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Abstract

We consider the following three-dimensional packing problem that arises in multi-body mo-
tion planning in an environment with obstacles: Given an n×n×n regular grid of voxels (cubes),
with each voxel labeled as “empty” or “occupied”, determine the maximum number of “pencils”
that can be packed within the empty voxels, where a pencil is a union of n voxels that form
an axis-parallel strip (i.e., a 1× 1× n box). No pencil is allowed to contain an occupied voxel,
and no two pencils can have a shared voxel (since they form a packing). We consider also the
dual (covering) problem in which we want to find the minimum number of empty “covering”
voxels such that every pencil is intersected by at least one covering voxel. We show that both
problems are NP-Hard and we give some approximation algorithms. We have evaluated our
approximation algorithms experimentally and found that they perform very well in practice.

Keywords: Set Packing Problem, Set Cover Problem, Voxel Cube

1 Introduction
We study a problem, which is motivated by Air Traffic Management (ATM) domain. For a given
piece of airspace, the goal is to determine safe trajectories for aircraft, with no two trajectories
overlapping in space-time, and each trajectory staying a safe distance from constraints (i.e., regions
that are to be avoided, such as “no-fly zones”and regions that are impacted by hazardous weather).

Our focus in this chapter is on algorithms to compute straight (or essentially straight) trajecto-
ries in space-time. This is an important first step in any analysis of the fully general problem. In
most cases, too, we desire essentially straight routes for flights through an airspace, for their effi-
ciency and ease of control. (More generally, we may desire great circular routes or wind-optimized
routes, which are most fuel efficient.) Further, we expect that our techniques can be extended
to cases in which routes are polygonal and allowed to have a small number of bends at specified
“waypoints”.
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While it may seem that determining the existence of straight routes through a constrained
airspace is relatively straightforward, we demonstrate that it is not trivial, as it is necessary to
coordinate the timing and placement of multiple crossing flows of aircraft on straight trajectories.
In fact, even if the aircraft are flying in just two orthogonal directions (e.g., x-parallel and y-parallel)
through an airspace cluttered with (time-dependent) constraints, we demonstrate that it is NP-hard
to decide if k aircraft can be routed through an airspace in a given window of time. We complement
this negative result with positive results on the approximation of the optimization problem that
seeks to maximize the number of straight trajectories, and we give experimental evidence that our
proposed heuristics work well in practice. The model we study here is that of placing “pencils”
(cylinders) through a cluttered three-dimensional space, where the third dimension represents time.

1.1 Motivation
If the given airspace is a fixed 2-dimensional polygonal region, with obstacles (holes), then maximiz-
ing the number of disjoint thick paths (air lanes) through the airspace, entering/exiting through
the source/sink portion of the boundary, is solved using the theory of geometric Max-Flow/Min-
Cut [6, 7]. Since the airspace is fixed, if our goal is to maximize the number of trajectories in
(3-dimensional) space-time, the solution is simply given by replicating the 2-dimensional solution
over and over in time, with each thick path through the domain lifting to an “inclined” thick tube
through space-time, with the inclination determined by the (constant) speed of the aircraft, and
the trajectories separated in time by the shift corresponding to the Miles-In-Trail (MIT) constraint.
The problem of minimizing lengths of the thick paths (e.g., the sum of the lengths) has also been
studied as a geometric form of the minimum-cost flow problem [7]. If the demand for traffic through
the airspace includes crossing traffic, then the problem of maximizing the throughput (number of
trajectories in a given span of time) is more challenging. If the environment is fixed, one can
decompose the demand into sets of noncrossing paths, solve each set as a Max-Flow/Min-Cut prob-
lem, and then cycle through the solutions, taking turns in time among the different noncrossing
demand sets. This does not exactly solve the full problem and it does not address the realistic
case in which the constraints are dynamic (e.g., from a dynamic weather forecast). For the general
problem of computing a maximum number of thick trajectories in space-time, the best theoretical
results known are based on approximation techniques; see [1].

