Resource-Constrained Geometric Network Optimization
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Abstract

We study a variety of geometric network optimization prob-
lems on a set of points, in which we are given a resource
bound, B, on the total length of the network, and our ob-
jective is to maximize the number of points visited (or the
total “value” of points visited). In particular, we resolve
the well-publicized open problem on the approximability of
the rooted “orienteering problem” for the case in which the
sites are given as points in the plane and the network re-
quired is a cycle. We obtain a 2-approximation for this
problem. We also obtain approximation algorithms for vari-
ants of this problem in which the network required is a tree
(3-approximation) or a path (2-approximation). No prior
approximation bounds were known for any of these prob-
lems.

We also obtain improved approximation algorithms for
geometric instances of the unrooted orienteering problem,
where we obtain a 2-approximation for both the cycle and
tree versions of the problem on points in the plane, as well
as a b-approximation for the tree version in edge-weighted
graphs. Further, we study generalizations of the basic orien-
teering problem, to the case of multiple roots, sites that are
polygonal regions, etc., where we again give the first known
approximation results.

Our methods are based on some new tools which may be
of interest in their own right: (1) some new results on m-
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guillotine subdivisions in the plane, strengthening the orig-
inal approximation bound, and (2) some new combinatorial
results on partitioning trees.

Our study helps to highlight where geometry “helps” in
being able to approximate these hard combinatorial opti-
mization problems.

1 Introduction

Consider a traveling salesperson who has a given amount
of gasoline (allowing travel up to distance B) and wants
to maximize the number of sites visited before running out
of gasoline. This problem is one of a class of orienteering
problems that require us to design a network that visits
a maximum number of nodes (sites), subject to an upper
bound on the total length of the network.

In contrast with the classical traveling salesperson prob-
lem (TSP), which asks for a minimum-length cycle visiting
all sites, in the orienteering problem there is a resource con-
straint on the length of the cycle and the problem is to do
the “best possible” in the sense of maximizing the number
of sites visited. In a sense, the orienteering problem is dual
to the problem of minimizing the length of a cycle, subject
to meeting a quota on the number of sites visited (in the “k-
TSP” version) or the sum of the values of the sites visited
(the “quota-driven salesperson” problem).

The orienteering problem has also been called the “bank
robber” problem (a thief wishes to maximize the “haul”,
with a single tank of gas in the get-away car) and the “gen-
eralized traveling salesperson problem” [16, 30]. The name
“orienteering” comes from the outdoor sport by the same
name, in which each player is given a compass and a map of
a given outdoor terrain, and has the goal to accumulate the
largest score within a fixed amount of time. Players set out
from a given root (the “home base”), and obtain a certain
score (value) by visiting a subset of the n sites (“control
points”) before returning to the root.

In this paper, we distinguish between different versions of
the orienteering problem according to the type of network
that is to be constructed: In the tree-orienteering (path-
orienteering, cycle-orienteering) problem, we must construct
a tree (path, cycle, resp.) visiting a subset of a given set of
n sites, subject to an upper bound B on the total length of
the network. Additionally, we may have one or more roots,
which are “essential” sites that we require the network to
visit.

The rooted orienteering problem has, for several years,
been a particularly challenging problem from the point of
view of approximation algorithms — in fact, prior to our



work, no approximation algorithms have been known for the
problem, either in graphs or in geometry. Here, we provide
constant-factor approximation algorithms for the geometric
instances of the problem, in which the sites are given as
points in the plane.

Summary of Main Results:

1. We give a 2-approximation algorithm for the rooted
cycle- and path-orienteering problems on a set of points
in the plane. This result is the first of its kind, as no
approximation algorithms were previously known.

2. We give a 3-approximation algorithm for the rooted
tree-orienteering problem, for points in the plane. Again,
no prior approximation algorithms were known.

3. We give improved approximation algorithms for the
unrooted instances of the orienteering problem. These
results include a 2-approximation for the geometric

tree-, path-, and cycle-orienteering, and a 5-approximation

for tree-orienteering in edge-weighted graphs.

4. We study the multiply-rooted versions of the orienteer-
ing problems in the plane, providing both an approxi-
mation algorithm when the number of roots is a con-
stant, and a proof of hardness of approximability when
the number of roots is part of the input.

5. We study geometric instances of the orienteering prob-
lems in which the sites are given as a set of regions
(polygons) in the plane. We give O(log n)-approximation
algorithms for these versions.

Key to our methods are some new tools which may be of
independent interest:

(1) We obtain new results on approximating an arbitrary
connected planar subdivision with an m-guillotine sub-
division, strengthening the original analysis given in
Mitchell [23]; these new theorems seem to be crucial in
addressing the types of approximation problems that
arise in the rooted cases, and they may be more widely
applicable.

(2) We obtain a variety of new combinatorial results on par-
titioning trees; these lemmas are critical in obtaining
some of our improved bounds on the unrooted versions
of the orienteering problems, as well as in analyzing the
generalizations to non-point sites.

Related Work

There has been a wealth of work on the related traveling
salesperson problem (TSP), both in networks and in geo-
metric settings [9, 18, 29, 17]. TSP is NP-hard, even for
points in the Euclidean plane. Until recently, the best ap-
proximation algorithm known for the Euclidean TSP was
the Christofides heuristic (see, e.g., [18]), which yields a
1.5-approximation for the more general case of undirected
networks whose edge lengths obey the triangle inequality.
Polynomial-time approximation schemes (PTAS) for geo-
metric (e.g., Euclidean) instances were discovered recently
by Arora [4, 5] and by Mitchell [21, 23, 24]; most recently,
Rao and Smith [27] give a deterministic PTAS with run-
ning time O(nlogn) in any fixed dimension. The methods
of [21, 23] employ “m-guillotine subdivisions” in the plane;
this tool is also essential for some of our results, which are
based on a strengthening of some of the analysis in [21, 23].

