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Abstract

In the Euclidean TSP with neighborhoods (TSPN), we
are given a collection of n regions (neighborhoods) and
we seek a shortest tour that visits each region. As a
generalization of the classical Euclidean TSP, TSPN is
also NP-hard. In this paper, we present new approxi-
mation results for the TSPN, including (1) a constant-
factor approximation algorithm for the case of arbitrary
connected neighborhoods having comparable diameters;
and (2) a PTAS for the important special case of disjoint
unit disk neighborhoods (or nearly disjoint, nearly-unit
disks). Our methods also yield improved approxima-
tion ratios for various special classes of neighborhoods,
which have previously been studied. Further, we give a
linear-time O(1)-approximation algorithm for the case
of neighborhoods that are (infinite) straight lines.

1 Introduction

A salesman wants to meet a set of potential buyers.
Each buyer specifies a (connected) region in the plane,
his neighborhood, within which he is willing to meet the
salesman. For example, the neighborhoods may be disks
centered at buyers’ locations, and the radius of each
disk specifies the maximum distance a buyer is willing
to travel to the meeting place. The salesman wants to
find a tour of shortest length that visits all of buyers’
neighborhoods and finally returns to its initial departure
point. A variant of the problem, which we will address
in this paper, is that in which no departure point is
specified, and only a tour of the neighborhoods is to
be found. This problem, which is known as the TSP
with neighborhoods (TSPN), is a generalization of the
classic Euclidean Traveling Salesman Problem (TSP),
in which the regions (neighborhoods) are single points,
and consequently is NP-hard [6, 16].
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Related Work. The TSP has a long and rich
history of research in combinatorial optimization. It
has been studied extensively in many forms, including
geometric instances; see [3, 9, 10, 14, 18]. The problem
is known to be NP-hard, even for points in the Euclidean
plane [6, 16]. It has recently been shown that the
geometric instances of TSP (e.g., Euclidean TSP) have
a polynomial-time approximation scheme, as developed
by Arora [2] and Mitchell [13], and later improved by
Rao and Smith [17].

Arkin and Hassin [1] were the first to study ap-
proximation algorithms for the geometric TSPN. They
gave O(1)-approximation algorithms for several special
cases, including parallel segments of equal length, trans-
lates of a convex region, translates of a connected region,
and more generally, for regions which have diameter seg-
ments that are parallel to a common direction, and the
ratio between the longest and the shortest diameter is
bounded by a constant.

For the general case of connected polygonal re-
gions, Mata and Mitchell [11] obtained an O(logn)-
approximation algorithm, based on “guillotine rectan-
gular subdivisions”, with time bound O(m®), where m is
the total complexity of the n regions. Gudmundson and
Levcopoulos [7] have recently obtained a faster method,
which, for any fixed € > 0, is guaranteed to perform at
least one of the following tasks (although one does not
know in advance which one will be accomplished): (1)
it outputs a tour of length at most O(logn) times op-
timum in time O(nlogn + m); (2) it outputs a tour of
length at most (1 + €) times optimum in time O(m?).
So far, no polynomial-time approximation algorithm is
known for general connected regions.

Recently it was shown that TSPN is APX-hard and
cannot be approximated within a factor of 1.000374
unless P=NP [8].

Summary of Our Results. In this paper, we
obtain several approximation results on the geometric
TSPN, including:

(1) We extend the approaches initiated in [1] and ob-
tain the first O(1)-approximation algorithm for the
TSPN having connected regions of the same (or
similar) diameter. This solves among others, the
open problem posed in [1], to provide a constant-



factor approximation algorithm for TSPN on seg-
ments of the same length and arbitrary orientation.

(2) We give a PTAS for the case of disjoint unit
disks (or nearly disjoint disks of nearly the same
size). The algorithm is based on applying the m-
guillotine method with a new area-based charging
scheme. The fact that there is a PTAS for the
case in which the neighborhoods are “nice” and not
severely overlapping should be contrasted with the
fact that the TSPN on arbitrary regions is APX-
hard. (The construction in the proof of [8] utilizes
very “skinny” neighborhoods, which intersect each
other extensively.)

