
1. Solution. Let F (x, a) = a1e
a2x. Assume data are (xi, yi), i = 1, 2, ..., m and minimize the

distance-squared. Let

D(a1, a2) =
m∑

i=1

(yi − a1e
a2xi)2,

∂p

∂a1
= −2

m∑

i=1

(yi − a1e
a2xi)ea2xi = 0,

∂p

∂a2
= −2

m∑

i=1

(yi − a1e
a2xi)(a1e

a2xixi) = 0.

Then we have normal equations

m∑

i=1

yie
a2xi = a1

m∑

i=1

yie
2a2xi

m∑

i=1

yixie
a2xi = a1

m∑

i=1

xie
2a2xi .

2

2. Solution.

Lk+1 =
2k + 1
k + 1

xLk(x)− k

k + 1
Lk−1(x),

L0(x) = 1, L1(x) = x,

L2(x) =
3
2
(x2 − 1

3
), ÃL3(x) =

5
2
(x3 − 3

5
x);

∫ 1

−1
L3(x)(ax2 + bx + c)dx =

5
2
a

∫ 1

−1
(x3 − 3

5
x)x2dx + b

∫ 1

−1
(x3 − 3

5
x)xdx + c

∫ 1

−1
L3(x)dx.

Both L3(x) and L3(x)x2 are odd functions, and
∫ 1
−1(x

3− 3
5x)xdx = 2

∫ 1
0 (x4− 3

5x2)dx = 0. Therefore∫ 1
−1 L3(x)(ax2 + bx + c)dx = 0.

2

3. Solution. The first five Laguerre polynomials for α = 0 are

< g, h >=
∫ +∞

0
g(x)h(x)x0e−xdx =

∫ +∞

0
g(x)h(x)e−xdx,

where ck = − 1
k+1 , αk = 2k + 1, βk = k

k+1 . pk+1 = − 1
k+1(x − (2k + 1))pk(x) − k

k+1pk−1(x). Take

1



p0(x) = 1, P−1 = 0. Then

p1(x) = −(x− 1)p0(x) = −(x− 1);

p2(x) =
1
2
(x2 − 4x + 2);

p3(x) =
1
6
(−x3 + 9x2 − 18x + 6);

p4(x) =
1
24

(x4 − 16x3 + 72x2 − 96x + 24);

p5(x) =
1

120
(−x5 + 25x4 − 200x3 + 600x2 − 600x + 200).

2

4. Proof. By induction,
(i) k = 0, p0(x) = 1,

∫ 1
−1 dx = 2 =< p0, p0 >, the statement is true.

(ii) We assume that k = m− 1,
∫ 1
−1[pm−1(x)]2dx = 2

2(m−1)+1 .
Then k = m, we show < pm, pm >= 2

2m+1 . We use 3-term recurrence relation for Legendre
polynomials, obtaining

pm+1 =
(2m + 1)xpm −mpm−1

m + 1
,

< pm, pm > =
2m− 1

m
< pm, xpm−1 > −m− 1

m
< pm, pm−2 >

=
2m− 1

m
< pm, xpm−1 >;

< pm+1, pm−1 > =
< (2m + 1)xpm, pm−1 >

m + 1
− m

m + 1
< pm−1, pm−1 >= 0.

Therefore

< pm, xpm−1 > =
m,< pm−1, pm−1 >

2m + 1
=

2m

(2m + 1)(2m− 1)
,

< pm, pm > =
2m− 1

m

2m

(2m + 1)(2m− 1)
=

2
2m + 1

.
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5. Proof. Let

li(x) =
(x− x0) · · · (x− xi−1)(x− xi+1) · · · (x− xk)

(xi − x0) · · · (xi − xi−1)(xi − xi+1) · · · (xi − xk)
,

lj(x) =
(x− x0) · · · (x− xj−1)(x− xj+1) · · · (x− xk)

(xj − x0) · · · (xj − xj−1)(xj − xj+1) · · · (xj − xk)
.

For ∀i 6= j, li(x)lj(x) = (x − x0)(x − x1) · · · (x − xk)g(x).x0, x1, · · ·, xk are k + 1 distinct roots of
pk+1(x). Let pk+1(x) = ak+1(x − x0)(x − x1) · · · (x − xk), li(x)lj(x) = pk+1(x)g(x)

ak+1
, p0, p1, · · ·, pk+1

are orthogonal, < li(x), lj(x) >=
∫ b
a li(x)lj(x)dx =

∫ b
a

pk+1(x)g(x)
ak+1

= 0.
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6. Solution.

p(x) =
2∑

k=0

< f, pk >

< pk, pk >
pk(x),

f(x) = sin πx.

k = 0,
< f, p0 >

< p0, p0 >
=

1
2

∫ 1

−1
sinπxdx = 0;

k = 1,
< f, p1 >

< p1, p1 >
=

3
2

∫ 1

−1
xsinπxdx =

3
π

;

k = 2,
< f, p2 >

< p2, p2 >
=

5
2

∫ 1

−1

3
2
(x2 − 1

3
)sinπxdx = 0;

p(x) =
3
π

p1(x) =
3
π

x

Therefore 5 place accuracy 3
π = 0.95493.
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7. Solution. Let y = 2x− 1, then f(x) = sinπx

[x(1−x)]
3
2

= sinπ
(y+1)

2

[
(y+1)

2
(1−y)

2
]
3
2

= 8sin π
2
(y+1)

[(y+1)(1−y)]
3
2
.

I =
∫ 1
0 f(x)dx = 4

∫ 1
−1

sin π
2
(y+1)

[(y+1)(1−y)]
3
2
dy.

Let g(y) = sin π
2
(y+1)

(y+1)(1−y) . We notice L’Hospital rule,

lim
y→1

g(y) = lim
y→1

π
2 cosπ

2 (y + 1)
−2y

=
π

4
,

lim
y→−1

g(y) = lim
y→−1

π
2 cosπ

2 (y + 1)
−2y

=
π

4
,

The singularity of g(y) at y = ±1 can be cancelled. We have I = 4
∫ 1
−1

g(y)

(1−y2)
1
2
dy. By using

chebyshev-based Gauss Quad,

I ≈ 4π

k + 1

k∑

i=0

g(ξi),

where ξi = cos( (2i+1)π
2

k+1 ), i = 0, 1, ..., k. Let k = 999, I ≈ 11.1791.
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