked axis-aligned
rectanglesthat are\terrain-lik e", ead containing aray

in the (j y)-direction, and for other favorable classes
of axis-aligned rectangular shapes.

5. We prove that it is NP-hard to decideif the length of
an L; shortest path from s to t is at most |, for the
following cases: (i) The obstacles are disjoint balls in
R®, or a\stack of pancakes" (°at circular disks). (ii)
The obstaclesare a stacked set of squaresead at angle
Y4 with respect to the coordinate axes (in this case
the problem is NP-complete).

2. L;-SHORTEST PATHS ABO VE A
TERRAIN

Let T be a polyhedral terrain with n faces, and let s and
t be two points that lie on or above the terrain. We wish
to compute the Li-shortest path %a(s;t) from s to t which
stays fully on or above T. We note that Y4 (s;t) neednot be
unique. In fact, even in the absenceof T, any path from s
to t that is monotone in all three coordinate directions is an
L ;-shortest path from s to t.

Lemma 1. Let h be the maximal z-coordinate of a point
on %(s;t). Let s(h) (resp., t(h)) be the point at height h
that lies directly above s (resp.,t). Let 1/zﬁh)(s;t) denote the
path obtained by moving from s directly upwards to s(h),
then proceeding from s(h) to t(h) along a shortest L ;-path

1//§)h)(s;t) that lies fully in the plane z = h and stays on or
above T, and nal ly moving from t(h) directly downwards to

t. Then %(s;t) and V/gh)(s;t) have the same L ;-length.

Pr oof. This is an easy consequenceof the properties of
the Li-metric and is omitted in this version. O

We vary h and slice T with the plane $ (h) : z = h,
to obtain a polygonal partition of $ (h) into a free region
and an obstacle region, consisting of those points in $ (h)
that lie on or above T and below T, respectively. Let T(h)
denote the free portion of $ (h), and let, asabove, s(h); t(h)
denote the points at height h that lie vertically above s and
t. Note that T (h) expandsash increases. We also denote by
e(h), for each edgee of T, the point that lies on e at height
h, if such a point exists. (We assumethat T contains no
horizontal edges.) Our goal is to compute the L i-shortest
path in T(h) that connectss(h) to t(h), and analyze how it
varies as h increases,say, from h = maxfs;;t,gto h=+1 .
Refer to Figure 1.

=

Figure 1. Sweeping a terrain upwards: As the height h varies, the
slice of the terrain T yields a free spaceregion T (h), and the task is
to compute a shartest path in T(h) from s(h) to t(h).



Put L(h) = k%h)(s;t)kl, for h , maxfs;;t;g. Note
that L(h) = (2hi s, i t;)+ k¥%" (s;t)k:, where, as above,
1/éah)(s;t) is the horizontal portion of 1//ih)(s;t) (betweens(h)
and t(h)). Put Lo(h) = k%" (s;t)ki. Since T(h1) 1 T(hz)
when h; > hy, we have:

Lemma 2. Lo(h) is a (weakly) monotone decreasing func-
tion of h.

z-order. Let I; denote the closedinterval [(vi)z; (Vi+1 )], for
each i < n, and let I, denote the hal®ine [(vn);;+1 ). Par-
tition ead |; further, at critical heights h at which there
exist two edgese;e® of T such that e(h) and e’(h) have the
samex- or y-coordinate. (More precisely, we are only inter-
estedin everts of this form where the two points e(h); e%h)
are visible from ead other in T(h).) let | denote the result-
ing collection of atomic intervals, over all the I;'s. Note that
il j = O(n?), and that this bound is tight in the worst case.

Lemma 3. For each interval | 2 I, the function Lo(h)
is a (weakly) monotone decreasing, concave, piecewise lin-
ear function of h over I. The function L(h) is a concave
piecewise linear function over | .

Proof. For eah h, we may assumethat %" (s;t) is a
polygonal path that bends only at some re°ex vertices of
T (h) (convex obstacle vertices). For simplicity of the anal-

ysis, we will consider all such bends of % h)(s;t), although

the only bends that may a®ectthe Li-length of 1/%h)(s;t)
are where it changeseither its x-direction (from going left
to going right or vice versa) or its y-direction (from going up
to going down in the y-direction or vice versa), or both (see,
e.g., the bends in Figure 4(i)). Other bends are inessen-
tial, becausethe path continuesto be there both x- and
y-monotone, and its Li-length is not a®ected by the bend
(see,e.qg., the bendsin Figure 4(iii)).

Let G(h) denote the graph whose vertices are the points
s;t and the edgesof T that have points at z = h, and where
two vertices e;e” of G(h) (say, edgesof T) are connected
by an edgeif the following holds: (i) The straight segmen
e(h)e(h) is fully contained in T(h). (i) Let B(e;e%h) de-
note the axis-parallel rectangle that has e(h) and €%h) as
two opposite vertices. Then the portion of B (e;e%h) that is
visible from e(h) doesnot contain any other vertex of G(h).
SeeFigure 2. Edgesof G(h) incident to s or to t are de ned
analogously:.