(3) We also give modest improvements on earlier ap-
proximation bounds in [1] for the cases of parallel
segments of equal length, translates of a convex re-

gion, and translates of a connected region.

(4) We present simple algorithms which achieve a
constant-factor guarantee for the case of equal disks

and for the case of infinite straight lines.

2 Equal Disks

We begin by giving some simple arguments and corre-
sponding algorithms which achieve a constant ratio for
TSPN on disks of the same size. (Our results carry over
naturally to disks of nearly the same size, with corre-
sponding changes in the approximation factor. We defer
details to the full paper.) Without loss of generality, as-
sume that all disks have unit radius.

First, we consider the case of disjoint unit disks.
The algorithm is simple and natural: compute a (1+¢)-
approximate tour, T, of the center points (the center
tour) of the collection of n disks. Clearly T¢ is a valid
region tour. Denote by Tr an optimal region (disk)
tour. For any tour T, let |T'| be its length. We claim
that

[Tel < (1 + 2)[Tal +8)(1 +€).

Put ! = |Tg|. Since Tk visits all disks, the area swept by
a disk of radius 2, whose center moves along Tr, covers
all unit disks. This area A; is bounded as follows

mn < Ay < 4l + 4,

from which we get n <4+ %. A center tour of length

4
§l+2n§l+2(4+—l):(1+§)l+8
™ o

can be obtained by going along Tr and making a detour
of length at most 2 to visit the center of each disk,
when TR visits the disk. Hence the length of the

computed tour is bounded as claimed. For n large, the
approximation ratio is (1 + £)(1 + ¢€) < 3.55. (With a
somewhat more delicate analysis, we are able to improve
this factor by using the packing density of disks, and
using a more refined method of taking detours to center
points.) We note that for the algorithm that computes
an approximate TSP tour, T¢, on the center points,
we cannot expect a ratio smaller than 2. To see this,
consider a large square, and place almost touching unit
disks along its perimeter, both on its inside and on its
outside. All the disks touch the perimeter which is also
an optimal disk tour except at the four corners of the
square. The disk center tour has length roughly two
times that of the perimeter.

Next we consider the case when the disks can
overlap. First, we compute a maximal independent
(pairwise-disjoint) set I of disks. Next, we compute Cf,
a (1 4 €)-approximate tour of the center points of disks
in I. Finally, we output the tour R obtained by going
along Cr and along the boundaries of each of the disks
in I, as illustrated in Figure 1. Clearly, R is a valid
region tour.

Figure 1: Disjoint unit disks.

Denote by OPT an optimal disk tour and by OPTr
an optimal disk tour of I. A constant approximation
ratio can be derived from the following three inequalities

|R| < 7|Cr| + 2, (1)

8
|ICr| < ((1+;)|0PTI|+8)(1+6); (2)
|OPT;| < |OPT]. (3)

The third inequality follows from the fact that I C
R, and the second from the case of disjoint unit
disks studied previously. To check the first inequality,



decompose Cr into |I| parts (assume |I| > 2), one
for each disk in I, by cutting each segment between
two consecutive centers in the middle. Let z +y =
d > 2 be the length of one of these parts in the tour,
corresponding to a disk D, where z,y are the lengths
of the two segments of Ct adjacent to the center of D.
Write a1, as for the arc lengths of D when its boundary
is traversed by R (we have |ai|+ |a2| = 27). Comparing
the lengths of this part in C; and R, we get

(r=14+a+y-1)+(x-1+a+y—1)
d

2d+7—2)

2
the minimum being attained when d = 2. When |I| =1,
|Cr| = 0,|R| = 2w. Putting (1), (2), (3) together, we
get

T

IR| < ((r + 8)|OPT)| + 8m)(1 + €) + 2.

For n large, the approximation ratio is (7 + 8)(1+¢) <
11.15.

We note that the approximation ratio we have
obtained with this approach for disjoint unit disks, 3.55,
(resp. 11.15 for unit disks) is better (resp. weaker) than
V32 4+ 72 ~ 7.62, the approximation ratio that will be
given at the end of Section 4 for translates of a convex
region (which applies for unit disks).

