AMS 311 (Fall, 2004) Jasmin Divers
PROBABILITY THEORY

Answer to homework 8

Problem 1

== v=>lLy>1
T,y) =< %Y
f(y) {0 Otherwise
1. Let U = XY and V = % Solving the following for system for X and Y

leads to X = VUV and Y = \/g

a)Joint distribution of U and V
The Jacobian of this transformation is obtained by taking derivatives of U
and V with respect to X and Y.

We have:
U _yv U _ y 9V _ 1 U _ _ X
W_Yuay_Xaax_waY— Y2
Therefore, we have

Y =
_ _ X _
J = 1 x =25 =-2V

Y2

By definition, we have:

fU,V(Uv U) = |J|71f(X(U7 V)v Y(Uv V))
Which leads to
s u>1,T<v<u

0 Otherwise
ff ﬁdu = #logu u>1

fov(u,v) =

0 Otherwise

ffo ﬁdu = # v>1
fv) = [ amdu=5 0<v<l

0 Otherwise

2. Let u=2x+y,v=1o+ 2z and w = y + z. Taking derivative of x,y, and
z with respect to u,v and w leads to the following Jacobian value:
1 10
|J| = 0 1|=]-2/=2
11

1
0



Solving for x, y and z leads to x = ““;_w, y =" and z =

The joint distribution of u,v and w is given by:
1
fu,v,w) = %e’i(““’*w) foru+v>w, u+w>vand u+v+w>D0.

—u+v+w
2

Problem 2
AY =y, X|Y ~U(0,y +1).

1
— O<z<y+1
Therefore, —(z,y) =< vt
fxi y< v) 0 Otherwise

Since it is known that fy(y) = y for 0 < y < /2, the joint density of X
and Y is the product of the conditional distribution of X given Y and the
marginal distribution of Y.

a) Joint density of X and Y

Given that Y=y,

Fey(oy) = A D<z<y+1,0<y<+2
’ ’ 0 Otherwise

b) Marginal density of X

foﬂﬁdy:\/ﬁ—ln(ﬁle) 0<zx<l1
fx(z) = fx\iﬁly—_ﬁldy:lnx—x+\/§+l—ln(\/§+l) l<z<+v2+1
0 Otherwise

For more information look at the graph. Problem 3

E(X -Y)?}) = E(X?-2XY +Y?) = E(X?) - 2E(X)E(Y) + E(Y?) since
X and Y are independent.

Now using the fact that both X and Y are uniformly distributed over (0,1),
we have: E(X?) = FE(Y?) =3 and E(X)=E(Y) = 3.

2
Therefore, E[(X —Y)?] =2X § —2 X £ X
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Problem 4

Problem 37
Define X as the value of the first roll and Y the value of second roll. Let
S=X+Y be the sum X and Y. Also, let D be their difference.
That is: D=X-Y.
Cov(S,D) = Cov(X +Y, X -Y) = Coo(X, X -Y)+Cow(Y, X =Y) =
Var(X) + Cov(X,Y) — Cov(X,Y) — Var(Y) = Var(X) — Var(Y) = 0.
Since this is the same experiment conducted twice. The variance is the same
at each trial.



Problem 38
COU(X Y)=FEXY)—-EX)EY)
E( fo fo y2€_2xdydx = l
fo a( [ Zex dy)dx = fo 26_2“’d:c =
y(

=I5 f°°2€ “dr)dy = [y —2ydy—4
Cov(X,Y)—i—%%:%
Problem 5
a) () (etx) _ %( —t+€3t+e7t)
E(X)=M,0)=3(-14+34+7) = 3 =3
1

E(X?) = M/(0)=1(14+9+49) =2

Var(X) =2 -3 =2,
Computing directly, we have B(X) = 3(-14+3+7)=3=3
E(X?) =3((-1)*+3*+7) = 3(1+9+49) =
b) M, (t) = e*¢' Y = X ~ Poisson(2)
M,(t) = (3e'+(1—2))! =Y ~ Bin(1,3)
P(XY =0)=P(X —x,Y:0)+P(X:O,Y:y)

— P(X = 2)P(Y = 0) + P(X = 0)P(Y =y) VX > 0,y = 0, 1.
Therefore,P(X =x)=1and P(Y =y) = 1.
P(XY =0) = P(X = 0) + P(Y = 0) = ¢ 241
E(XY) = B(X)E(Y) =2} = ¢
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