Here, we restrict ourselves to a simpler problem, requiring that the routes be straight, axis-
parallel ( paths. We are motivated to do so because actual routes within a relatively limited size
airspace are likely to be essentially straight. Further, our understanding of the case of straight
paths is likely to lead to improved understanding of the complexity of the problem and to suggest
techniques to handle cases in which the routes may have one (or a few) bends. Another simplification
of our model is that we are interested in maximizing the number of trajectories through the space-
time domain, without concern of which direction through the domain (x-parallel or y-parallel) they
go. We formalize our problem statement in the next section.

1.2 Problem Statement
We are given an n×n×n regular grid, C, of voxels (cubes), with each voxel labeled as “empty” or
“occupied”. An axis-parallel strip of n face-adjacent empty voxels is called a pencil; it is a 1× 1×n
block of n empty voxels that passes all the way through C, from one facet of the cube to the
opposite facet. Fig 1 shows an example with 8× 8× 8 cube.
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(a) A Cube consists of occu-
pied and empty voxels

(b) Red voxels are occupied (c) 8 Pencils are packed in the
cube

Figure 1: Example of Pencils Packing Problem

Our goal is to pack within C as many pairwise-disjoint pencils as possible. The problem arises
in a multi-agent motion planning problem for moving as many disks as possible along discrete-
orientation straight trajectories among a set of possibly moving obstacles in the plane; by lifting to
space-time (3D) and transforming the coordinates, we arrive at the pencil packing problem.

For convenience, we place C aligned to the x, y and z axes. We let cijk be a binary variable
indicating if voxel indexed (i, j, k) is occupied (cijk = 1) or not (cijk = 0). We let xjk be a
binary variable indicating the presence of the x-parallel pencil at position (j, k) in (y, z)-space. We
similarly define variables yik and zij . Then, the Pencil Packing Problem is defined as follows: For
given cijk ∈ {0, 1}, where i, j, k ∈ N = {1, . . . , n},

maximize
∑

j∈N,k∈N
xjk +

∑
i∈N,k∈N

yik +
∑

i∈N,j∈N
zij

s.t. xjk + yik + zjk + cijk ≤ 1 i, j, k ∈ N

Related to the pencil packing problem is a covering problem, defined as follows. Let vijk be a
binary variable associated with voxel (i, j, k), indicating if this voxel is part of the cover. The Voxel
Cover Problem is, for given cijk ∈ {0, 1}, where i, j, k ∈ N ,

minimize
∑

i∈N,j∈N,k∈N
vijk

s.t.
∑
i∈N

(vijk + cijk) ≥ 1 j, k ∈ N∑
j∈N

(vijk + cijk) ≥ 1 i, k ∈ N

∑
k∈N

(vijk + cijk) ≥ 1 i, j ∈ N

The Voxel Cover Problem is the dual problem of Pencil Packing Problem.
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Figure 2: 3 variable gadgets are placed. Straight lines represent possible pencils and balls represent
intersections and end points of pencils

1.3 Related Work
Our problems are geometric variants of Set Packing and Minimum Set Cover, which are known to
be APX-hard even if the cardinality of each set is bounded ([3], [5], [8]). One previous work [2]
shows that the maximum independent set in 3-partite graphs is NP-hard and not approximable
within 26/25 unless P=NP. The pencil packing problem can be viewed as a special case of the
independent set problem in 3-partite graphs.

2 Hardness
Using reductions from a variation of 3SAT Problem where each clause has exactly 3 variables [4],
we prove the following hardness results:

Theorem 2.1. NP-Hardness of Pencil Packing: Let C be a given voxel cube and k be an integer;
then it is NP-complete to determine whether k pencils can be packed in C.

Proof. Let P be a 3SAT problem instance with a variables and b clauses and each clause exactly 3
variables in it. We construct a voxel cube C, size of which is polynomial to a and b, and then show
that finding 3a+ 4b pencils (it is maximum possible number) in C is equivalent to solve P .