As is easily seen, G(h) does not change combinatorially
as h varies in 1. Geometrically, G(h) is embedded in the
plane $ (h) by mapping each vertex e (say, an edgeof T)
to the actual point e(h) at height h on e (s is mapped to
s(h) and t to t(h)), and by mapping eac edge (e;e% to
the straight segmer in $ (h) that connects e(h) and e%h)
(including the caseswhere e and/or €° are s or t). Clearly,
this embedding of G(h) varies contin uously ash variesin |.
The path 1/%h)(s;t), under the structural assumption at the
beginning of the proof, can be regarded as the embedding
in $ (h) of a path in G(h) connecting s and t. Let P(h)
denote the "nite set of all simple paths in G(h) that con-
nect s to t. Then clearly Lo(h) = miny,p n) k¥4h)ks, where
Y{h) is the embedding of the path Y4in the plane $ (h), as
just described. Since the x- and y-coordinates of each ver-
tex of T(h) are linear functions of h over I, and since the

€

B(e;e’ h)

(iii)
Figure 2. Edges(cases(i) and (ii)) and non-edges(cases (iii) and
(iv)) of G(h).

vertices of T (h) have a 'xed x-order and a "xed y-order as
h variesin |, it follows that k¥{h)k; is a linear function of
h 2 1. HencelLg(h) is the lower envelope of a "nite number
of linear functions, and is thus concave and piecewiselinear
over |. By Lemma 2, it is also monotone decreasing. Since
L (h) is equal to Lo(h) plus a linear function of h, it is also
concave and piecewise-linear (but not necessarilymonotone
decreasing). O

Cor ollar y 1. L(h) attains its glokal minimum at an
endpoint of someinterval in | .

Pr oof. First, L(h) hasa global minimum: Let ho denote
the in'm um of all h for which s(h) and t(h) are visible. It
is easily chedked that (i) L(h) is a strictly increasing linear
function of h (of slope 2), for h , hg, and (ii) L(h) attains its
minimum over the interval [maxfs;;t,g; ho]. This minimum
cannot be attained at an interior point ofany | 2 | , because
L (h) is concave there. O

Let h® be a height at which two vertices e(h®); e%(h")
of T(h") have the same x- or y-coordinate, say e(h”)x =
e’(h™)x. We show (and omit the proof here) that if all the
paths ¥{h) that attain the minimum Lo(h) at h® do not use
the edge (e(h); €%h)) then Lo(h) is concave and piecewise
linear at h”. If, on the other hand, all paths %{h) that at-
tain Lo(h) at h® use (e(h);e(h)) then Lo(h) is convex and
piecewise-linear at h®. If the set of these paths contains
paths of both kinds, the actual behavior of Lo(h) at h® de-
pends on the relativ e slopes of the path-length functions of
these paths.

The casewhere h” is the height of a vertex v of T is more
involved, since Lo(h) can become discontinuous at h®, as
is illustrated in Figure 3. Informally, the topology of T(h)
may change as h increasesthrough h®, in the sensethat a
new passagein the vicinit y of v may open up, allowing much
shorter paths to connect s(h) and t(h).

Computing the Li-shortest path. Recall that our
goal is to compute the global minimum of L (h), from which
Ya(s;t) is easily obtained. By Corollary 1, the minimum
must be attained at an endpoint of someinterval in | . This
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Figure 3. A discontinuity in the length of Vzgh)(s;t) as we sweep
upwards through a vertex v of T.

suggeststhe following simple algorithm. Let H denote the
set of endpoints of intervalsin I . We compute 1//ih)(s;t) for
each h 2 H, and select the path with the smallest length
L (h). Each of these computations is the construction of a
planar Li-shortest path in a polygonal environment, which
can be accomplished in O(nlogn) time and linear storage
[16, 17]. Altogether the algorithm runs in O(n®logn) time.

Theorem 1. Let T be a polyhedral terrain with n faces,
and let s;t be two points on or above T. The L ;-shortest path
between s and t that stays on or abtove T can be computed
in O(n®logn) time (and linear storage).

2.1 Discussion and Extensions
(1). The samemachinery yields a slightly stronger result:

Theorem 2. Let T be a polyhedral terrain with n faces,
and let s be a xed point on or akove T. One can prepro-
cessT and s into a data structure of size O(n®), in time
O(n®logn), so that, given a query point t that lies on or
alove T, the L1-shortest path between s and t can be com-
puted in O(n?logn) time.

Pr oof. Let Ho denote the set of critical heights, which
are either (i) heights of vertices of T; or (ii) heights h where
there exist two edges, e and €°, of T whose corresponding
points, e(h) and €%h), have the same x-coordinate or the
same y-coordinate and are visible in T(h); or (iii) heights
h at which there exists an edge e of T whose correspond-
ing point e(h) has the same x-coordinate or the same y-
coordinate asthe point s(h), and thesetwo points are visible
in T (h).