3 A PTAS for Disjoint Equal Disks

Given the powerful methods that have been developed
to obtain PTAS’s for various geometric optimization
problems, such as the Euclidean TSP, it is natural to
suspect that these same techniques may apply to the
TSPN. Indeed, one may expect that TSPN should have
a PTAS based on applying existing methods. However,
we know now, from the recent APX-hardness result of
[8], that this cannot be. What goes wrong?

The basic issue we must address in order to apply
these techniques is to be able to write a recursion to
solve an appropriate “succinct” subproblem with dy-
namic programming. What is the subproblem “respon-
sible” to solve? For problems involving points, the sub-
problem can be made responsible for constructing some
kind of inexpensive network on the points inside the
subproblem (rectangle), and to interconnect this net-
work with the boundary in some nicely controlled way
(e.g., with only a constant complexity of connection, in
the case of m-guillotine methods). The problem with
regions is that they can cross subproblem boundaries.
Then, we do not know if the subproblem is responsi-
ble to visit the region, or if the region is visited outside
the subproblem. We cannot afford to enumerate the
subset of regions that cross the boundary for which the

subproblem is responsible — there are too many such
subsets, leading to too many subproblems. Thus, we
need a new idea.

Our approach is to employ a new type of structural
result, based on the general method of m-guillotine sub-
divisions. In particular, we show how to transform an
optimal tour into one of a special class of tours that
recursively has a special m-guillotine structure, permit-
ting us to have a succinct (constant-size) specification of
the subset of regions, crossing the subproblem bound-
ary, for which the subproblem is “responsible” (must
visit on its interior). In order to bound the increase in
tour length in performing this transformation, we must
“charge off” the added tour length to some small frac-
tion of the length of the optimal tour (just as is done in
proving the bounds for the m-guillotine PTAS method
for TSP). In order to do this charging, we must assume
some special structure to the class of neighborhoods in
the TSPN, e.g., that the regions D = {Dy,...,D,} are
pairwise disjoint equal-size (without loss of generality,
unit) disks (or have a similar structure allowing us to
relate tour length to area).

Here, we outline how the approach applies to dis-
joint unit disks; generalizations will appear in the full
paper. We begin with some definitions, largely following
the notation of [13]. Let G be an embedding of a pla-
nar graph, and let L denote the total Euclidean length
of its edges, E. We can assume (without loss of gen-
erality) that G is restricted to the unit square, B (i.e.,
E C int(B)).

Consider an axis-aligned rectangle W (a window)
with W C B. (W will correspond to a subproblem.) Let
s1, 82, 83, S4 be the four segments that form the sides of
W, and let D; C D be the set of disks intersecting s;.
Since the disks are disjoint, they can be ordered along
side s;; thus, we think of D; as an ordered sequence,
whose subsequences of consecutive disks (consecutive
along edges in E) are called disk-intervals. Since our
goal is to have a succinct representation of D;, for each
side s; of W, we are motivated to look at situations in
which D; can be represented as a small (O(m)-size) set
of disk-intervals. Given a positive integer m, we say that
E is m-good with respect to W if, for each i = 1,2,3,4,
the set D; consists of at most 2m disk-intervals.

An axis-parallel line £ is an m-good cut with respect
to W if it splits W into two subwindows, W; and W5,
such that E is m-good with respect to both W and Ws.

We now say that G (or E) satisfies the m-guillotine
property with respect to W if E is m-good with respect
to W and either (1) W does not fully contain any disk;
or (2) there exists an m-good cut, ¢, that splits W into
W1 and Ws, and, recursively, E is m-good with respect
to both W7 and Ws.