For each variable in P , we have a cycle of possible pencils (empty voxel strip size n) length 6.
Fig. 2 shows gadgets for 3 variables. Colored straight lines represent possible pencils. It is possible
to pack at most 3 pencils among 6 possible ones in each cycle. There are 2 different ways of packing
3 pencils for a variable gadget, so we adopt that aspect as variable assignment. One alternating 3
among 6 possible pencils cycle is true pencils and the rest is false pencils.

A clause gadget consist with 9 possible pencils like Fig. 3. 3 possible pencils (red in the figure)
have a intersection voxel and each is relayed to variable gadgets with two additional possible pencils
(green and purple). Fig. 4 shows a connected structure of a clause gadget and three variable gadgets.

One is able to pack 4 pencils in a single clause gadget and this is the maximum possible. When
there are 4 pencils in a clause gadget, then at least one of them intersects the variable gadget.
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Figure 3: A clause gadget consists of 9 possible pencils.

Figure 4: A clause gadget is connected to 3 variables gadgets.

Otherwise (without using pink possible pencils), only 3 pencils could be packed. Therefore, if a
clause has true literal of a variable, then the pink possible pencil should be connected to the false
pencils of the variable.

A variable gadget has 2 voxel layers and a clause gadget has 3 voxel layers in each dimension.
Since one of 3 clause possible pencils is place on the layer defined by variable possible pencils,
one clause gadget introduces 2 new layers. In order to isolate possible pencils of gadgets, we also
place additional layers as barriers. Hence, 4(a + b) − 1 layers are required to build C, which is
corresponding to given P .

If we are able to pack 3a + 4b pencils in C, each variable gadget has 3 pencils in it and each
clause gadget has 4 pencils in it. It implies that we are able to valid variable assignment and satisfy
all the clause.

Theorem 2.2. NP-Hardness of Voxel Cover: Let C be a given voxel cube and l be an integer; then
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Figure 5: Gadgets for voxel cover problem. All graphics are top-viewed. Circles represent possible
pencils perpendicular to the planes, where different oriented pencils are placed. (a) a variable gadget
form a cycle of 8 possible pencils (shown as green). Number along the pencils identify the depth of
voxel layers, which have green pencils (b) a variable gadget forms a 16 cycle (c) generalized variable
gadget forms 8l cycle, where l is an integer (d) 3 variable gadgets (shown as green) interacting with
a clause gadget (blue)

it is NP-complete to determine whether l empty voxels of C exist that cover all pencils of C.

Proof. We use a reduction from 3SAT problem to prove. Let P be an instance of 3SAT problem
with a variables and b clauses. There are exactly 3 variables in each clause. We construct a voxel
cube C corresponding to given P , and show finding minimum voxel cover of C is equivalent to solve
P .

For a variable of P , we construct a cycle of possible pencils in C, whose length is multiple of 8.
The smallest one is illustrated in Fig. 5(a). It has two intersections denoted as T and F, which are
exclusively used to express how the variable participate in clauses. The length of a variable gadget
cycle is 8l, there are l pairs of T and F intersections. In such case, the gadget requires 3l, 3l and
2l layers in dimensions and the variable is used l times in P totally. Since a variable gadget is even
number cycle, one can cover it with the minimum number of voxel (which is the half of the cycle
length) in exactly 2 different ways. If that minimum voxel cover contains T intersections, then we
regard it as true assignment for corresponding variable. Otherwise, it is false.
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Figure 6: variable and clause gadgets in perspective view point

A clause gadget consists of 7 possible pencils shown as blue in Fig. 5(d) and Fig. 6. It intersects
variable gadgets 3 different possible pencils. Intersecting point should be T or F intersections and
it shows how the variable participate in the particular clause. If none of intersecting points of
variable and clause gadget are covered by voxels, which cover variable gadget cycles, then there
are 7 possible pencils in clause gadget should be covered by additional 4 voxels. Otherwise (if any
possible pencil of clause gadget is covered by a voxel, which is originally for variable gadget cycle),
then we need 3 additional voxels for the clause gadget. Each clause gadget requires 0, 1 and 1 voxel
layers in each dimension.