A related problem is the k-MST problem, in which we
are given a graph on n vertices with nonnegative distances

on the edges, and an integer k < n, and our goal is to find a
tree of least total weight that spans some subset of k vertices.
The problem is known to be NP-hard, both in general graphs
and in the Euclidean plane [12, 28, 31]. The current best
approximation algorithm for general edge-weighted graphs
is a 3-approximation by Garg [14], which applies also to the
“rooted” case (the tree is required to include a given node);
this has been improved to a 2.5-approximation, by Arya and
Ramesh [6], if the tree is not “rooted.” The Euclidean k-
MST now has a PTAS [4, 5, 21, 23], as does the k-TSP, which
asks for a shortest cycle visiting some subset of k points. For
the graph version of the k-TSP, with edge weights obeying
triangle inequality, Garg’s method yields a 3-approximation
for both the rooted and unrooted version; the result of Arya
and Ramesh [6] does not apply.

Another related problem is the quota-driven salesperson
problem, in which each site has an associated integral value,
w;, and a salesperson has a given integer quota, R. The
objective is to find a shortest possible cycle such that the
sum of the values for the sites visited is at least R. By repli-
cating each site (w; times), a k-MST approximation algo-
rithm also gives an approximation for this problem. In the
prize-collecting salesman problem, as studied by Balas [8]
(see also [10]), the setup is the same as in the quota-driven
salesman problem, except that, in addition to “values” w;,
there are non-negative penalties associated with each site,
and now the objective is to minimize the sum of the dis-
tances traveled plus the sum of the penalties on the points
not visited, subject to satisfying the quota R. As discussed
in [7], an approximation algorithm follows from concatenat-
ing a cycle obtained for the quota-driven salesman, with the
2-approximation cycle given by the algorithm of Goemans
and Williamson [15] (which considers the effect of penalties,
but does not use the quota constraint).

The class of problems we address in this paper is based
on the orienteering problem (or bank robber problem). The
problem is essentially the dual of the quota-driven salesman
problem: Given an upper bound on distance, B, maximize
the total value of all points visited, for a salesperson that
departs from a given root site. Heuristics were provided
(without approximation guarantees) by [16, 30]. Awerbuch
et al. [7] give an approximation algorithm for the unrooted
cycle case, based on approximations to the k-TSP. These
previous bounds are discussed in more detail later, as we
compare them to our own results. For the original (rooted)
version of the problem, it has been an intriguing open prob-
lem to obtain any nontrivial approximation algorithm.

Our work is also related to problems in bicriteria path
optimization, in which we are to minimize one measure of
“length”, subject to an upper bound on another notion of
“length”; see [2, 3, 11, 25], as well as the surveys by Mitchell
[20, 22].

Preliminaries

We assume that the input to our problems is given by a set
of n points (sites) in the Euclidean plane. For the path and
cycle cases, we also consider a discrete metric space (an edge-
weighted graph whose weights obey the triangle inequality),
while for the tree case, we consider graphs with general
(nonnegative) edge weights. We use the terms “length” and
“weight” interchangeably. We let d(p, q) denote the distance
between p and gq.

We let n(T) and w(T) denote the number of sites visited
by network T and the total weight of T, respectively.

We let B > 0 be the given resource bound; B is an upper



bound on the total length of the allowed network (tree, path,
or cycle).

A root is a site that is required to be covered by the
network.

Sites may have associated weights (“values”). Assuming
these weights are integral, we can replicate point sites, and
thereby reduce the problem to the unweighted case, in which
our objective is to maximize the number of sites visited by
the network. (This approach results in time bounds that are
pseudopolynomial, in n and the sum of the weights.) Thus,
we focus on the unweighted case in the remainder of this
paper.

In this paper, all algorithms are polynomial-time approx-
imation algorithms, whose worst-case complexity is polyno-
mial in n. We omit the term “polynomial-time,” as well
as the actual time bounds, in our statements of results. A
c-approximation algorithm for a maximization (resp., min-
imization) problem is one which guarantees that the solu-
tion obtained has an objective value that is at least OPT/c
(resp., at most ¢- OPT), where OPT is the optimal value of
the objective function.

We will have use of the definition of an “m-guillotine
subdivision” from [23]; roughly speaking, an “m-guillotine
subdivision” is a polygonal subdivision with the property
that there exists a line (“cut”), whose intersection with the
subdivision edges consists of a small number (O(m)) of con-
nected components, and the subdivisions on either side of
the line are also m-guillotine. The upper bound on the num-
ber of connected components allows one to apply dynamic
programming to optimize over m-guillotine subdivisions, as
there is a succinct specification of how subproblems interact
across a cut.

More precisely, we consider a polygonal subdivision (“pla-
nar straight-line graph”) S that has n edges (and hence O(n)
vertices and facets). Let E denote the union of the edge
segments of S, and let V' denote the vertices of S. We can
assume (without loss of generality) that S (FE) is restricted
to the unit square.

In the following definitions, we fix attention on a given
window, W, which is simply a closed, axis-aligned rectangle,
with W in the unit square. We let W C W denote the
minimal bounding box (axis-aligned rectangle) containing
the vertices VN W within W. A horizontal or vertical line
£ is a cut for E (with respect to W) if £ N int(W) # 0.
The intersection, £ N (E N int(W)), of a cut £ with E N
int(W) (the restriction of E to the window W) consists of a
discrete (possibly empty) set of subsegments of £. (Some of
these “segments” may be single points, where £ crosses an
edge.) The ¢ endpoints of these subsegments are called the
endpoints along £ (with respect to W) and are denoted by
P1,...,P¢, in order along £.

For a positive integer m, we define the m-span, om(£),
of £ (with respect to W) as follows. If { < 2(m — 1), then
om(£) = 0; otherwise, om(£) is defined to be the (possibly
zero-length) line segment, pmp¢_m+1, joining the mth end-
point, pm, with the mth-from-the-last endpoints, p¢—m41.

A (horizontal or vertical) cut £ is an m-perfect cut with
respect to W if om(€) C E. In particular, if £ < 2(m —
1), then £ is trivially an m-perfect cut (since om(£) = 0).
Similarly, if £ = 2m — 1, then £ is m-perfect (since oy, (£) is
a single point). Otherwise, if £ is m-perfect, and ¢ > 2m,
then ¢ = 2m.

