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Abstract 
In immiscible three-phase flow, the lead oil bank can split into 
two, a Buckley-Leverett shock wave followed by a new type 
of shock wave.  Such a non-classical “ transitional”  shock 
wave is common in three-phase flow.  Its sensitivity to 
diffusion implies that capillary pressure must be modeled 
correctly in order to calculate the flow.  In particular, 
transitional shock waves arise in WAG flow.  They can be 
calculated by semi-analytic methods, which are helpful in the 
design of effective WAG recovery strategies. 
 
1. Introduction 
In secondary oil recovery, water or gas is injected into a well 
to displace in situ oil to the producing well.  It is well 
established that oil recovery can be improved by alternately 
injecting gas and water (Water-Alternating-Gas, or WAG, 
injection) rather than injecting pure water or gas1. 

In this work we determine the wave structure of three-
phase WAG flow in a core sample.  We show that, in addition 
to classical Buckley-Leverett shock waves and auxiliary slow 
waves, there occur two significant features: a new type of 
shock wave (“ transitional” ), of intermediate speed, generic in 
three-phase flow; and a fast, decaying, oscillatory injection 
wave, typical of WAG flow.  Crucial to calculating the 
transitional shock wave is the correct modeling of capillary 
pressure differences.  The elementary wave structure in WAG 
flow is determined semi-analytically by solving a Riemann 
problem for three-phase flow, and the oscillatory wave is 
investigated analytically and calculated numerically.  We 
expect that our results will facilitate the design of WAG 
strategies that maximize recovery with minimal cost. 

The occurrence of transitional shock waves in three-phase 
flow models has been discussed before2-6, but in these works, 

capillarity was not modeled correctly and therefore the 
solutions were not quantitatively accurate.  Oscillatory 
injection waves are to be expected in WAG flow, but the 
mechanism of decay in immiscible flow with three mobile 
phases has not been investigated mathematically before. 

An outline of the paper is as follows.  The class of three-
phase flow models we study is described in Sec. 2.  An 
important feature of the model is the existence of an umbilic 
point.  Section 3 discusses elementary wave solutions: 
rarefaction fans and shock waves.  It examines the geometry 
of rarefaction curves and Rankine-Hugoniot curves as well as 
the classification of shock waves according to the type of their 
associated diffusive profiles.  Slow, fast, and transitional 
shock waves are discussed.  Section 4 describes the Riemann 
solution for the injection of a mixture of water and gas into a 
reservoir with high initial oil content.  It also delves into more 
detail concerning the nonclassical waves encountered in three-
phase flow, which are responsible for unusual features.  
Section 5 analyzes the wave structure of the flow when the 
WAG recovery method is applied to linear displacement.  The 
WAG solution is similar to the solution of an associated 
Riemann solution, except for an oscillating and decaying 
injection wave.  This injection wave is analyzed in Sec. 6.  
Conclusions are drawn in Sec. 7.  In the Appendix, we briefly 
review the mathematical literature on three-phase flow, 
developed in the 80’s and 90’s, that is relevant to the current 
work. 
 
2. Modeling Three-Phase Flow 
To simplify the description of wave phenomena in three-phase 
flow in a porous medium, we consider the idealized flow of 
water, oil, and gas in a homogeneous linear core, neglecting 
gravity, compressibility, and heterogeneity.  We also neglect 
mass transfer among the phases and assume that the 
displacement is immiscible.  The core in which the flow takes 
place is assumed to be long, so that end effects are negligible.  
Finally, we ignore fingering effects in this study.  We do not, 
however, ignore capillary pressure differences because doing 
so leads to a mathematically ill-posed evolution problem. 
 
Governing equations.  Three-phase flow is described by a 
pressure equation, expressing Darcy’s law of force, coupled to 
two saturation equations, which generalize the classical 
Buckley-Leverett equation and express the conservation of 
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mass of water, oil, and gas.  The pressure equation implies that 
the total fluid velocity is independent of position, so we take it 
to be constant.  After nondimensionalizing the time and space 
variables, fluid viscosities, and capillary pressures in the 
standard way, one obtains the following system of partial 
differential equations7,8: 
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Here ws  and gs  denote the water and gas saturations, and the 

oil saturation is gwo sss −−= 1 .  The state of the fluid is 

defined by the saturation pair, denoted ),( gw ssS = .  The 

fractional flow functions wf  and gf  are given in terms of the 

relative permeability functions wk , gk , and ok  and the fluid 

viscosities wµ , gµ , and oµ  by 

ooggww

ww
w kkk

k
f

µµµ
µ

///

/

++
=  .................................(3) 

and 

ooggww

gg
g kkk

k
f

µµµ
µ

///

/

++
= .  ...............................(4) 