THEOREM 3.1. Let G be an embedded planar graph,
with edge set E, of total length L, and let D be a
given set of pairwise-disjoint equal-radius disks (radius
8). Assume that E,D C B. Then, for any positive
integer m, there erists a planar graph G' that satisfies
the m-guillotine property with respect to B and has an
edge set E' D E of length L' < (1 + W)L

Proof. (sketch) We convert G into a new graph G' by
adding to E a new set of horizontal /vertical edges whose
total length is at most WL. The construction
is recursive: at each stage, we show that there exists a
cut, ¢, with respect to the current window W (which
initially is the box B), such that we can afford to add
the following “m-bridging” segment to E: the segment
joining the bottom endpoint of £ N Dy with the top
endpoint of £N Dp, where Dt (resp., Dp) is the mth
disk encountered along £ N W when walking down from
the top of W (resp., up from the bottom of W).

In order to make the charging scheme work, we have
to define a notion of “favorable cut”, as was done in [13].
Here, a cut is favorable if the length of its “chargeable”
portion within W is at least as long as the length of the
m-bridging segment. (The chargeable portion consists
of those points p € ZNW for which both the leftward and
rightward rays from p intersect at least m disks before
leaving W.) The existence of such a favorable cut is
guaranteed by the following key lemma, whose proof is
similar to that of the key lemma in [13]:

LEMMA 3.1. For any G and any window W, there is a
favorable cut.

The rest of the charging scheme is based on charging
off the lengths of the m-bridges to (1/m)th of the
projected perimeter lengths of the disks (which is at
most 86, for a §-radius disk, since we project up, down,
left, and right). We then use the lower bound, from the
previous section, which shows that the optimal length of
the TSPN tour is L* > (nd — 4)n /4, from which we get
that the total charge is at most 8n/m < £(4+ 4)L*.

COROLLARY 3.1. The TSPN on a set of disjoint equal-
size disks has a PTAS.

Proof. (sketch) Once we have the structure Theo-
rem 3.1, we proceed to write a dynamic programming
algorithm, running in O(n°(™)) time, to compute a
minimum-length planar graph having a prescribed set
of properties: (1) it satisfies the m-guillotine property
(necessary for the dynamic program to have the claimed
efficiency); (2) it visits at least one point of each region
D;, at one of a small constant number (O(m?)) of grid
points in D;; and (3) it is Eulerian (a condition that

is necessary in order to extract a tour in the end). A
subproblem is defined by a rectangle W, together with
a constant amount of boundary information, specifying
O(m) disk-intervals, a grid point inside each disk that
is an “endpoint” of each disk-interval, and a “connec-
tion pattern” that is required within W (e.g., by giving
a partition of the O(m) disk-intervals into one of the
20(m) possible subsets).

The result is that in polynomial time (O(n°™))
one can compute a shortest possible Eulerian graph,
from a special class of such graphs, and this graph
spans the regions D. Theorem 3.1 guarantees that the
length of the resulting graph is very close (within fac-
tor 1 4+ O(1/m)) to the length of an optimal solution to
the TSPN. Thus, once we extract a tour from the Eu-
lerian graph, we have the desired (1 + €)-approximation
solution, where e = O(1/m).

4 Connected Regions of the Same Diameter

The diameter of a region, 4, is the distance between two
points in the region that are farthest apart. Without
loss of generality, we assume that all regions have unit
diameter, § = 1. The general method we use is to
carefully select a representative point in each region,
and then compute an almost optimal tour on these
representative points. This approach was initiated in
[1]. We also employ the following tool:

LEMMA 4.1. (Combination Lemma) [1] Given regions
that can be partitioned into two types, and constants
c1,¢co bounding the error ratios with which we can
approximate optimal tours on regions of types 1 and 2,
then we can approrimate the optimal tour on all regions
with an error ratio bounded by ¢1 + ¢o + 2.

As noted in [1], repeated application of this lemma
may be useful: if there are k different region types,
with individual approximation bounds of ¢y, ... , ¢, the
resulting ratio is bounded by ¢; + ... + ¢ + 2(k — 1).
Now we describe the algorithm.

Select (compute) arbitrarily in each region a unit
diameter segment. Classify the regions into two types:
(1) those for which the selected diameter is almost
horizontal, by which we mean its slope is between —45°
and 45°; (2) those for which the selected diameter
is almost wvertical, by which we mean all the others.
(Computing a diameter segment of a region can be
done efficiently, in time linear in the complexity (e.g.,
number of vertices) of the region.) Use algorithm A
(below) for each of these two region types. We will
prove that a constant ratio is achievable for each class.
We then apply the Combination Lemma to obtain a
constant-factor approximation for all regions.