The number of required voxel layer is proportional to the number of variable participation in all
clauses. Since all clause has exactly 3 variables, variable gadgets require 9b, 9b and 6b voxel layers.
And 0, 1b and 1b layers are required for clauses. If we consider the separation layers, then 20b− 1
is the dimension of C. If we get voxel cover for all possible pencils in C where the cardinality of
the cover is 4 · 3 · b+ 3 · b = 15b (which is the minimum possible number), then we are able to get
the solution for P .
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3 Bound
If we have any solution for the voxel cover problem of a given C, then we know that at least
one pencil is required to cover each voxel in the covering; thus, any voxel cover solution gives
an upper bound for pencil packing. Also. LP relaxations of the above IP problems give upper
and lower bounds on the optimal solutions. For a given cube C, let OPTp(C), OPTv(C) be the
optimal solution of the Pencil Packing, Voxel Cover Problems, and let LPp(C), LPv(C) be the LP
relaxations. We have the following relationship.

|OPTp(C)| ≤ |LPp(C)| = |LPv(C)| ≤ |OPTv(C)|

For a given cube C, the duality gap is the difference between |OPTp(C)| and |OPTv(C)|.

4 Approximation
A very simple approximation is immediate: Restrict attention to pencils with the same orientation
and pack as many as possible. This gives a 1/3-approximation, since one of the three orientations
has at least (1/3)|OPT (C)| pencils packed where OPT (C) is optimal solution for given cube C.
Fig 7(a) shows the idea.

(a) Naive Approximation (b) Layered Approach

Figure 7: Approximation for Pencil Packing Problem

4.1 Layered Approach
A better approximation comes from a layered approach. Consider each pair of orientations of
pencils (e.g., x- and y-), and pack each layer (corresponding to different z-coordinates) optimally,
with purely x-parallel or purely y-parallel pencils, whichever gives more pencils for that layer (which
is easy to determine for each layer, by projecting onto a single axis). This gives a 2/3-approximation,
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Figure 8: 2 × 2 × 2 cube with 2 occupied red voxels. Optimum solution is shown as 3 light blue
pencils, however Layered Approach only gives 2 pencils

since, in one choice of orientation pairs, we will be able to obtain at least as many pencils as OPT
has in those two orientations. In fact, unless the number of pencils of OPT is about the same
in all three orientations, this method gives better than a 2/3-approximation. Fig ??(b) gives an
illustration example.

We have another 2/3-approximation with using matching, which is essentially same with layered
approach. Let consider the tri-partite graph G of possible pencils. Each partite consists of pencils
with same orientation. We get a bi-partite subgraph Gx of G after removing possible pencils of
x-parallel. Then we are able to get maximum non-crossing pencils from Gx by matching. They
are either y- or z-parallel pencils. Like the layered approach, there are two other ways of getting
subgraph Gy and Gz, so one will take one of them, which provides the most number of pencils.

The worst performance of layered approach is exactly 2
3k pencils when the optimum packing

gives 3k pencils. This situation happens when 3k pencils of optimum solution consists of three
k pencils in each x-, y- and z-parallels. If one of three orientations gives strictly more than k in
optimum solution, let’s assume it is x-parallel without loss of generosity, it implies that one of
orientation gives strictly less than k pencils (let’s assume in z-parallel) in optimum solution. Then,
layered approach in x- and y-parallels gives you strictly more than 2k pencils at least. It means
that worst situation for layered approach gives exactly same number of pencils exist in optimum
solution. The smallest example, where layered approach gives 2k of |OPT | is shown in Fig 8.