Each h 2 Hy is an endpoint of someinterval in | , but there
exist additional endpoints that depend on t. Speci cally,
these are heights h where there exists an edgee of T whose
corresponding point e(h) have the samex-coordinate or the
samey-coordinate asthe point t(h), and thesetwo points are
visible in T(h). Let H1(t) denote the set of these additional
heights. Fortunately, there are only O(n) such heights. (In
contrast, the size of Ho can be £( n?).)

The preprocessingalgorithm proceedsasfollows. For each
h 2 Ho, we compute the shortest path map M (s;h) that
represerts all Lj-shortest paths in T(h) from s(h) to the
other points of T(h). As shown in [16, 17], this can be done
in O(nlogn) time and O(n) storage. We further process
each M (s;h) for etcient (logarithmic-time) point location
queries. This too can be done in O(nlogn) time and O(n)
storage. In total, preprocessingtakes O(n®logn) time and
producesa data structure of size O(n®).

A query with a point t is processedas follows. We rst
compute the set H1(t) of additional critical heights. To sim-
plify matters, we simply compute, in O(n) time, the setof all

critical heights where t(h) and some e(h) have the same x-
or y-coordinate. (This is a superset of H1(t), becausewe ig-
nore the requirement of visibilit y betweenthesetwo points.)

We compute 1/zgh)(s;t) for each h in this superset, and com-
pute the minimum | 1 of their L;-lengths. In addition, for
each h 2 Ho, we locate t(h) in M (s;h), in O(logn) time.
This determines the length of 1/éh)(s;t), and we compute
the minimum _» of these lengths. The path that attains
minf , 1;, 29 is the Li-shortest path from s to t. The total
query time is clearly O(n?logn). U

(2). Can one analyze the changesin the shortest-path
map M (s; h) as h varies contin uously? The critical heights
are those h at which a vertex of T (h) hastwo homotopically
di®erert shortest paths from s(h). How many times can this
happen?

(3). One canalsoconsiderthe all-shortest-paths extension
of the plro@Iem: Given a set Q of k points on or above T,
nd all ; L 1-shortest paths between pairs of points in Q.
Using the algorithm provided by Theorem 2, this can be
solved in time O((kn® + k2n?) logn).

g(hs) 9(h*) g(h2)
\>g(h1) —.8(h%) >e(h2)
& S e%ﬁ \ ed({?)\
B(hi1) o’(h1)  B(h®) g’(h*) B(hz) 9%(h2)
0] (i) (iii)

Figure 4. A criticality in the structure of Véh)(s; t).

3. L2-SHORTEST PATHS OVER WALLS

y-axis, sothat the equation of each g is of the form y = a;,
z= bx+c,andsothat a; < a» < ¢¢¢< a,. Each g de nes
awall Wi, which is the vertical halfplane lying below e . Let
s and t be a source and target points, sothat sy < a; and
ty > a,. The problem is to 'nd the L,-shortest path from
s to t that does not meet the relativ e interior of any wall
W, . For any point 3 2 R®, denote by ¥{3) the shortest path
from s to 3, and by L(3) the length of that path.

In this section we provide analysis of the structure of the
paths ¥{3) and of the resulting shortest path map, culmi-
nating in Theorem 3, which shows that the shortest path
map has O(n?) complexity. Unfortunately , we do not yet
have a polynomial-time algorithm that computes the map.

y
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Figure 5. The shatest path problem over a set of walls, each or-



3.1 Prop erties of 4§ and L (9

(1) For any 3, ¥(3) is a polygonal path that bendsonly at
points that lie on someof the edgese;.

(2) For any 3, ¥{3) is y-monotone.

(3) Y43) is the concatenation two subpaths Ya k%, (either
of which may be empty), sothat ¥, is ascendingin the z-
direction, and ¥, is descending.

(4) For any 3, the path %{3) is unique.

Pr oof. For simplicity, assumethat 3y > an, so all walls
W, are \in-b etween" s and 3. Consider any y-monotone
polygonal path that connectss and 3, doesnot intersect the
relativ e interior of any W;, and bends only at points that
lie in the planesy = a;; clearly, ¥{3) is such a path. Let
(Xi;ai;z) be the point where our path crossesthe plane
y = a;. Its length is thus

(Xis1 § Xi)2+ (@1 i @)2+ (zia1 i Z)%
i=0

where (Xo; @o; zo) are the coordinates of s and (Xn+1 , @n+1 ,
zn+1 ) are the coordinates of 3. Clearly, F is a convex func-
tion, beingthe sum of convex functions. Moreover, assuming
general position, it is easily seenthat F is strictly convex.
By de nition, L(3) is the minimum value of F over the con-
vex polyhedral domain P, de ned by z , bx; + ¢, for each
i = 1;:::;n. The minimum of a strictly convex function
over a convex domain is unique. O

This proof has seweral additional implications:
(5) Supposethat 3 varies in someconvex domain K. Then
L (3) is a convex function of 3 over K.
(6) Supposethat 3 varies along someline *. Then

(i) L(3) is a convex function of 3 over .