Finally, we say that S is an m-guillotine subdivision with
respect to window W if either (1) V Nint(W) = 0; or (2)
there exists an m-perfect cut, £, with respect to the minimal
window, W C W, such that S is m-guillotine with respect

to windows W N HY and W N H™, where Ht, H™ are the
closed halfplanes induced by £. We say that S is an m-
guillotine subdivisionif S is m-guillotine with respect to the
unit square.

2 Rooted Orienteering Problems for Points in the Plane

We begin by considering the rooted case of the orienteering
problems, in which one particular site, r, is given, and the
tree/path/cycle is constrained to contain r.

The effect of having a root is considerable, as far as ap-
proximation algorithms are concerned. The difficulty stems
from the fact that an optimal network may visit a huge
number of sites that lie in a very small cluster at a distance
from r that is nearly B, making it difficult to visit at least
a constant fraction of these sites, unless the network is very
efficient in its use of length.

In fact, no previous approximation algorithms, even with
a logarithmic approximation factor, were known for rooted
orienteering problems. Here, by exploiting geometric struc-
ture, and tightening some analysis of m-guillotine subdivi-
sion approximations, we are able to obtain constant-factor
approximations.

2.1 Rooted Tree-Orienteering Problem

We obtain a 3-approximation for points in the plane as fol-
lows.

(1) For each value of k, k = 1,...,n, we find a shortest
possible connected m-guillotine subdivision, rooted at
r, spanning k or more points. We tabulate the lengths
of the resulting graphs, for each k.

(2) For each value of k, k = 1,...,n, and for each vertex
v, we find a shortest possible connected m-guillotine
subdivision, rooted at v, spanning k or more points;
if the resulting graph does not contain r, then we add
the vertex r and the edge rv to the graph. We tabulate
the lengths of the resulting graphs, for each k.

(3) Among the graphs tabulated, the algorithm selects a
graph with the maximum number of points and whose
total length is less than the specified bound B. The
shortest tree spanning the sites in this subgraph is then
output.

In steps (1) and (2), the algorithm tries every possible
value of k, since the number of vertices spanned by an opti-
mal solution to the tree-orienteering problem is not known.
Also, since any tree spanning k vertices can be transformed
into an m-guillotine subdivision spanning k vertices with
only a small increase in total length ([23]), in step (1), the
algorithm searches for a shortest connected m-guillotine sub-
division spanning k vertices including the root r. Step (2) is
not an obvious step; the enumeration in this step is needed,
as shown in the proof below. The goal of this step is to search
for additional “good” trees that span k (or k + 1) vertices,
including the root. This is achieved by searching for trees
rooted at an arbitrary vertex v (for all possible vertices v)
and spanning k vertices and then adding the edge rv to it.
Since such trees can also be transformed into m-guillotine
subdivisions spanning the same set of vertices, the algorithm
looks for a shortest subdivision spanning k vertices includ-
ing vertex v and then adds edge rv, if neccessary. Step (3) is
a straightforward step that invloves finding a shortest con-
nected subgraph (i.e., tree) spanning the sites in the best
m-guillotine subdivision found in one of the earlier steps.



The general approach used above is also used in other
algorithms that follow in this paper. The approach consists
of three steps: (a). showing that any optimal geometric
network satisfying a property P can be transformed into
an m-guillotine subdivision that satisfies property Q; (b).
applying dynamic programming to compute in polynomial
time a shortest m-guillotine subdivision satisfying property
Q; and then (c). showing that any m-guillotine subdivision
satisfying property @ can be mapped back into a network
satisfying property P. In the above rooted tree-orienteering
problem, property P is that the network is a tree spanning k
vertices and having total length at most B, while property Q
is that the network is a connected m-guillotine subdivision
spanning k vertices.

Finally, we note that, in the above algorithm, it will suf-
fice to set m = 2. Let T" denote an optimal rooted tree,
spanning the maximum number, n(T*), of points, while hav-
ing weight at most B. Now, we claim that:

Lemma 1 Among the graphs tabulated of types (1) and (2),
there must be one whose weight is less than B, while the
cardinality, k, of the point set spanned is at least n(T*)/3.

Proof. By standard results on separators in trees (e.g., see
[26], Theorem 9.1, page 150), we know that there exists a
partitioning of the optimal tree T* into two subtrees, T; and
T3, sharing a common vertex v of T*, so that (2/3)n(T*) >
n(T;) > (1/3)n(T*). Without loss of generality, we assume
that » € T:. We now consider two cases:

(i) Case: w(Th) —d(r,v) > w(T32)

Let T’ be the union of T,,¢ and the segment rv, where
T,,¢ is an m-guillotine subdivision containing 7>. By
Theorem 3.3 of Mitchell [23], we know that there exists
an m-guillotine subdivision, T2,¢ so that

w(Tz,6) < (1 +€)uw(T2),
vz

where € = =, which implies that
w(T') < (14 €)w(Tz) + d(r,v)

< ew(Tk)+ w(Th)

= w(T")<B

where we assume that m > 2, so that € < 1. Thus,

T’ will be among the subdivisions considered in case
(2) of the algorithm: The algorithm will enumerate a
tree having the same number of vertices as 7', while
containing the root r and having weight at most w(T"),
which, as shown above, is at most B.

(ii) Case: w(T1) — d(r,v) < w(T32)
Let T" = Ti,c be an m-guillotine subdivision con-
taining 71, and let € = % Again, by Theorem 3.3 of

Mitchell [23], we know that there exists an m-guillotine
subdivision, T1,¢ so that

w(T,e¢) < (14 €)w(Tr).

However, it turns out that the above inequality is not
strong enough for our purposes here. Theorem 4 (see
Section 2.4 below) is a strengthening of Theorem 3.3
of Mitchell [23]. Corollary 1 of Theorem 4 proves the
following inequality:

w(Th,6) < d(r,v) + (1 +€)(w(T1) - d(r,v).

With this result, we then obtain

w(T") =w(T,c) d(r,v) + (1 + €)(w(T1) — d(r,v))
d(r,v) + 2(w(Th) — d(r,v))
w(Th) + w(Ty) — d(r, zi)

w(Th) + w(Tz) = w(T") < B,

[FANRIVAN VAN

where we have again assumed that m > 2, so that

€ < 1. Thus, T" will be among the trees of type (1)
considered by the algorithm.