Algorithm A.

1. Construct a greedy cover of the regions by a minimum
number of vertical lines. (A set of lines is a cover of a
set of regions if each region is intersected by at least
one line from the covering set. We refer to this set
of lines as covering lines.) This procedure works in a
greedy fashion, namely the leftmost line is as far right
as possible, so that it is a right tangent of some region.
To obtain this cover, the intervals of projection on the
z-axis of all regions are computed and a greedy cover
of this set of intervals is found. After removing all
segments covered by a previous line, another covering
line is repeatedly added to the cover; at the same
time, representative points of each region are arbitrarily
selected on the corresponding covering lines.

2. Proceed according to the following three cases.

Case 1 The greedy cover contains one covering line.
Compute a smallest perimeter isothetic rectangle Q)
(of width w and height h), that touches (intersects)
all regions (@) is considered a two-dimensional re-
gion). Add twice the two vertical segments of
height h which divide its width in three equal parts,
to get a tour R. Output R.

Case 2 The greedy cover contains two covering lines.
Move (if possible) the rightmost vertical covering
line to the left as much as possible (while still
covering all regions). Recompute the representative
points obtained in this way. Set D to be the
distance between the two covering lines (clearly
D > 0).

Case 2.1 D > 3. Construct (compute) rectangle
Q of width w = D, with its vertical sides along
the two covering lines, and of minimal height
h, which includes all representative points (on
the two covering lines). Output the tour R
that is the perimeter of ().

Case 2.2 D < 3. Compute a smallest perimeter
isothetic rectangle @) (with width w and height
h), that touches (intersects) all regions. Add
twice the seven vertical segments of height h
which divide its width into eight equal parts,
to get a tour R. Output R.

Case 3 The greedy cover contains at least three cov-
ering lines. Construct R, a (1 + €)-approximation
tour of the representative points as the output tour.

We prove that algorithm A gives a constant-factor
approximation of the optimal tour for regions of type
(1). (Regions of type (2) are readily handled by rotating

them by 90° to obtain type (1) regions.) (In the
full paper, we give also tradeoffs in the approximation
bound when the diameters are not identical, but are

“similar” in that the ratio of the largest to the smallest
is bounded.)

THEOREM 4.1. In polynomial time, one can compute
an O(1)-approzimation of an optimal tour on a set of n
connected regions having the same diameter.

Proof. Let OPT be an optimal region tour. We prove
individually each of the cases we distinguished in the
previous algorithm. We will use repeatedly the following
simple fact (see [1]): For positive a, b, w, h the following
inequality holds

aw + bh < Va2 + b2/ w? + h2. (4)

Case 1. Write diag(Q) for the diagonal of the rectangle
Q). We first argue that R visits all regions. Since all
regions are covered by a unique covering line, they lie
in a vertical strip of width < 26 = 2. So w < 2. The
horizontal projection of each region (on the z-axis) is
at least % Hence, all regions are intersected either by

the boundary (perimeter) of @ or by the two vertical
segments inside @ (since 3% > 2). Thus, R is a valid

region tour. |OPT| and |R| are bounded as follows.

|OPT| > 2diag(Q) = 2v/w? + h?,

|R| = 2w + 6h = 2(w + 3h) < 210/ w? + h?

< V10|OPT|.

Case 2.1. D > 3. We distinguish two sub-cases.
Case 2.1.a h < 2. Recall that w = D > 3.

|0PT| 2 2(111 - 2)7

|R| = 2w + 2h < 2w + 4 < 10(w — 2) < 5|OPT).
Case 2.1.b h > 2.

|OPT| > 2¢/(w — 2)? + (h — 2)2,
|R| = 2w+ 2h < 10((w — 2) + (h — 2)) <
10v2y/(w — 2)2 + (h — 2)2 < 5V2|OPT)|.