4.2 Random Packing
Let’s consider the case, where Layered approach gives exactly 2k pencils when |OPT (C)| = 3k. We
know the number of x-parallel possible pencils is at least k, otherwise we are not able to get 3k
pencils in optimum solution, And also, the number of x-parallel possible pencils can not exceed 2k,
otherwise we may have more than 2k pencils. Therefore, the number of x-parallel possible pencils
is between k and 2k. Same argument holds for y- and z-parallel pencils.

Following strategy gives strictly more than 2k pencils for any cube C, where |OPT (C)| = 3k;
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randomly packing a pencils among x-parallel possible pencils, then do Layered approach in y- and z-
parallels. If the optimum solution has different number of pencils in each orientation, then Layered
approach gives more than 2k. Otherwise, (if OPT (C) has k pencils in each orientation), then one
can have additional pencil in x- with probability more than half. Because k among less than 2k
pencils are included in OPT (C). This additional pencil is certainly obtained if one try O(k) times
in x-parallel pencils. If one tries O(

(
2k
r

)
) times of r ≤ k pencils random packing, then additional

2k + r pencils could be packed.
Without random pencil packing, we guarantee 2/3|OPT (C)| pencils in worst case, however

we look for better approximation algorithm, which guarantee strictly better ratio. Since we only
use the combinatorial property and no use geometric property of the problem, one may get other
algorithms exploit those aspect.

5 Back to the Applications
The original motivation of this problem comes from ATM system. In a certain period of time and
geometric region, there are demands for routing aircraft from one side to another side of airspace.
Therefore controller needs to assign airways to aircraft while preventing potential conflicts among
them. We discuss how we apply approximation schemes of the theory to practice.

5.1 Different oriented straight route in airspace
Suppose we are looking for routes of aircraft traveling airspace with 3 different orientations (for
example, from East to West, South West or South) with constant speed. Objective is to maximize
the number of routes. It could be affine transformed into pencil packing problem like Fig 9.

x

y

z

P1

P2

P3

(0, 0, 0)

(0, 0, 1)

(0, 1, 0)

(1, 0, 0)

(a) Axis Parallel Pencils
x

y

z

P1

P2

P3

(1, 0, 1)

(0, 1, 1)

(1/
√
2, 1/

√
2, 1)

(b) Slant Pencils with Different Orientation

Figure 9: Translation between two kinds of Pencil Routing. One could be computed by an affine
transformation of the other and vice versa.

In Fig 9, for a coordinate p in axis parallel pencil could be transformed into speed 1 slant pencil
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|LayeredALG|/|OPT | < 70% < 80% < 90% < 100%

#Cases 1 13 80 261

Table 1: Number of pencils from Layered Approach and Optimum Solution

with three orientations. x 7→ Ax+ b, where

A =

 1 0 1
0 1 1

1/
√
2 1/

√
2 1

 , b = 0

Since A is non-singular matrix, this affine transformation is invertible.

6 Experiments
We have implemented several methods for experimental comparison. In particular, we implemented
a simple 1/3-APX, the layered 2/3-APX, a greedy algorithm to pack pencils, and a greedy algorithm
to cover pencils (for use in an upper bound). We also used CPLEX to solve an IP formulation,
as well as the corresponding LP relaxation, for both the pencil packing and the pixel covering
problems.

We ran the experiments on 1800 instances. We used grid sizes having n = 5, 10, 15, 20, 25, 30. We
selected voxels to be occupied independently with probabilities p = 0.2, 0.1, 0.05, 0.01, 0.005, 0.001.
We also considered random clusters of occupied voxels, generated as L1 balls of radius 0, 1, 2,
3, 4 centered on a randomly selected voxel. For each choice of parameters, we ran 10 randomly
generated instances. We found that the 2/3-APX works remarkably well in practice, most often
yielding the optimal solution. We also found that the duality gap is usually 0.
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