In conclusion, both T’ and T" are among the trees con-
sidered in cases (1) and (2) of the algorithm; thus, the algo-
rithm enumerates trees having at least n(7T")/3, while hav-
ing weight at most B. O

Theorem 1 There is a 3-approzimation polynomial-time al-
gorithm for the rooted tree-orienteering problem on a set of
points in the plane.

2.2 Rooted Cycle-Orienteering Problem

We obtain a 2-approximation for points in the plane as fol-
lows. The algorithm computes for each value of k, k =
1,...,n, a shortest possible connected “bridge-doubled” m-
guillotine subdivision that includes the root vertex r and at
least k—1 other points, and where every vertex that is not on
a bridge has degree two. It then extracts a tour from each
such subdivision, using the property that bridge-doubling
allows one to obtain a subset of the edges which is Eulerian
(as outlined in Section 4.2 of Mitchell [23]). The algorithm
tabulates the lengths of the resulting tours for each k, and
among the tours with length bounded by B, the algorithm
selects one having the maximum number of vertices.

In the algorithm, it will suffice to set m > 3 (so that
€ = 2¢4/2/m < 1). Let T* denote an optimal tour visiting
the maximum number, n(T"), points, while having weight
at most B. Now, we claim that:

Lemma 2 Among the tours tabulated by the algorithm de-
scribed above, there must be one whose weight is less than
B, while the cardinality, k, of the point set visited is at least
n(T")/2.

Proof. The length, w(T*), of an optimal tour, T*, is
bounded by B. Let v be a point on the tour (not necessarily
a vertex) such that the points r and v partition the tour into
two paths of weight w(T*)/2. Let the two paths be called
Ti and T5. Without loss of generality, assume that the path
T has at least n(T*)/2 vertices on it.

Let T’ be the union of T; and the segment rv. Let Té be
a (bridge-doubled) m-guillotine subdivision containing 7'.
Once again, we need a stronger version of Theorem 3.3 from
Mitchell [23]. Here, since T’ contains a tour on its induced
vertices, we apply Corollary 1 from Section 2.4 below, which
provides the appropriate strengthening. Thus, we have:

w(Te) < w(T')+ e(w(T') — 2d(r, v))

w(Ty) + d(r,v) + e(w(T1) — d(r,v))
(1+&)w(T1) + (1 — €)d(r,v)
(1+&w(Th)+ (1 —€)w(h) =2w(T1) =B

A\

Although v may not be a vertex, it is clear that there ex-
ists an m-guillotine subdivision T¢ that contains the same
set of vertices as Tg and with length no more than that of
Tf. Thus, T4 will be among the tours considered by the
algorithm; we will obtain a tour visiting as many vertices as
T4, while having weight at most B. [



Theorem 2 There is a 2-approzimation polynomial-time al-
gorithm for the rooted cycle-orienteering problem on a set of
points in the plane.

2.3 Rooted Path-Orienteering Problem

The algorithm for the path-orienteering problem is very sim-
ilar to the ones for the cycle- and tree-orienteering prob-
lem. As with the case of cycles, we use bridge-doubled m-
guillotine subdivisions in the algorithm, in order to be able
to recover a path from an Eulerian subgraph; now, we also
require that r have degree one, if it is not on a bridge. Also,
since an optimal path can be split into just two subpaths,
each with at least n(T")/2 vertices, we obtain a performance
guarantee of 2 for rooted path-orienteering, instead of 3, as
in the tree case.

Theorem 3 There is a 2-approzimation polynomial-time al-
gorithm for the rooted path-orienteering problem on a set of
points in the plane.

2.4 A Strengthened m-Guillotine Subdivision Theorem

We now supply a theorem on m-guillotine subdivisions, which
strengthens the original analysis in [23]. The crucial new as-

pect to the theorem is that, when converting an arbitrary

subdivision into an m-guillotine subdivision, there is some

portion of the length of the original subdivision that does

not need to be “charged.” This allows us, in the corollary

below, to bound the increase in length (between an original

subdivision and its guillotine version) by a small fraction of
the difference between the length of the original subdivision

and the length of an appropriate subgraph that is known to

exist in the subdivision.

First, we need some notation. We consider a line seg-
ment pq to have two sides — a top side, and a bottom side.
For a set E of line segments, we say that the top side of
a segment pg on an edge of E is i-ezposed above if there
are exactly 7 connected components in the intersection of E
and the upward-pointing ray from any point on pg. (The
ray includes its endpoint, so that the intersection with pgq
is counted among the i components.) See Figure 2.4 for an
example of a portion of E that is 2-exposed above. If there
are exactly 7 connected components in the intersection of E
and the rightward-pointing ray from any point on pg, then
the top (resp., bottom) side of pg is said to be i-ezposed
right, if pq has negative (resp., positive) slope. We similarly
define i-exposed below and i-exposed left. Let £(m)(E) be
the sum of the lengths of all the sides of subsegments of E
that are i-exposed in some direction (above, below, left, or
right), for some i < m. Since we distinguish between the
sides of a segment, it is possible that the length of pg is
counted twice in the total £(m)(E) (e.g., if the top side of pg
is i-exposed above and the bottom side is i’-exposed below,
for i,i' < m).

Theorem 4 Let S be a polygonal subdivision, with edge set
E, of length L. Then, for any positive integer m, there
ezists an m-guillotine subdivision, Sa, of length at most L+

%(L — @E)-) whose edge set, Eg, contains E.
Proof. (Sketch) We follow much of the proof of Mitchell [23],
while making use of the fact that the portion of E that
is within m levels of the top (resp., bottom, left, right)
of the bounding box of E is never “charged” from above
(resp., from the bottom, left, right). Thus, of the total side

Figure 1: The portion of the tops of the edge set E that is
2-exposed above is highlighted.

length 2L for E, there is side length ¢(™ (E) that never gets
charged. Hence, the total length of all bridges constructed

in the proof of [23] is at most %(ZL —¢m™(E)). O

The following corollary is required in proofs from Section 2.1,
Section 2.3, and Section 2.2 above.