Case 2.2. D < 3. Since the horizontal projection of
each region is at least \/LE and 8% > 5, R visits all
regions.

|OPT| > 2diag(Q) = 2v/w? + h?.

|R| = 2w + 16k < 2¢/12 + 82y/w? + h?
< 2(8.1)vVw? + b2 < 8.1|OPT].



Case 3. Partition the optimal tour OPT into blocks
OPT;, with i > 1. OPT; starts at an arbitrary point
of intersection of OPT with the leftmost covering line
(notice that OPT does not cross to the left of this
line), and ends at the last intersection of OPT with
the second left covering line, before OPT intersects a
different covering line. In general, the blocks OPT; are
determined by the last point of intersection of OPT
with a covering line, before OPT crosses a different
covering line. Consider the bounding box @ of OPT;,
the smallest perimeter aligned rectangle which includes
OPT;. Write w for its width and h for its height. There
are two cases to consider.

Case 3.1 OPT; intersects regions stabbed by two
consecutive covering lines only, l1, 15 say, at distance wy;
this implies that OPT; lies between these two covering
lines, so w = w;. Without loss of generality, OPT;
touches the lower side of ) (at some point C') before
it touches the upper side of (). Since the horizontal
projection of each region is at least %, wy > % Let
0 < a,b < h specify the starting and ending points
A and B of OPT; (see Figure 2). By considering the
reflections of OPT; with respect to the two horizontal
sides of @), we get

|OPT;| > \/(h + a +b)2 + w, 2. (5)
/IbJ Enl """"""" '1"||F
'B
IIB
A h A h
a [ ]
a/(j w = w1 D“l w = w 1 ‘a

h b2 hL I
Figure 2: Case 3.1: 2 lines.

We show that there exists a partial tour R; (a path)
of the representative points of all the regions OPT;
visits, of length bounded by ¢|OPT;| for some positive
constant ¢, where R; starts at A and ends at B. Take
R; = ADEFGB, where the points D, E, F,G are on
the lines ly,l> at unit distance from the corners of )
(see Figure 2).

|Ri| < (a+1)+(1+h+1)+(w1)+(1+h+1)+(1+h—-0)

<3(h+a+b)+ (w1 +6) < 3(h+a+b)+ (6vV2+ 1wy

<A/32 4+ (6vV2+1)2/(h+a+b)? + w2
< 10|OPT;|. (6)

Put R; together to get a tour R of length smaller
than 10|OPT|. Then the (1 + €) approximate tour of
representatives has length at most 10|OPT)|.

Case 3.2 OPT; intersects regions stabbed by three
consecutive covering lines only, I, 12,[3 say at distances
w1, ws; this implies that OPT; lies between these three
covering lines, but it does not touch the rightmost one
l3. We can assume that OPT; starts at A and ends
at B, and as in the previous case, that it touches the
lower side of @) (at some point C) before it touches the
upper side of ). Let ! be the supporting right line of
the right side of . We also have wy,wy > % and
w' > max(0,wy — 1). The case when OPT; touches the
upper side of () before it touches I is shown is Figure 3;
the other case is similar and we get the same bound on
OPT;. Let a,b, A, B be as before. We distinguish two
sub-cases:

Case 3.2.a wy < 1. The lower bound on OPT;
we have used earlier is still valid.

|OPT;| > \/(h+ a +b)2 + w; 2.

We show a partial tour R; of the representative
points of all the regions OPT; visits. Take R; =
ADEFBGHIFB (see Figure 3).

|Ri| <(a+1)+ (1 +h+1)+w +(1+h+1)+

wy+ (1+h+1)+wy+ (1+0b)
<3(h+a+Db)+ (wy + 2w +8)
<3(h+a+b)+ (10vV2+ 1)y

< \/32 + (10vV2 + 1)2/(h + a + b)? + w; 2

< 15.5|OPT;)|. (7
Then the (1 + €)-approximate tour of representatives
has length at most 15.5|OPT|.