(ii) As we slide 3 along °, ¥{3) varies contin uously (in the
Hausdor® metric).

(i) The combinatorial structure of ¥{3) changesonly when
it passesthrough three collinear and mutually visible
points that lie on three edgese;e® e in which case
¥{3) connectsthesethree points along the line segmen

that they span.

3.2 Combinatorial Complexit y of the
Shortest-P ath Map

The structure of ¥(3) near a generic point.

Lemma 4. Assume that 3 varies along the last line e =
er. Let3p 2 e be a point for which no collinear critic ality
of type 6(iii) occurs along ¥{30). We vary 3 along e from a
point slightly to the left of 3 to a point slightly to its right.
Then, for eachi < n for which ¥{3,) bendsat e, the contact
point ¥{3)\ e movesmonotonically, either to the left or to
the right (where di®erent directions may arise for di®erent
lines g).

Pr oof. We exploit the local optimality criterion of ¥43)
(i.e., it forms equal incoming and outgoing angleswith ead
edgeit touches), and show that, up to rst-order approxi-
mation, it can be expressedas a linear system of equations
in the displacemerts of the contact points along the edges
e . From this the claim is an easy consequence. Il

The structure of ¥{3) near a triple collinearit y.

Lemma 5. Suppsethat 3, 2 e = e, and that ¥(3¢) con-
tains a critic al triple collinearity, occurring between three
consecutive contact points, say3{'" Y 2 &, 1, 3{" 2 &, and
3™ 2 @, . Then, when 3 is on one side of 3, and suf-
“ciently closeto it, ¥{3) bendsat e, and when 3 is on the
other side and sutciently close to 3, ¥{3) passesover g
without touching it.

Pr oof. Based on a somewhat more involved rst-order
approximation, and omitted in this abstract. O

Lemma 6. For eachi < n, the set
Ci=f32ej?)\ & 6 g
is connected.

Pr oof. Supposeto the contrary that, for somei, C; is
disconnected. SinceC; is closed, this implies that there exist
two points 31;3, 2 C; such that the open interval (31;32) 1
e, is disjoint from C;. That is, for each 3 2 (31;32), Y{3)\
e = ;. Let V, be the vertical plane containing e, and
consider the contin uous arc

= IO\ V3 2 Prstl

Then °; starts and ends on e, but all its other points lie
above . SeeFigure 6.

Figure 6. The arc °;.

Let & be the line in V; that is parallel to e, tangent to
°i, and containing °; in the closed halfplane below it. Let
30 2 (31;32) beapoint for which ¥{30)\ V; 2 &. Consider a
new input in which g is replacedby &, and we are interested
in shortest paths ¥{3) from s to points 3 2 e, which do not

By construction, it is easily cheded that ¥{3¢) = ¥{30). On
the other hand, for any point 3 2 e, in the vicinity of 3o,
the path ¥{3) passesbelow &, and thus ¥{3) must bend at
& . This however contradicts Lemma 5, and thus completes
the proof of the lemma. O

As a corollary, we obtain the following main result of this
section,

Theorem 3. The number of combinatorial changesin the
structure of ¥4{3), as ® movesalong e,, is O(n). Thus, the
complexity of the shortest path map, restricted to the lines
e, is O(n?).

Pr oof. As argued above, the combinatorial structure of
Y{3) changesonly when the path hasa critical triple collinear-
ity. By Lemma 5, as this criticalit y is encourtered, either
Y{3) starts making contact with the middle line & of the



collinearity, or stops making such a contact. By Lemma 6,
once such a contact is lost, it will not materialize again.
This is easily seento imply that the number of combinato-
rial changesin ¥{3) is only O(n). O

We leave it as an open problem whether Theorem 3 can
be exploited to yield a polynomial-time algorithm for com-
puting the shortest-path map on e,, say.

4. HARDNESS PROOFS

We show that seweral special instances of the shortest path
problem are NP-hard or NP-complete. We begin by address-
ing the caseof \stacked" rectangles.

We consider an ordered stack of °at polygonal obstacles

top. We allow obstaclesthat are unbounded polygons. We
think of eath of the polygons P; aslying in a plane (a layer)
parallel to the xy-plane, with an in nitesimal separation in
z-coordinate betweenthe plane of P; and the plane of Pi.; .
We are given a sourcepoint s in nitesimally below the plane
of P, and a goal point t in nitesimally above the plane of
P.. We seeka Euclidean shortest path from s to t avoiding
the obstacles!