Corollary 1 Let S be a polygonal subdivision, with edge set
E, of length L. If S connects two vertices r and v in the
subdivision, then, for any positive integer m, there ezists
an m-guillotine subdivision, Sq, whose edge set contains E,
and is of length at most L + %(L —d(r,v)). Furthermore,
if S contains a cycle through the vertices r and v, then,
for any positive integer m > 2, there exists an m-guillotine
subdivision, Sq, whose edge set contains E, and is of length
at most L + %(L —2d(r,v)) (or, L+ %(L —2d(r,v)), in

the case of bridge-doubled m-guillotine subdivisions)

Proof. (Sketch) The two statements in the corollary follow
from Theorem 4, after showing the following: if S connects
vertices r and v, then £(m)(E) > 6(1)(E) > 2d(r,v); if S
contains a cycle involving the vertices r and v, and m > 2,
then £(m)(E) > 6(2)(E) > 4d(r,v). In particular, it is not
hard to show that for a simple polygon P, 5(1)(P) is at least
as large as the perimeter of the convex hull of P. 0O

3 Unrooted Orienteering Problems

The following observation was made in [7], for the cycle-
orienteering problem. A similar proof holds also for the
path and tree versions:

Theorem 5 Given a c-approzimation for the k-TSP we can
obtain a 2c-approzimation for the unrooted orienteering prob-
lem (tree-, path-, or cycle-orienteering).

Proof. We first prove the cycle-orienteering bound: For all
k=1,2,...,n find Tx an approximate k-TSP. Let k be the
number of points such that T < ¢B and Tk41 > cB. Take
the cycle T and break it into 2c¢ pieces of length at most
B/2 each. Take the piece that contains the most points,
double it to create a cycle of length at most B containing
at least k/(2c) points. Note that since Trt1 > cB we must
have that the length of an optimal cycle of &k + 1 points
Ti,1 > B, therefore the optimal solution to the orienteering
problem with bound B visits at most k points.

The proof for the path- and tree-orienteering problems
is similar: For all k = 1,2,...,n find T} an approximate k-
TSP. Let k be the number of points such that T < 2¢B and
Trk41 > 2¢B. Take the cycle Tk and break it into 2¢ pieces
of length at most B each. Take the piece that contains the
most points, it is a path, therefore also a tree of length at



most B containing at least k/(2c) points. Note that since
Tr4+1 > 2cB we must have that the optimal cycle of & + 1
points Tg,; > 2B, and hence the best path and the best tree
on k+ 1 points are of length > B, and therefore the optimal
solutions to the path- and tree-orienteering problems with
bound B visit at most k points. [

Remark. We note that the method in the proof of the
above theorem does not apply to the rooted cases.

Garg’s [14] ¢ = 3 bound for metric spaces for the k-TSP
thus yields an approximation factor 6 for the unrooted tree-,
path-, and cycle-orienteering problems in metric spaces. The
PTAS of Mitchell [23] or Arora [4] imply ¢ = 1 + ¢, and
therefore an approximation factor 2 + € for the unrooted
tree-, path-, and cycle-orienteering problems for points in
the plane. Next, we improve these results.

3.1 Unrooted Tree-Orienteering

We begin with a result on the geometric version of the prob-
lem:

Theorem 6 There is a 2-approzimation polynomial-time al-
gorithm for the unrooted tree-orienteering problem on a set
of points in the plane.

Proof. Our algorithm begins by computing a (1 + €)-
approximate k-MST, for each of the n possible values of k
(k=1,2,...,n); this can be done in polynomial time, using
the algorithms of Mitchell [23] or Arora [4]. Then, among
these n trees, we simply output the maximum cardinality
(maximum k) tree whose weight is at most B.

We now argue that this algorithm yields a tree having
at least [k*/2] vertices, where k* is the optimal value of k
(the maximum number of points that can be spanned with
a tree of weight at most B).

For each value of k = 1,2,...,n, let Br be the length of
an optimal k-MST, and let Ay be the length of the approx-
imately optimal tree produced by the algorithm. We know
that Ar < Br(1+¢€), for each value of k. By Theorem 9 (be-
low), we know that Bpx/21 < (2/3)Bk. If we choose € such
that € < 1/2, then it is clear that A[x/21 < Bpej21(1 +¢€) <
(2/3)Br(1+€) < Bg, for all k. Thus, since k" is the optimal
value of k, meaning that Bir: < B < Bg+y41, we know that
Apgj27 < Ber < B. This implies that our algorithm will
select a tree having a value of k that is at least as large as
[k*/2]. O
Next we provide a 5-approximation algorithm for graphs,
improving the previous factor of 6, while removing the re-
quirement that the edge lengths satisfy the triangle inequal-
ity.

Theorem 7 There exists a 5-approzimation algorithm for
the (unrooted) tree-orienteering problem in an edge-weighted
graph (even without edge lengths satisfying the triangle in-
equality).

Proof. The algorithm remains the same as in the proof of
the previous theorem. However, no PTAS is known for this
problem. There exists a 2.5-approximate algorithm for the
k-MST problem [6].

For each value of £ = 1,2,...,n, let Br be the length of
an optimal k-MST, and let A be the length of the approx-
imately optimal tree produced by the algorithm. We know
that Ay < (5/2)Bg, for each value of k. By Theorem 10
below, with K = 5/2, we know that Bpx/s7 < (2/5)Bk.

Hence, Afr/s1 < (5/2)Bes1 < (2/5)(5/2)Bx = Bk, for all
k. Thus, since k" is the optimal value of k, meaning that
By+ < B < Bg+ 41, we know that A[k*/s] < Bg+ < B. This
implies that our algorithm will select a tree having a value
of k that is at least as large as [k*/5]. U

3.2 Unrooted Path- and Cycle-Orienteering Problems

Our improvement to the previously known approximation
bounds is made in the geometric case, where, using the re-
sults on the rooted version, we achieve a factor 2, improving
the previous bound of 2 + €. We simply apply the rooted
result for each choice of root. (We remark that our combi-
natorial tools (of the next section) do not lead to improved

bounds.)

Theorem 8 There is a 2-approzimation polynomial-time al-
gorithm for the unrooted path- and cycle-orienteering prob-
lems on a set of points in the plane.