Case 3.2.b wy > 1. We use a different lower
bound on OPT;.

|OPT;| > \/(h+a+b)2 + (w1 + 2wy —2)2,  (8)

which we get by considering the reflections of O PT; with
respect to the two horizontal sides of () and with respect
tol' (see Figure 3). Take R; = ADEFBGHIFB as in
Case 3.2.a.

|R;| <3(h+a+b)+ (w1 + 2wy + 8)
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Figure 3: Case 3.2: 3 lines.

< 3(h+a+b)+ (10vV2 + 1) (w; + 2wy — 2)

< \/32 + (10vV2 + 1)2/(h + a + b)2 + (w1 + 2w, — 2)2
< 15.5|0PT;|. (9)

Then the (1+¢€)-approximate tour of representatives has
length at most 15.5|OPT|. The overall approximation
ratio of the algorithm, derived from the Combination
Lemma is 15.5 4+ 15.5 + 2 = 33.

Some Special Cases

We note that our calculations of the approximation
ratio for connected regions of a same diameter, give
improved bounds for three cases addressed in [1]:

1. parallel equal segments, from 3v2+1, to 3v/2,

2. translates of a convex region, from /32 + 72+1, to
V32472,

3. translates of a connected region, from /32 + 112 +
1, to /32 + 112,

We exemplify here the case of parallel equal seg-
ments and omit details for the rest. The algorithm
computes a greedy cover of the segments (assume of
unit length) using vertical lines. then it proceeds ac-
cording to the cardinality of the cover. Cases 1 and
2 are treated in [1], and the ratio is v/2 (this is not
the bottleneck case). In Case 1 (one covering line), an
optimal tour is easy to obtain. In Case 2 (two cover-
ing lines), a smallest aligned rectangle which touches all
segments is the output tour. In Case 3 (three or more
covering lines) the algorithm computes an almost opti-
mal tour of the representative points (as algorithm A
does). Its analysis is divided into two sub-cases, as in
the proof of Theorem 4.1. In the first sub-case (OPT;
intersects segments covered by two consecutive covering
lines only), the lower bound in Equation (5) on |OPT;|
is valid. The upper bound in Equation (6) on |R;| is

adjusted by dropping the constant term equal to +6.
Then
|Ri| <3(h+a+b)+w:

< V/3%2 +12|0PT;| = V10|OPT;|.

In the second sub-case (OPT; intersects segments cov-
ered by three consecutive covering lines only), the lower
bound in Equation (8) on |OPT;| is valid. The up-
per bound in Equation (9) on |R;| is adjusted by drop-
ping the constant term equal to +8. We also have that
wy,ws > 1. Then

|Ri| < 3(h+a+b)+ws + 2w

< 3(h+a+Db)+ 3(w; + 2w, — 2) < 3v2|OPT;|.

The overall approximation ratio obtained for parallel
equal segments is 3v/2.

5 Lines

Consider now the case in which the n regions are infinite
straight lines in the plane. It is interesting that this case
allows for an exact solution in polynomial time:

PROPOSITION 5.1. Given a set L of n infinite straight
lines in the plane, a shortest tour that visits L can be
computed in polynomial time.

Proof. (sketch) We convert the problem to an instance
of the watchman route problem in a simple polygon,
which is known to have an O(n®) algorithm (see [19],
as well as [5, 15]). Let B be a rectangle that contains
all of the vertices of the arrangement of L. At each point
p where a line [; € L intersects the boundary of B, we
extend a very narrow “spike” outward from p, along [;,
for some fixed distance. Let P be the simple polygon
having 6n + 4 vertices that is the union of B and these
2n spikes (in fact, only one spike per line is enough).
We claim that a tour 7T visits all the lines in L if and
only if it sees all of the polygon P. Thus, we can solve
the TSPN on L by solving the watchman route problem
on the simple polygon P.

Given the high running time of the watchman route
algorithms, it is of interest to consider more efficient
algorithms that may approximate the optimal solution.
To this end, we now present a linear-time constant-
factor approximation algorithm.

