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HANDOUT: PROOF OF GAUSS-MARKOV THEOREM

THEOREM (GAUSS-MARKOV). Suppose y = X3 + ¢, where E(e) = 0 and Var(e) = 0%I. Then the least
square estimate 3 = (XTX)~!XTy is the Best Linear Unbiased Estimate (BLUE) of (3.

PROOF: Consider an arbitrary estimable linear combination of coefficients ¢’ 3. Let a’y be an unbiased
estimate of ¢T'3. That is,
E(a'y) =a"Xp=c"p,

for all 8. This implies that
al’X =ct.

Since XTX is full rank, c is linear combination of column vectors of X7 X. Hence,
c=X"X)\
A= ATXTX3 = NTXTX(XTX) ' X Ty = ATXTy
Now, compute the variance of aly.
Var(aly) =Var(aTy — "3+ cTj)
=Var(aTy —c"B) + Var(cT ) + 2Cov(a’y — 73,7 3).

But
Cov(aly — ' 3,c¢"B) =Cov(ay — ATXTy, ATX y)
=(a” - ATXT)\Var(y) \'XT)T
=(a” = ATXT")o?IX )\
=(@’X - ATXTX)o?\
=(c” —cMo*A=0
Therefore,

Var(a”y) = Var(a®y — ¢ 3) + Var(c" 3).
Since variance cannot be negative, we have that
Var(aly) > Var(c?3).
In other words, CTB has the smallest variance among all linear unbiased estimators of ¢’ 3. In addition,

Var(aTy) > Var(cTB) if and only if Var(aly — CTB) = 0, which implies aly = ¢Z 3. Therefore, the least
square estimate of (3 is also unique BLUE.