3.3 Combinatorial Tools

(Some proofs are deferred to the Appendix.)

Lemma 3 (Number-Partition Lemma) If S is a set of
n real numbers z1,z2,...,Tn such that their sum is B and
z; < B/3,Vi=1,2,...,n, then there ezists a partition of S
into two subsets, S1 and Sa, such that B/3 < E <

2B/3,i=1,2.

z;ES; i

Lemma 4 (Tree-Partition Lemma) Let T be an edge-
weighted tree. The following statements are true:

1. There exists a partition of the edges of T into an edge
e and two subtrees Ty and T such that e is incident
on both the subtrees, and w(T;) < w(T)/3,i=1,2 (so
w(e) > w(T)/3); OR

2. There exists a partition of the edges of T into two sub-
trees Ty and T such that w(T)/3 < w(T;) < 2w(T)/3,
i=1,2.

Proof. See Appendix. O

Theorem 9 Given an edge-weighted tree T spanningn ver-
tices, the following statements are true:

1. There ezists a subtree T' of T with w(T') < 2w(T)/3
and spanning at least n/2 vertices, AND

2. There exzists a subtree T' of T with w(T') < w(T)/2

and spanning at least n/3 vertices.

Proof. See Appendix. O

We generalize Theorem 9 as follows.

Theorem 10 Given an edge-weighted tree T spanning n
vertices, and any K > 1, there ezists a subtree T' of T with
w(T') < w(T)/K and spanning at least n/(2K) vertices.

Proof. Start with the tree T spanning n vertices. Now
apply the partition lemma on 7. If the first case holds, then
among the two subtrees 77 and 7> “pick” the subtree with
more vertices. If the second case holds, then “pick” the sub-
tree with the larger ratio of number of vertices to the total
weight. If the subtree “picked” has weight at most w(T)/K,
then return it. If the subtree “picked” has weight larger than



w(T)/K, then iterate the process with the “picked” sub-
tree. Let the subtree at the end of the j-th iteration be
denoted by TU) | Let the above process terminate after z — 1
iterations and let 7% be the resulting tree with weight at
most 2w(T)/K.

The idea here is that whenever the partition lemma is
applied, it produces a subtree whose ratio of number of ver-
tices to the total weight is no less than that at the start of

the iteration. Let Tl(j), Tz,(j) be the two subtrees of T(j), and
assume without loss of generality that n(Tl(J))/w(Tl(])) >
n(Tz,(]))/w(Tz,(J)), then by cross multiplying we get

n(TY) _ n(TP) +n(TY)  n(T@)4+1
W)~ w@) +w(r?)  w@P)

Therefore, since the ratio of the the number of vertices to the
weight never decreases, n(TC 1) > n - w(T¢ 1) /w(T) >

The last step of the algorithm has two cases. First, if
w(T('_l)) < 3w(T)/(2K) then by the first part of Theo-

rem 9, there exists a subtree T* such that

w(TEY) _ w(T)

i 2
wr) < 2 2D,

with n(T*) > n(T¢1)/2 > n/(2K). On the other hand, if
3w(T)/(2K) < w(T¢ ) < 2w(T)/K, then by the second
part of Theorem 9, there exists a subtree T such that

w(TEY) _ w(T)
2 - K '

w(T*) <

with n(T%) > n(T¢1)/3 > n/(2K). O

In the Appendix (Lemmas 6 and 7), we show that the
bounds above are tight for the metric case (for K > 2, in
Theorem 10).

4 Generalizations and Extensions

4.1 Multiply-Rooted Orienteering

In the multiply-rooted orienteering problems, we are given,
in addition to the length bound B, a set R of p > 1 required
root sites (they must be visited by the network) in addition
to the n original sites, S. The goal is to design a network
of length at most B that visits all p of the root sites and
that maximizes the number of non-root sites visited by the
network.

Since our results for rooted versions of the orienteering
problem are strongly based on geometric methods, we again
restrict ourselves to the Euclidean plane.

The multiply-rooted tree-orienteering problem is closely
related to the (planar) Euclidean Steiner tree problem, which
is known to be NP-hard [13]. In the Steiner tree problem,
one is to determine a tree of minimum total length whose
vertices are a superset of a given set of points. The hardness
of the Steiner tree problem implies that it is NP-hard to
decide if there exists a tree spanning all of the given set, R,
of roots, whose length is at most B, since this amounts to
asking if the length, L*, of a minimum Steiner tree satisfies
L* < B.

One might ask whether the problem becomes “easier”
if we are told that B > L". We show that even for such
instances, if we can approximate the multiply-rooted tree-
orienteering problem within a constant factor, then we can

solve the Euclidean Steiner tree problem exactly, within the
same time bound. Hardness also applies to approximating
the path and cycle versions of the problem.

Theorem 11 Unless P=NP, there is no polynomial-time
algorithm achieving a constant-factor approzimation of the
number of additional (non-root) sites visited by a multiply-
rooted tree (or cycle or path) of length at most B, where B
i3 known to exceed the length of a Steiner tree on the set of
roots.

Proof. We give here the proof for the tree version of the
problem; proofs for the cycle and path versions are similar,
from Euclidean TSP. Given an instance of the Euclidean
Steiner tree problem on a set P of points, we create an
instance of the tree-orienteering problem in which the set
of roots is B = P. For the Steiner tree problem, we must
decide if L* < L, where L* is the length of the minimum
Steiner tree on B. We add one additional non-root site v,
at distance B — L from a point p € R on the convex hull
of R (so that the distance of v to R is minimized at p).
Clearly, a tree of length at most B that visits v, as well
as all roots, exists if and only if a Steiner tree of length at
most L exists for the points R. Thus, if L* < L, then a
c-approximation algorithm for tree-orienteering must return
a tree that includes v; otherwise, it may return a tree with
zero additional (non-root) points. U

Remark. We note that the hardness proof applies also to
the problem of approximating the maximum totalnumber of
sites visited (including the roots), by replacing v with many
copies of itself.

We obtain a 3-approximation for the multiply-rooted
tree-orienteering problem, provided the number, p, of roots
is constant. (The running time is O(no(")).) Additionally,
we obtain 2-approximations for the path and cycle versions
of the problem.