The diffusion terms 

�
�����

∂
∂

∂
∂+�

����
∂
∂

∂
∂=

x

s
B

xx

s
B

x
D g

wg
w

w ww  ...........................(5) 

and 

�
����	

∂
∂

∂
∂+�

���	
∂
∂

∂
∂=

x

s
B

xx

s
B

x
D g

gg
w

g gw  ............................(6) 

represent the effect of capillary pressure differences among 

fluids; here wwB , wgB , gwB , and ggB are the components of 

the diffusion matrix B  given by 
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For simplicity, we assume that each of the relative 
permeability functions depends solely on its corresponding 
fluid saturation.  This class of permeability models has been 
used extensively by Corey9 and Pope10.  We also adopt the 

assumption of Leverett11 about the capillary pressure 

differences, namely that wop  depends solely on ws  and gop  

depends solely on gs .  Specifically, in the figures and the 

numerical simulations: 
2

ww sk = , 
2

gg sk = , and 
2

oo sk = ; 

5.0=wµ , 3.0=gµ , and 0.1=oµ ; and 

)1)(2(5 wwwo ssp −−= ε  and )1)(2( gggo ssp −−= ε , 

where 001.0=ε  determines the scale for the capillary 
pressure relative to the pressure drop across the core. 
 
Umbilic point.  The partial differential equations (1) and (2) 
have solutions that propagate as waves.  The propagation 
speeds of continuous waves are the eigenvalues of the 

Jacobian derivative matrix ),(/),( gwgw ssff ∂∂ , provided 

that these eigenvalues are real.  There are two eigenvalues 
corresponding to each pair of saturations; the smaller is called 
the slow characteristic speed and the larger is called the fast 
characteristic speed.  Both are nonnegative in the saturation 

triangle }1,10,10:),{ ( ≤+≤≤≤≤ gwgwgw ssssss . 

A model of Corey-Pope type has the peculiarity that for a 
particular state in the interior of the saturation triangle, 

),( u
g

u
w

u ssS = , the characteristic speeds coincide, or 

resonate.  Such a state is called an umbilic point12.  For fixed 
relative permeability functions, the viscosities of the fluids 
determine the location of the umbilic point.  We shall see that 
it plays a central role in three-phase flow. 

For other models of three-phase flow used in petroleum 
engineering, such as certain models of Stone13,14, the umbilic 
point is generally replaced by an elliptic region, in which the 
characteristic speeds are not real.  (This fact can be seen using 
a simple geometric argument based on Fig. 5 of Ref. [15].)  In 
general, under reasonable physical assumptions about a model 
for immiscible three-phase flow, singularities such as umbilic 
points and elliptic regions are a necessary consequence of 
Buckley-Leverett behavior on each two-phase edge of the 
saturation triangle16,8,17,18.  The wave structure and asymptotic 
behavior for models with elliptic regions is more complicated 
than that for models with umbilic points. 
 
3. Elementary Wave Solutions 
The mathematical theory of elementary wave solutions for a 
scalar conservation law, such as the Buckley-Leverett 
equation, was developed by Ole� nik19.  Systems of 
conservation laws, which are needed to model three-phase 
flow, gas dynamics, and many other applications, have a much 
richer theory.  See the book of Smoller20 for a general 
introduction. 

The state space for system (1)–(2) is the saturation 
triangle, which is conveniently drawn as an equilateral 
triangle.  On each edge of this triangle, the saturation of one of 
the fluids is zero, so that the flow is described by the Buckley-
Leverett equation for the two fluids with nonzero saturations.  
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Indeed, on the edge with no gas, setting 0=gs  and 

wo ss −= 1  in Eq. (1) yields the Buckley-Leverett equation 

for water and oil.  Similarly, on the edge with no water, 
Eq. (2) becomes the equation for oil and gas, and on the edge 
with no oil, adding Eqs. (1) and (2) gives the equation for 
water and gas.  Throughout the saturation triangle, there are 
two characteristic speeds for system (1)-(2), and it happens 
that the fast speed coincides with the Buckley-Leverett wave 
speed on the edges of the triangle. 