We show that the L ;-shortest path problem is NP-complete
for a stack S of axis-aligned rectangles. In fact, we show
hardnessfor a special classof axis-aligned rectangles, namely
\g-rectangles" of \t ypes"| and I11. An axis-aligned rectangle
is a g-rectangle (\quadran t-rectangle") if it is semi-in nite
in x and semi-in nite in y. There are four distinct types of
g-rectangles, corresponding to the four quadrants (I, I1, 111,
IV), depending on the pair of directions in which the rectan-
gle is unbounded; e.g., a g-rectangle of type | (resp., I11) is
unboundedin the +x and +y (resp., j x and j y) directions.

Our proof is basedon a careful adaptation of the Canny-
Reif [3] proof of NP-hardness of the three-dimensional short-
est path problem, using seweral new gadgets.

Theorem 4. It is NP-complete to decide if there exists
an obstacle-avoidingpath of Euclidean length at most L among
a set of stackal axis-aligned rectangles. In fact, it is NP-
complete for the special case that the axis-aligned rectangles
are g-rectangles of types| and Ill.

Pr oof. It is easyto seethat the problem is in NP, by
encading a solution by the sequenceof rectangle edgesit
\°ips over". We refer to our instance of the shortest path
problem for stacked rectangles as SP-STACKED, and our
hardness proof is by reduction from 3-SAT. Given an in-

stance of 3-SAT, having n variables by;:::; b, and m clauses
Ci = (li1 _li2 _ liz), we construct a stack of g-rectangles,
(R1;:::;Rwm ), where M = O(n + m), along with points s

and t, such that solving the SP-STACKED on this instance
permits usto determine if the 3-SAT formula ~; C; hasa sat-
isfying truth assignmen: There exists an obstacle-avoiding
path from s to t of length L if and only if the given formula
A Ci has a satisfying truth assignmert.

1We note that if there exist non-innitesimal displacements be-
tween the planes containing the obstacles then the length of the
path becomes algebraically more involved, and the analysis be-
comesharder. At the moment we do not know whether our proof
contin ues to hold if we disallow innitesimal displacements.

While our proof attempts to follow that of [3], there are
important new aspectsto our proof. First, we must be care-
ful to make the layout a stacked instance in the plane, sowe
must modify the clauseTter of [3], which exploited spacing
of obstaclesin the third dimension to have the path classes
passthrough three literal TTters in parallel. This modi ca-
tion utilizes a new 3-way splitter. Second,we must avoid the
use of \plates with slits" of [3], since our obstacles are all
very special convex obstacles. Further, we must construct
new gadgets using only two orientations of obstacle edges,
rather than the three orientations (0, ¥#4, ¥&#2) used previ-
ously.

Our proof utilizes sewral kinds of gadgets: 2-way path
splitters (that double the number of shortest path classes),
inverted 2-way splitters (that mergesback split paths to a
common path), 3-way path splitters (that triple the number
of shortest path classes,without changing their ordering),
inverted 3-way splitters, path shu?ers (that perform a per-
fect shu2e of the input path classes),blockers (which allow
a subset of the paths through without disruption, but block
other paths, or rather lengthen them), literal Tters (that
\select" paths having a particular \bit" equal to 0 or 1),
and clause Tters (that ensurethat ead clauseis true in a
satisfying truth assignmernt).

Overview of the Construction. Refer to Figure 7.
We use n 2-way path splitters to create 2" distinct path
classesthat form a \bundle" of parallel paths, all going in
the northeast direction (at angle ¥&=4 with respect to the
+x-axis). Each path encades a truth assignmen for the n
variables.

-F*- Splitter gadget
'F*‘ Shuffle gadget

Blocker

B

Clause filter

Literal filter

\ 3-way splitter

Figure 7. Overview of the construction.

A 3-way path splitter splits this bundle of paths into three
parallel bundles, without changing their ordering. These
three parallel bundles are then fed into a clause Tter, con-
sisting of three literal TTters, to Tter out those path classes
whose corresponding variable assignmerts fail to satisfy the



clause. The property of the literal TTter is that only those
path classesthat have a particular bit (corresponding to the
literal) setto O or 1 are able to passthrough the Tter with-

out having a detour (imp osedby a blocker) that forcesthe
path to be longer than the others. The literal Tter is, in
turn, a sequenceof shu2e gadgets, eacth of which rearranges
the bundle of paths, so that those corresponding to a par-
ticular bit i are all together on the samehalf of the bundle.
Then, a blocker gadget (consisting of one type-I g-rectangle
and one type-lll g-rectangle) allows only the appropriate
half of the path bundle to continue without a detour. An-
other sequenceof shu2e gadgetsthen puts the paths back
into their original ordering in the bundle. The three parallel
bundles of paths passfrom clausegadget, to inverted 3-way
splitter, which puts them back into a common bundle, to
3-way splitter, to clause gadget, to inverted 3-way splitter,

etc., and then to a sequenceof n inverted 2-way splitters,

“nally resulting in a single northeast path to the destination
point t. Each path splitter and shu?e gadget introducesa
certain detour length; we can compute easily the total path
length, L, of a path that succeedsn getting from s to t with-

out encourtering a blocker. There is a path from s to t of
length L if and only if there is a satisfying truth assignmen
for the input 3SAT instance.