Theorem 12 Assuming that the number (p) of roots is con-
stant, there is a polynomial-time 2-approzimation (resp., 3-
approzimation) algorithm for the multiply-rooted path- and
cycle-orienteering problems (resp., tree-orienteering problem)
on a set of points in the plane.

The proof of this theorem is based on some of the same
ideas as in Theorems 1, 3, and 2, but with the application
of Corollary 2 below.

We concentrate here only on the tree-orienteering case.
The algorithm does the following: For each choice of

(a). integer k, k =1,...,n,
(b). site v,
(c). partition of R into two sets, R; and R,

we find a shortest possible connected m-guillotine subdivi-
sion (with m > p — 1), visiting site », spanning k or more
non-root sites, and spanning all of the roots R;. We then
append this tree to the minimum (Steiner) tree spanning
{v} U R;, and tabulate the lengths of all such trees. The
tree whose length is at most B that maximizes the num-
ber of sites visited is a tree that we claim approximates the
multiply-rooted tree-orienteering problem.

Lemma 5 Among the graphs tabulated by the algorithm,
there must be one whose weight is less than B, while the
cardinality of the point set spanned is at least n(T")/3.



Proof. As in the proof of Lemma 1, we know that there
exists a partitioning of an optimal tree T* into two sub-
trees, Ty and T, sharing a common vertex v of T, so
that (2/3)n(T*) > n(T:) > (1/3)n(T*). Let S; denote the
Steiner tree spanning the roots that are contained in subtree
T;.

Without loss of generality, we may assume that w(T) —
w(S1) < w(Tz) — w(S2). Now, consider the tree 7' =Ty, U
S2, where T ¢ is an m-guillotine subdivision, with m > p—
1, containing the edge set of T1. By Corollary 2, w(T1,¢) <
w(Ty) + e(w(T1) — w(S1)). Then, T’ spans all of R, and it is
among the class of trees considered by the algorithm. Thus,
we have only to show that its weight is bounded by B:

w(T")

HIAINIA

where we assume that m > 2, so that € < 1, and we have
used Corollary 2, below, to obtain the first inequality. [

The following corollary to Theorem 4 is based again on a
more careful analysis of the charging scheme in [23], together
with the following generalization of the observation used in
Corollary 1: If E spans the set R of p roots, then E must
contain a (Steiner) spanning tree of R; thus, the total <
(p—1)-exposed side length, 6(“’_1)(E), of E must be at least
twice the length of the Steiner minimum spanning tree of R.

Corollary 2 Let S be a polygonal subdivision, with edge set
E, of length L, If E spans the set, R, of p roots, then, for
any positive integer m > p — 1, there ezxists an m-guillotine
subdivision, S¢, whose edge set contains E, and is of length
at most L + %(L — L*(R)), where L*(R) is the length of a

Steiner minimum spanning tree of R.

4.2 Polygonal Sites

In the case that the n sites are given to us as a collection of
regions rather than points, we get a problem closely related
to the “TSP with Neighborhoods” (TSPN) problem. We
assume that the regions are given as a collection of n simple
polygons, having a total of N vertices.

For the TSPN, Arkin and Hassin [1] have obtained O(1)-
approximation algorithms for “well behaved” (possibly over-
lapping) regions (e.g., regions are disks or have roughly
equal-length and parallel diameter segments), while Mata
and Mitchell [19] have obtained an O(log n)-approximation
algorithm for n general (possibly overlapping) regions, based
on “guillotine rectangular subdivisions”.

We prove the following theorem, giving the first approx-
imation results for the orienteering version of the problem:

Theorem 13 There is an O(log n)-approzimation algorithm
for the tree-orienteering (and path- and cycle-orienteering)
problems on a set of polygonal sites in the plane. The run-
ning time is polynomial inn and N.

Proof. (Sketch) We give here the proof only for the tree
version of the problem. Let T* denote an optimal tree,
spanning the maximum number, n(T"), sites, while having
weight at most B.

Our approximation algorithm is to tabulate, for each
value of k, k = 1,...,n, a shortest possible connected guil-
lotine rectangular subdivision spanning k or more regions.

(This can be done in time polynomial in n and N, using dy-
namic programming, as in [19].) We then select, from among
these, the subdivision that visits the maximum number k of
regions, subject to its weight being less than the bound B.

We now have to prove that, among the subdivisions tab-
ulated, there must be one, T, whose weight is less than B,
while the cardinality, k, of the set of regions spanned is
at least n(T*)/O(logn). Our proof is based on our earlier
combinatorial theorem, Theorem 10, which guarantees that
there exists a subtree, T', of T*, with w(T') < w(T*)/Clogn
and spanning at least n(T*)/2C log n regions, for any con-
stant C. Then, using the fact ([19]) that any rectilinear
edge set is contained within the edge set of a guillotine rect-
angular subdivision, having length within factor O(log n),
we get that there must exist a guillotine rectangular subdi-
vision, G, spanning the same set of regions as does T' (and
thus, spanning at least n(T")/2C logn regions), such that
the length of G is at most w(T') - Clogn < w(T*) < B, for
some constant C. This proves that our algorithm will indeed
discover a tree spanning at least n(T*)/O(log n) regions. U

5 Conclusion

An outstanding open problem that remains is to obtain an
approximation algorithm (or prove that none exists) for the
rooted orienteering problems in graphs.

Also, it is interesting to note that, in the geometric case,
our current best bound (2) for the rooted cycle- and path-
orienteering problems is better than the bound (3) for the
rooted tree-orienteering problem. Can the tree version be
improved? (In contrast, in the unrooted graph version, our
methods give a factor of 5 for trees and 6 for cycles and
paths.) Is the factor 2 best possible for the cycle and path
versions?
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Appendix

Proof of the Tree-Partition Lemma 4:

Assume that the first case does not happen, i.e., there does
not exist a large weight edge e such that the edges of T can
be partitioned into edge e and two subtrees 77 and 75 with
w(T;) < w(T)/3,i = 1,2. We will then show that there
must exist a partition of the edges of T into two subtrees T3
and T, such that w(T)/3 < w(Ti) < 2w(T)/3,i =1,2. We
display an algorithm that will, in fact, find such a partition.