When capillarity is ignored, the Buckley-Leverett equation 
has two kinds of solutions, rarefaction fans and shock waves, 
which are building blocks for general solutions.  Analogously, 
there exist elementary wave solutions of the system of 
conservation laws resulting from Eqs. (1) and (2) by setting 

0=wD  and 0=gD .  Features of this system of 

conservation laws are reviewed in the next two subsections.  
(For more details, see Refs. [2] and [21].)  The effect of 
capillarity is discussed in the third subsection. 
 
Rarefaction fans.  Rarefaction fans are continuous solutions 
constructed by calculating orbits of an eigenvector field 
corresponding to an eigenvalue for the Jacobian matrix 

),(/),( gwgw ssff ∂∂ .  For each characteristic speed, these 

orbits, called rarefaction curves, fill the saturation triangle.  
Associated with the fast (or Buckley-Leverett) characteristic 
speed are fast rarefaction fans.  Near each edge of the 
saturation triangle, fast rarefaction curves are approximately 
parallel to the edge.  Similarly, orbits of the eigenvector field 
associated with the slow speed give rise to slow rarefaction 
fans.  Slow rarefaction curves are transverse to the edges.  
Away from the edges, rarefaction curves display an intricate 
geometry, as illustrated in Figs. 1 and 2.  Notice the 

singularity (loss of transversality) of the rarefaction curves at 

the umbilic point uS , where the Jacobian matrix is a multiple 
of the identity matrix. 
 

Shock waves.  System (1)–(2), with 0=wD  and 0=gD , 

possesses discontinuous solutions.  For such a discontinuity, 
the states immediately on its left and right sides, denoted 

),( −−− = gw ssS  and ),( +++ = gw ssS , respectively, are 

related to the speed of propagation σ  by the Rankine-
Hugoniot conditions: 

),(),(][ −−++−+ −=− gwwgwwww ssfssfssσ , ............(8) 

),(),(][ −−++−+ −=− gwggwggg ssfssfssσ .  ...........(9) 

For a fixed left state −S , the solution set of these equations is 
called the Rankine-Hugoniot curve, which comprises states 

+S  that can appear on the right-hand side of a discontinuity 

with left state −S . 

As −S  is varied, the corresponding Rankine-Hugoniot 
curves exhibit complicated bifurcations, which are illustrated 
in Figs. 3, 4, and 5.  The umbilic point serves as an organizing 

center for these bifurcations.  When uSS =− , as in Fig. 3, 
the Rankine-Hugoniot curve consists of the three straight lines 

through the vertices and the umbilic point.  When −S  lies on 
such a line, as in Fig. 4, the Rankine-Hugoniot curve contains 

a state BSS =+ , distinct from −S , where it branches.  Such 

a state BS  is called a secondary bifurcation point (the primary 

bifurcation point being −S ), and the lines are called 

Fig. 1—Rarefaction curves for the fast characteristic speed. Fig. 2—Rarefaction curves for the slow characteristic speed. 
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secondary bifurcation lines.  When −S  is not on a secondary 
bifurcation line, the Rankine-Hugoniot curve has a 
disconnected branch as well as two local branches through 

−S , as illustrated in Fig. 5.  A Rankine-Hugoniot curve 

contains an edge of the saturation triangle if and only if −S  
lies on that edge. 

From a more geometric perspective, the set of all Rankine-
Hugoniot curves forms a foliation with singularities in a three-
dimensional space, the wave manifold22.  Discontinuities with 
infinitesimal jumps correspond to rarefaction fans and form a 

two-dimensional surface within the wave manifold, in which 
the two families of rarefaction curves form a single family of 
curves with singularities.  For a three-phase flow model, the 
wave manifold has a convoluted topology that derives 
essentially from the immiscible Buckley-Leverett behavior at 
the edges of the saturation triangle23,24,8. 
Traveling waves.  Not all pairs of states satisfying the 
Rankine-Hugoniot conditions (6) and (7) correspond to 
physically stable shock waves.  To be a bona fide shock wave, 
a discontinuity must be the zero-diffusion limit of traveling 
wave solutions of Eqs. (1) and (2).  For such solutions, 
diffusion balances the convergence of waves caused by 

Fig. 3—Rankine-Hugoniot curve through the umbilic point. 

Fig. 4—Rankine-Hugoniot curve through a point on a 
secondary bifurcation line. 

Fig. 5—Rankine-Hugoniot curve through a generic point. 