It is important to observe that our gadgets utilize only
g-rectangles of types| and |11, and that there is a speci ¢
ordering of the g-rectangleswithin eacd gadget. For two ob-
staclesO and O°from di®erert gadgets, we say that obstacle
O precedes(or is beneath) obstacle O° written O A OO, if
there exists a path class encourtering the gadget contain-
ing O before the gadget containing O°% By the layout of
the construction, with gadgets proceedingfrom s northeast
to t according to a DAG, the relation A denes a partial
order. The global ordering of the stack of all obstaclesis
according to a total order that is consistert with the partial
order A. Each g-rectangle has a single vertex (the northeast
corner or the southwest corner). Within ead gadget the
vertices of the assaiated g-rectangles are localized within a
ball of radius on the order of the path bundle width, w. Us-
ing a separation of one between parallel paths within a path
bundle, we seethat eac of the O(n+ m) gadgetsrequiresin-
tegral coordinates in their specication of size O(2"); thus,
the entire construction usesonly a polynomial number of
bits.

Path Splitters. Consider a path (or a bundle of paths)
heading exactly northeast (at angle ¥4 with respect to the
x-axis) from the sourcepoint s. The 2-way path splitter gad-
get (Figure 8) consists of 3 g-rectangles: (1) Ri, of type Il
(in red or light gray),? (2) Rz, of type Il (in purple or
medium gray), and (3) Rs, of typel (in greenor dark gray),
stacked on top of a path bundle (shown dashed) heading
northeast. The path bundle gets split into two bundles.
The 3-way path splitter gadgetis constructed similarly to
the 2-way splitter, but is more complex; it is omitted here.

Path Shu?e Gadgets. The path shu?e gadgets are
rather intricate, requiring care that the path lengths are
presened. An illustration is shown in Figure 9.

Literal Filters. As in [3], a literal Tter for variable x;
consists of a sequenceof shu2e gadgets, which rearrange
the order of the paths within a bundle so that those paths

2The colors can be seenwhen viewing this abstract electronically .

whose ith bit is set to a specic value (0 or 1, according
to whether the variable is negated or not in the literal) in

bundle are moved to be the left half of the paths. Then, a
blocker gadget (Figure 10) allows the left half of the paths
to proceedwithout a detour, while the right half of the path
bundle gets directed beneath a type | g-rectangle, forcing it
to be suboptimal. O

Figure 8. Path splitting gadget. The rectangles are stacked in the
order red/light gray (R1), purple/medium gray (R2), green/dark
gray (R3), from bottom to top. The dashed segment entering the
gadget, headed northeast, lies underneath L. The path bundle can
then either continue straight, or fold over the right edge of R1, so
it now lies above the rectangle (shown as a solid segment). R
lies on top of this stack: the northwest branch continues without
interruption from R, but the northeast branch folds over the top
edge of Rz, now heading southeast. Finally, R3 is placed on top,
and the northwest branch folds over its left edge, while the southeast
branch folds over its bottom edge. The two new path bundles are
\tied" in terms of their progressto the northeast (i.e., points at equal
distance from s lie along a line x + y = C).

With somerevisions to the gadgets of Theorem 4, we are
able to show also the NP-completeness of the problem of
computing shortest paths among stacked rectanglesthat are
vertical and horizontal in nite strips:

Theorem 5. It is NP-complete to decide if there exists
an obstacle-avoiding path of Euclidean length at most L
among stackel horizontal and vertical strips.

Each of the previous theorems applies also to the caseof
the L1 metric, if we rotate the entire construction by ¥#4,



Figure 9. Path shu2e gadget. The path bundle, with paths ordered
(1,2,3,4), getsshu2ed to a new path bundle (still headingnortheast),
with paths ordered (1,3,2,4). Each g-rectangle in the stack is either
of type | or type IIl.

Figure 10. A blocker: the left half of the path bundle emergesfrom
below the (red/light-gra y) type Il g-rectangle R1, and passesabove
the (purple/medium gray) type | g-rectangle R, unobstructed. In
contrast, the right half of the path bundle remains \trapp ed" below
R2, and can get on top only by making a signi cant detour.

e.g., so that st is horizontal. The remarkable conclusion
is that, while L, shortest paths among axis-aligned stacked
rectanglesis easily solved in polynomial time (just by seard-
ing a grid graph), the problem becomesNP-complete for
stacked rectangles all at angle ¥=4 with respect to the x-
axis.

Theorem 6. The L1 3D shortest path problem is NP-
complete for obstaclesthat are stacked copies of either (1)
type-l and type-lll g-rectangles, rotated by ¥#4; or (2) diag-
onal strips (at orientation § ¥&=4).

