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Robustness of the nonparametric approach in statistical analysis with missing data

A.M.Nikiforov


This message is a review and comparison of methods for statistical analysis with missing data with respect to the conditions set on the distribution of gaps (“missingness pattern”).  Our goal is to demonstrate that nonparametric procedures (modified, if necessary, for the missing data case) require much weaker assumptions for the gap distribution than their parametric counterparts.


Let X be an r-variate observation, with some of values missing according to M, the r-variate indicator vector of gaps, with coordinates having the values “present” or “missing”.  We call an r-variate observation with missing data a 2r-variate random vector (X, M) with the distribution P (X, M).  As a rule, the condition MCAR (“Missing Completely At Random”, [1]) is required for the complete observations method, the pair method, etc., otherwise the natural drawbacks of these methods are even bigger.  Modern parametric techniques require only the MAR assumption (“Missing At Random”, [1]) to hold: 

              p(m│x) = p(m│xobs),

where p(m│x) is the conditional probability of x with a structure of gaps m given x, xobs is a part of data present according to m.

Let’s review several typical problems of the applied statistical data analysis.  We assume below that gaps are not completely degenerating the observed data, in a reasonable way for each of the problems (for example, the probability to observe data are positive for all samples or classes under consideration, etc).

1.  Homogeneity tests for multiple multivariate samples.   In [2], conditional permutation homogeneity tests for multivariate samples with statistics of Smirnov and omega-square types are designed.  They require only a simple condition

p(m│x,i) = p(m│x),

to hold, where p(m│x,i) is the probability of an observation with a missing data pattern m, if X=x, in sample i, i.e., we allow [almost] arbitrary dependence of gaps on feature values, and the only essential requirement is the independence of  the gap distribution on the class.  To apply a parametric test, more rigorous conditions are generally required.  For example, to use the test based on the marginal likelihood ratio (following the terminology in [2]), we have to additionally require the MAR condition.  The method of complete observations, targeting to utilize classical tests (for example, the Hotelling test) will additionally require the condition MCAR to hold.


2. Variance analysis.  The situation for one-way variance analysis is clear from above.  Nonparametric methods for the two-way variance analysis with several observations in a block (for example, the Benard and Van Elteren test) are adequate without any change if gaps depend either on response value, or on nuisance factor, or on both (but not on the “treatment” factor!).

3.  Testing independence of k variables within k-dimensional random vectors x = (x1, ..., xk), with the null hypothesis H0: p(x) = p1(x1)... pk(xk).  Application of distribution-free techniques leads to the correctness of the complete observations method, if

p(m│x) = p(m│x1,..., xk) = П p (mi│xj(i)),        (1)

where j(i) is an arbitrary permutation of {1,...,k}, and mi is a gap indicator for xi.  In [2] we consider in detail and prove this claim for independence tests in contingency tables RxC and 2x2.  For the 2x2 table, that the complete observations method retains optimality properties proved by Lehman for the complete data case, providing gap independence condition (1) holds.  The parametric settings would normally require the conditions MAR and MCAR to hold, as in problem 1 above.

4.  Discriminant analysis.  Nonparametric classifiers with the probability density estimates of the Fix and Hodges or Parzen types can be generalized in such a manner, that they will converge under certain regularity conditions to the optimal (Bayesian) classifier in the asymptotic of growing number of observations.  For this case, the result is valid for any non-singular gap distribution, even if the distribution of gaps depends on a class!  

Parametric and nonparametric approaches are compared also for the parameter estimation problem and some other applied problems, resulting in similar conclusions.
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