The algorithm is as follows. Start at any vertex v with
incident edges e1,e2,...,e:. Consider a partition of T into
subtrees T;,7 = 1, 2,...,t, such that subtree T; includes edge
e; and all the subtrees share only one vertex in common,
namely vertex v.

Case 1: If there exists a subtree T; such that w(T)/3 <
w(T;) < 2w(T)/3, then the lemma is proved by the follow-
ing argument. Let 77 be the subtree 7;. Let 75 be the
union of the other subtrees after identifying vertex v. The
subtrees Ty and T satisfy the inequality w(T)/3 < w(T;) <
2w(T)/3,i =1,2.

Case 2: If there exists no subtree T; such that w(T)/3 <
w(T;), then by Lemma 3, there exists a partition of the
subtrees into two sets such that the sum of the weights of
the subtrees in each of the sets lies between w(T)/3 and
2w(T)/3.

Case 3: If there exists a subtree T; such that w(T;) >
2w(T)/3, and if the edge e; is incident on vertices v and v’,
then we restart the algorithm from vertex v’.

It is clear that if Cases 1 or 2 occur at any time, the
algorithm terminates after correctly finding the subtrees T3
and T, needed for the proof of the lemma. We are left
to show that Case 3 can occur only a finite number of
times. As long as the algorithm does not return to a ver-
tex v, it is bound to hit a leaf and terminate in at most n
steps. If the algorithm ever returns to vertex v from ver-
tex v, it will oscillate forever between vertices » and v’.
We will now show that this cannot happen. For the sake
of contradiction, assume that the algorithm oscillates be-
tween adjacent vertices v and v’. Let e be the edge con-
necting them. Let the union of all subtrees incident on
v (v') that do not include edge e be called T;; and Ti».
Define the subtrees T; = Ti; U {e} and T} = Ti U {e}.
Since the algorithm moves from vertex v to v’, we know
that w(T;) > 2w(T)/3. Similarly, since the algorithm moves
from vertex v’ to v, we know that w(T;) > 2w(T)/3. Since
w(Tin) + w(T)) = w(T) = w(Ti) + w(T}), we get that
w(Ti1) < w(T)/3 and w(T;2) < w(T)/3, contradicting our
assumption that Case 1 does not occur. [

Proof of Theorem 9:

By the tree-partition lemma (Lemma 4), the tree T has one
of two possible decompositions. If the first case occurs, then
T can be partitioned into two subtrees (T1 and Tz) and an
edge with both subtrees of weight at most w(T)/3. Since T}
and T, also partition the vertex set of T, one of them must
contain at least n/2 vertices. Without loss of generality
we assume that T} contains at least n/2 vertices. Then Ty
satisfies both the statements of the theorem.



If, on the other hand, the first case does not occur, then
T can be partitioned into two subtrees (71 and T3) with
both subtrees of weight between w(T)/3 and 2w(T)/3. Since
one of them must contain at least n/2 vertices, this subtree
must satisfy the first statement of the theorem. We are left
only with proving the second statement of the theorem for
this case. Without loss of generality assume that w(T:1) >
w(Tz). Thus w(Tz) < w(T)/2. If n(T2) > n/3 vertices,
then T3 satisfies the requirements of the theorem. However,
if n(T2) < n/3, then n(T1) > 2n/3. Now we apply the
partition lemma on tree T;.

If the first case occurs, then 77 can be partitioned into
two subtrees (T1; and Ti2) and an edge, with both subtrees
of weight at most w(T1)/3. Let n(Ti1) > n(Ti2). Thus,
n(Ti1) > n(T1)/2 > (1/2)(2n/3) = n/3. Also, w(Ti1) <
w(T1)/3 < w(T)/3. Thus, T1; satisfies the requirements of
the theorem.

Finally, if the first case does not hold for 73, then T can
be partitioned into two subtrees, 711 and T12, each of weight
at most 2w(T1)/3. Without loss of generality, assume that
TL(T]]) Z n(le). Thus TL(T11) Z TL(Tl)/z Z (1/2)(27’1/3) =
n/3. Also, w(T11) < 2w(T1)/3 < (2/3)(2w(T)/3) < w(T)/2.

Thus, T1; satisfies the requirements of the theorem. [

Lemma 6 For K > 2, there ezists a metric space on a set
S of Kt + 1 vertices such that any tree spanning at least
t+2 of the vertices has total weight at least 2L/ K, where L
is the weight of a minimum spanning tree of S. For K = 2,
there ezists a metric space on a set S of 2t vertices such
that any tree spanning at least t + 1 of the vertices has total
weight L, where L is the weight of a minimum spanning tree
connecting S.

Proof. For K = 2, consider a configuration of n points
that consists of two groups of vertices (each with ¢ vertices)
where any two vertices in the same group are at distance 0
from each other and the distance between a pair of vertices
in two different groups is L, which is also the length of a
minimum spanning tree on the given vertices. Clearly, any
tree that spans ¢t + 1 vertices or more, must have length at
least L.

For K > 2 we modify the construction slightly. Let s be
a special vertex. Consider K groups of vertices (each with
t vertices) where any two vertices in the same group are at
distance 0 from each other and each of the vertices is at
distance L/K from vertex s. The distance between a pair
of vertices in two different groups is defined by the metric
space and is thus 2L/K. Any tree that spans t+2 vertices or
more, must span vertices from at least two different groups
and consequently must have length at least 2L/K. O

Lemma 7 There ezists a set S of 3t + 1 points in the plane
such that any tree spanning at least t + 2 of the vertices
has total weight at least L/\/?_), where L is the weight of a
minimum spanning tree connecting S.

Proof. Let s be a special vertex. Consider 3 groups of
vertices (each with ¢ vertices) with each group located at
the 3 corners of an equilateral triangle with s at its center.
The distance from a corner of the triangle to its center is
L/3. Any two points in the same group is at distance 0
from each other. The distance between a pair of vertices in
two different groups is L/+/3. O

The above lemma also shows that there exist configurations
for which one needs a tree of weight at least L/+/3 in order
to span at least n/2 points.
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