Finally, we prove hardness of two more instances of the
L:-shortest path problem: that in which the obstacles are
stacked two-dimensional disks (\pancak es"), and that in
which the obstaclesare disjoint balls in R®. The proofs are
omitted in this version.

Theorem 7. The Li-shortest path problem is NP-hard
for stackel obstaclesthat are two-dimensional disks in R®.

Cor ollar y 2. The Li-shortest path problemis NP-hard
for obstaclesthat are disjoint balls in R3.

5. POL YNOMIAL-TIME CASES OF
STACKED OBSTACLES

Complementing our hardness/completenessresults from the
previous section, we consider now casesof n stacked °at

shortest paths in polynomial time.

First, we note that the results of Dror et al. [11] imply
that if eac of the polygons P; is the complemert of a convex
region (i.e., one can crossbetween successie layers through
convex regions), then the problem is solvable in polynomial
time, using their algorithm for visiting a sequenceof convex
regions in the plane. This caseincludes that in which each
Pi is a halfplane.

We focus now on the casein which ead P; is an axis-
aligned rectangle, possibly innite in any of the coordinate
directions (8 x; 8 y). We say that the stack S of axis-aligned
rectangles is terrain-like if there is at least one of the four
directions (north (+y), south (j y), east(+ x), or west (j x))
for which ead of the polygons P; is unbounded.

Theorem 8. LetS be a stackof n terrain-like axis-parallel
rectangles. One can compute a Euclidean shortest path among
S in polynomial time.



Pr oof. Without loss of generality, assumethat eact P;
is unbounded in the (j y)-direction, and let s = (0;0), and
t = (tx;ty), with ty > 0. Each P; hasatop edge e = (ai;h),
aleft edgel; (which is a downwards ray from a;), and a right
edger; (which is a downwards ray from b). It is possible
that &y = j1 andlor b = +1 . The following claim is a
special caseof the analysis in Section 3.

Claim 1. An optimal path ¥ folds over the top edge of
at most one obstacle, and, if it does so, that edge has a
y-coordinate greater than ty. Thus, an optimal path decom-
posesinto at most two y-monotone paths: ¥4 that asends
in y to a point t°2 e” on a (horizontal) top edgee®, and ¥i
that desendsin y from t°to t.

We therefore focus on the caseof computing a y-ascending
path from s to t° An optimal path from s to t is obtained
by concatenating two such optimal paths, searding over all
possiblepoints t’ on horizontal (top) edges,e;, at y-height ;.

Each pair of distinct obstacles, Pi and P; with i < j,
de nes up to two points where the boundary of P; crosses
the boundary of P; > We call such a point u a crossing point
if there is no obstacle Py, with i < k < j, separating P; and
P; in the stack at the point u. (We make a nondegeneracy
assumption, for simplicity, that no two edgesof obstacles
are collinear.)

An elementary path is a shortest polygonal path, joining
two crossing points u 2 @; \ @; and u’2 @0\ @;o,
with i < j - i°< j° that bendsonly on left/righ t edgesof
obstaclesPy (if any), at points that are not crossing points,
in the layers between P; and Pio (j < k < i% that have
Yk > minfyy;yyog.

Claim 2. An optimal y-asceending path, Y2, from s to
t° 2 e is a polygonal path that is a sequene of O(n) ele-
mentary paths.

Claim 3. Each elementary submth Y{u; u® that joins a
crossing point u 2 @;\ @, to a crossing point u®2 @;o\
@0 (i°, j) is a polygonal path with vertices that alternate
between left edgesand right edgesof rectangles Py, with j <
k < i°and yx > minfy,;yyog. Each seyment of ¥ u; u®
makesthe sameangle, L., o, with respect to the x-axis, where
Mew 0 = sint Y((Yeo i Yu)=d(u; u%), and d(u; u% is the length
of Y{u; u).

We construct a graph, G = (V;E), on the setV of cross-
ing points (augmented with s and t%. Each edge(u;u® 2 E
corresponds to a shortest path betweencrossing point u and
crossing point u’ treating ead of the obstacles Py with
yk > minfyy;yyog in the layersin between as in nite ver-
tical strips (ignoring their top edges). The lengths of each
of the O(n*) edges(u; u% is computed, in total time O(n*),
by Tnding st (in time O(n®logn)), for ead y;, the all-
pairs shortest path distances between the endpoints of the
(stacked) line segmerns that are the projections onto the
xz-plane of rectangles P; that extend to y-height at least

i (i.e., with y; , vi); the length of (u;u® is given by

(Yuoi Yu)?+ d?, where d is the shortest path length in
the xz-projection betweenthe corresponding segmen end-
points. We then seard the graph G for a shortest path,

STednically, these boundaries are innitesimally apart, so the
crossing refers to the crossing of their projections onto the xy-
plane.

which is, by the structural results above, an optimal path
from s to t°.

