
AMS-310: Survey of Probability and Statistics

Midterm Exam II

Name__________ Student ID__________

Total Score____________________

Total number of points for base problems is 100. The last problem
is for extra credit and has 10 points. Good Luck!
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(1). (16 points) Computer network transmits data in packets. The number data packets
through routers in a given time interval satisfies the Poisson distribution. It is
known that the average data passage rate through a router is 20 packets per second.
Find the probability for

(a). No packet through the router in 0.1 second.

(b). Number of packets through the router greater or equal to 2 in 0.2 second.

Solution:

(a). The number of packets through the router in time interval T follow Poisson
distribution f(x;λ), where λ = aT = 20× 0.1 = 2.

P (X = 0) = f(0, 2) =
20

0!
e−2 = e−2 = 0.135

(b). In this case, λ = aT = 20× 0.2 = 4.

P (X ≥ 2) = 1−P (X < 2) = 1−f(0; 4)−f(1; 4) = 1−
(

40

0!
+

41

1!

)
e−4 = 1−5×e−4 = 0.91.
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(2). (16 points) The function erand48() in C programming language library generates
random numbers with uniform distribution in [0, 1]. A programmer wants to use
this function to generate a new random variable with normal distribution. To do
so, each time, he draws 10 numbers from erand48() and calculates the mean X̄ =
(x1 + x2 + · · ·+ x10)/10.

(a). What is the variance of the random variable X̄?

(b). If he wants to make random variable with standard normal distributionN(0, 1),
what does he have to do?

Solution:

(a). According to central limit theorem, the variance of the sample mean is V ar(X̄) =
σ2/n, where σ2 is the variance of the population (all random numbers uniformly
distributed in [0, 1]). The variance of the random variable with uniform distri-
bution in [α, β] is 1

12
(β − α)2 = 1

12
. Therefore the variance of the sample mean

is
V ar(X̄) =

σ2

10
=

1

120
,

σ√
n

=
1√
120

= 0.091.

(b). The following random variable

Z =
X̄ − µ
σ/
√
n

will satisfy the standard normal distribution N(0, 1). The mean µ of the pop-
ulation (uniformly distributed in [0, 1]) is 1/2. Therefore, he needs to let

Z =
X̄ − 0.5

0.091

and then Z will have standard normal distribution.
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(3). (16 points) Customers arriving at McDonald’s drive-by window follow Poisson dis-
tribution. The average arrival rate is 20 customers per hour. What is the probability
that the time between arrival of two customers is

(a). greater than 6 minutes.

(b). less than 3 minutes.

Solution:

(a). The interval between two customers is equivalent to the x = 0 case in Poisson
distribution. In Poisson process λ = at = 20t (where t must be in hours).
Therefore the probability of the interval equal to t is an exponential distribu-
tion function, after normalization, we have the probability density distribution
function as

f(t) =

{
20e−20t t > 0
0 t ≤ 0

The probability that the time interval between the arrival of two customers
greater than 6m = 0.1h is

P (t > 0.1) =

∫ ∞
0.1

20e−20t = e−20×0.1 = e−2 = 0.135

(b). The probability that the time interval between the arrival of two customers
less than 3m = 0.05h, is

P (t < 0.05) =

∫ 0.05

0

20e−20t = −e−20×0.05 + 1.0 = 1.0− e−1 = 0.632
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(4). (16 points) The mean of a sample of size 25 is used to estimate the mean µ of an
infinite population that has standard deviation σ = 2.4. What is the probability
(or confidence) that the error is less than 1.2 in this estimation.

Solution: Let the probability of confidence be 1− α, we have

E =
∣∣X̄ − µ∣∣ = 1.2

zα/2 =

∣∣X̄ − µ∣∣
σ/
√
n

=
1.2

2.4/
√

25
= 2.5

From Table 3, we have α/2 = 0.0062, therefore 1− α = 1− 0.0124 = 0.9876.

Answer: The probability (or confidence) that the error is less than 1.2 is 98.76%.
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(5). (16 points) To estimate the income of families in the country, the Census Bureau
takes a random sample of 400 families. It finds out that the mean of the sample
is 68K and the standard deviation is 14K. Assume that the family income of the
country is normally distributed, with 99% confidence, over what interval does the
mean of national income lie?

Solution: In this problem, we know the sample mean and the sample standard
deviation. We also know that the population is normally distributed. Since the
sample size is sufficiently large (400), we can use central limit theorem with sample
standard deviation (σ ≈ s) for the estimation.

x̄− zα/2 ·
σ√
n
< µ < x̄+ zα/2 ·

σ√
n

here x̄ = 68, σ ≈ 14,
√
n =

√
400 = 20. Since 1 − α = 99% = 0.99, we have

α/2 = 0.005. From Table 3, we can find that z0.005 = 2.575, therefore

x̄− zα/2 ·
σ√
n

= 68− 2.575× 14

20
= 66.2

x̄− zα/2 ·
σ√
n

= 68− 2.575× 14

20
= 69.8

Answer: with 99% confidence, the mean family income of the country lies

66.2K < µ < 69.8K
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(6). (20 points) Tell if each of the following statements is true or false.

(a). The mathematical expectation of sample mean equals to population mean.
True

(b). For finite population, the variance of sample mean equals to the variance of
population if the sample has the same size as the population. False

(c). The variance of sample mean approaches zero as sample size increases. True

(d). Sample mean is always normally distributed regardless of the distribution of
the population. True

(e). The value of mean can be negative. True

(f). The value of standard deviation can be negative. False

(g). The value of probability can be negative. False

(h). The value of median can be negative. True

(i). Central limit theorem does not apply to the sample if the distribution of pop-
ulation is not normal. False

(j). The covariance of two random variables is zero if the two random variables are
dependent on each other. False
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(7). (For extra credit, 10 points) A joint probability distribution density function on two
random variables X and Y has the form of

f(x, y) = Ce−(x
2+y2).

Find the value of coefficient C so that this probability density function is normalized
(with total probability equal to 1).

8



Useful formulas

(1). Poisson distribution:

f(x;λ) =
λx

x!
e−λ

(2). Exponential distribution for Poisson time interval problem is given as

f(t) =
1

β
e−t/β = ae−at

(3). Transformation from normal distribution N(µ, σ) to standard normal distribution
N(0, 1):

P (X ≤ x) = P (Z ≤ z) = F

(
z =

x− µ
σ

)
(4). Central limit theorem: the sample mean of a sample with size n is normally dis-

tributed. In particular, the random variable

Z =
X̄ − µ
σ/
√
n

has standard normal distribution N(0, 1).

(5). Maximum error of estimate

−zα/2 ≤
X̄ − µ
σ/
√
n
≤ zα/2, E = |X̄ − µ| = zα/2 ·

σ√
n

(6). Confidence interval for estimation of µ

x̄− zα/2 ·
σ√
n
< µ < x̄+ zα/2 ·

σ√
n
.

(7). Normal population and unknown σ but known s

t =
X̄ − µ
s/
√
n
, E = tα/2 ·

s√
n

x̄− tα/2 ·
s√
n
< µ < x̄+ tα/2 ·

s√
n
.

t distribution can be approximated by normal distribution when sample size is large.
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