Let L = {ly,...,l,} be the input set of n lines. A
minimum touching circle (disk) is a circle of minimum
radius which touches (intersects) all of the lines in L.
The algorithm computes and outputs Cr, a minimum
touching circle for L. We will show that this provides a
tour of length at most T|OPT|, where, as usual, OPT



denotes an optimal tour. First we argue about the
approximation ratio, and leave for later the presentation
of the algorithm. For simplicity, we assume that no
two lines are parallel, though this assumption can be
removed.

OBSERVATION 5.1. The optimal tour is a (possibly de-
generate) convex polygon P.

(It is easy to see that OPT consists of connected
straight line segments, thus forming a polygon P;
assuming P non-convex, its convex hull CH(P) would
still visit all the lines in I and have a shorter length,
which is a contradiction.)

OBSERVATION 5.2. Cf, is determined by 3 lines in L,
i.e. it is the inscribed circle in the triangle A formed by
these 3 lines.

We distinguish two cases:

Case 1. A is an acute triangle. It is well known that
for an acute triangle, the minimum perimeter inscribed
triangle (having a vertex on each side of the triangle)
is its orthic triangle. So in this case the optimal tour
OPTA, which visits the 3 lines of A is its orthic triangle;
we denote by y its perimeter. Clearly y is a lower
bound on |OPT|: |OPT| > |OPTaA| = y. Denote
by s the semi-perimeter of A, by R the radius of its
circumscribed circle, and by r the radius of its inscribed
circle.

Fact 5.1. For an acute triangle A, s > 2R.

Proof. If A, B,C are the angles of A, this is equivalent
to
R(sin A +sin B +sinC) > 2R.

After simplification with R, this is a well known inequal-
ity in the geometry of an acute triangle ([4], page 18).

FAcT 5.2. For an acute triangle A, y = 2%.
A proof of this equality can be found in [4], page 86.

CLAM 1. For an acute triangle A, r < ¥.

Ry

Proof. Putting the above together, we get r = 37 <
Ry _ v
iR — 4-

The length of the output tour is bounded as follows

O] = 277 < 271'% = gy < ZlopT.

Case 2. Ais an obtuse triangle. In this case, |OPTA| =
2h, where h is the length of the altitude corresponding
to the obtuse angle, say A. Clearly 2h is a lower bound
on |OPT|: |OPT| > |OPTa| = 2h.

FAcT 5.3. For any triangle A, h > 2r.

Proof. We express the area S of the triangle (with side
lengths a,b,¢) in two ways, from which we get the
inequality,

2S=a-h=(a+b+o)r,

which implies that

h a+b+c_ a+a
r a a
Using this, we have |[OPTa| = 2h > 4r. The length of

the output tour is bounded as follows

|CL| = 27r = Z(4r) < g|OPTA| < g|op:r|.

m
2
Thus, in both cases, the approximation ratio is § <
1.58.

We now describe the algorithm for computing C7r..
The distance d(p,l) from a point p of coordinates

(z0,y0) to a line | of equation az + by + ¢ =0 is

_ lazo + byo + ¢|
N

Let the lines in L have the equations
(li 2)

Finding a minimum touching circle amounts to finding
(z,y), (the center coordinates) and a minimum radius
z, s.t.

d(p,1)

ar+by+c=0,i=1,...,n.

|a;z +2b,~y —I; ¢l <z,
va; +b;

This is equivalent to solving the following 3-dimensional
linear program

t=1,...,n.

min 2 :
subject to
aiz +biy + ¢ ;
—a; T — by — ¢;
T G o, =1, .n,

Va:+b?
which takes O(n) time [12].

6 Conclusion

Several open problem remain, including

(1) Is there a constant-factor approximation algorithm
for arbitrary connected regions in the plane? What
if the regions are disconnected? (giving us a
geometric version of a “one-of-a-set TSP”)



(2) What approximation bounds can be obtained in

higher dimensions? Our packing arguments for
disjoint disks lift to higher dimensions, but our
other methods do not readily generalize.

A particularly intriguing special case is the gener-
alization of the case of infinite straight lines: What
can be said in 3-space for the TSPN on a set of
lines or of planes?

(3) Is there a PTAS for general pairwise-disjoint re-

gions in the plane?
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