The remaining issueis that we do not know the point t°
where an optimal s-t path should bend on the top edge (at
the y-highest point of ¥7'). We brie°y outline our solution
here. Using the graph G, we compute (in time O(n%)) a
tree of shortest paths from s to all O(n?) of the crossing
points, and we record with ead crossing point its shortest
path distance from s. Then, for eac choice of crossingpoint
u and top edgee, we construct the shortest path map de-
composition, SPMg, (u), of & with respect to a sourcepoint
at u, treating ead obstacle P; with y; > y, asif it were
an in nite vertical strip. This is readily solved as a shortest
path problem in the xz-plane among a stack of in nitesi-
mally separated line segmers (the projections of the P;'s
with y; > y,). Each SPMeg, (u) is in fact a partition of g
into at most two subsegmeits, due to the special nature of
the shortest path problem for stacked segmers. For any
choice of u, all n of the decompositions SP Mg, (u) are com-
puted in total time O(nlogn), by constructing the shortest
path map with respect to u among the relevant segmerts in
the xz-projection. Thus, the shortest path map, SPMe¢; (s),
with respect to the source point s can be obtained by com-
puting the lower envelope of the O(n) distance functions,
fiu (x), each of complexity O(1), which give the total dis-
tance from s to points, p(x) 2 e, at coordinate x along
€, using a shortest path from s to u, then a shortest path
(treating the P;'s with y; > y, asin nite vertical strips)
from u to p(x). We similarly compute the decomposition,
SPMyg, (t), for each e that lies abovet.

Once we have the two decompositions, SPMg, (s) and
SPMyg, (t), we canreadily compute a shortest path from s to
t by examining each edgee and computing the point t°2 e
that minimizes the sum of the distancesto s and to t.

The total time required by this algorithm is bounded by
o(n%). U

Figure 11 summarizesthe breakdown of the di®erert cases
of stacked rectangles into those that are polynomial-time
solvable and those that are NP-complete. Proofs of some of
these caseshave beengiven above; the remaining proofs are
given in the full version of the paper.

Poly-Time

LE R

Figure 11. Instances of stacked axis-aligned rectangular obstacles.
The top row shows instancesthat are solvable in polynomial time;
the bottom row shows instancesthat are NP-complete.

6. CONCLUSION

The goal of this paper has beento add to our understand-
ing of the three-dimensional shortest path problem: Which
instances are hard? Which instances can be solved in poly-
nomial time?



We show that a critical property of a set of obstaclesin
order to assurepolynomialit y in computing shortest paths is
the terrain property, that the obstaclesall be unbounded in
somecommon direction. We give positive results for seweral
cases,including Li-shortest paths over polyhedral terrains,
L o-shortest paths over parallel walls, and L ,-shortest paths
over terrain-lik e stacked axis-aligned rectangles.

On the °ip side, we show that computing Euclidean short-
est paths among a set of stacked axis-aligned rectangles is
NP-complete, even in the special casethat they are quad-
rants unbounded to the northeast or to the southwest. In-
deed, any class of instances of stacked rectangles that does
not have the terrain property is shown to be NP-complete,
with the exception of the class of halfplanes, which admits
a polynomial-time solution.

In the caseof L1 metric, of course, shortest paths among
axis-aligned rectangles(or boxes, orthohedral polyhedra, etc.)
is readily solved in polynomial time. We give a contrasting
result: It is NP-complete to decide if there is a path of L1
length at most | among a set of stacked horizontal squares,
all at angle ¥#4 with respect to the coordinate axes. We
also show that it is NP-hard to compute L ;-shortest paths
among disjoint balls in 3-space, showing that \fatness" is
not enoughto make the shortest path problem easy

Many questions remain, among them: (1) What is the
complexity of the Euclidean shortest path problem for °y-
ing over a polyhedral terrain? What is the combinatorial
complexity of the shortest path map over terrains? (This
question is open both for the L, and L1 metrics, except for
the caseof parallel walls, studied in Section 3.)

(2) What is the complexity of the Euclidean shortest path
problem for obstaclesthat are disjoint balls? We show that
the problem is NP-hard for the L, metric; however, that
proof required a family of balls whose sizesvary drastically
(the ratio betweenlargest and smallest radius is exponertial
in n). What can be said about the L ;- and L ;-shortest path
problems for disjoint unit balls?

(3) What is the complexity of the Euclidean or L1 shortest
path problem in the casethat free spaceis a union of n balls?
Perhapsit is not fatness of the obstaclesthat is critical, but
rather the coverage of free spaceby a small number of fat
subsets of free space.

(4) Can Euclidean shortest paths be computed exciently
for the caseof arbitrary stacked terrain polygons? What
can be said if the terrain polygons lie in parallel planes, but
there may be non-in nitesimal spacing (in z) between the
planes? Our analysis of the caseof parallel walls (halfplanes)
is a step in this direction. The challenge is to understand
the combinatorics better, despite the fact that paths become
algebraically more involved in the non-stacked instances.
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