Fig. 6—Traveling wave orbit for a slow Lax shock wave. 
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nonlinearity.  Substituting the traveling wave form 

)(ˆ txss ww σ−= , )(ˆ txss gg σ−=  into Eqs. (1) and (2), 

one finds that )ˆ,ˆ(ˆ
gw ssS =  satisfies an autonomous system 

of two ordinary differential equations.  A traveling wave 
solution projects to a curve in the saturation triangle (its orbit) 

leading from the left state −S  to the right state +S , which are 
equilibria for the system20.  Equilibria are classified according 
to the behavior of orbits nearby.  For instance, there are 
attracting and repelling equilibria, and there are saddle-point 
equilibria that attract along a special curve and otherwise 
repel. 

In the three-phase flow problem, a traveling wave is one of 
three kinds.  (1) A slow Lax shock wave has an orbit joining a 

repeller −S  to a saddle point +S , as in Fig. 6.  (2) A fast Lax 

shock wave has an orbit joining a saddle point −S  to an 

attractor +S , as in Fig. 7.  (3) A new kind of shock wave, 
called transitional25 (or undercompressive26) has an orbit 

joining two saddle points −S  and +S , as in Fig. 8.  Slow and 
fast Lax shock waves are classical27.  The occurrence of the 
nonclassical kind of shock wave makes the three-phase flow 
problem mathematically rich and leads to important physical 
consequences. 
 
4. Riemann Solutions 
To understand WAG, it proves useful to first determine the 
solution of a Riemann problem, i.e., an initial-value problem 
for Eqs. (1) and (2) with initial data that is discontinuous at 

0=t : 

L
ww ss = , 

L
gg ss =  if 0<x , .........................................(10) 

R
ww ss = , 

R
gg ss =  if 0>x .  .......................................(11) 

Because all characteristic speeds are positive in the three-
phase horizontal flow problem, this Riemann problem 
corresponds to injecting, at 0=x , a fluid with saturations 

),( L
g

L
w

L ssS =  into a semi-infinite linear core containing 

constant initial fluid saturations ),( R
g

R
w

R ssS = . 

If the diffusion terms on the right-hand sides of Eqs. (1) 
and (2) are neglected, a Riemann solution has a constant value 
along each ray where tx /  is constant.  This is because the 
initial data and the partial differential equations are both 
invariant under the scaling axx � , att �  for 0>a .  In 
solving a Riemann problem, diffusion is taken into account by 
requiring all shock waves in the solution to have diffusive 
profiles. 

In their famous 1942 work, Buckley and Leverett found all 
Riemann solutions for the scalar conservation law describing 
the flow of two immiscible fluids28.  In 1941, Leverett and 
Lewis had already formulated the corresponding question for 
three-phase flow29.  A large body of work developed in the 
80’s and 90’s addresses the theory of elementary waves and 
Riemann solutions for three-phase flow (see the Appendix). 
 
Wave structure.  If the characteristic speeds are always 
distinct, a Riemann solution for a system of two equations 
contains precisely two groups of waves, associated with the 
slow and fast characteristic speeds27.  From left to right, the 

solution consists of the constant left state LS , a slow wave 

group, a constant intermediate state BS , a fast wave group, 

and the constant state RS .  A wave group can be a shock 
wave, a rarefaction fan, or a composite wave comprising 

Fig. 7—Traveling wave orbit for a fast Lax shock wave. Fig. 8—Traveling wave orbit for a transitional shock wave. 
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adjoining rarefaction fans and shock waves of the same type 
(fast or slow).  See Fig. 9 (described shortly) for an example 
of such a classical Riemann solution. 

Because the characteristic speeds are not always distinct 
for three-phase flow, a Riemann solution can have another 
kind of wave structure, involving a third (transitional) wave 
group between the slow and the fast wave groups.  Recalling 
that a system of two conservation laws has precisely two wave 
modes in classical cases (e.g., linear systems and isentropic 
gas dynamics27), the occurrence of a third wave group is a 
remarkable and unusual feature when solving a system of two 
equations12. 
 
Solutions.  For analyzing WAG recovery, we consider 
Riemann problems with the right state (initial core saturations) 
being near the oil vertex of the saturation triangle and the left 

state (injected saturations) lying on the opposite edge.  The 
right state is essentially pure oil, representing an undeveloped 
reservoir, and the left state represents the mixture of gas and 
water at the injection well. 

We have observed two types of solutions for such a 
Riemann problem, depending on the specific initial data.  
These solutions are depicted in Figs. 9 and 10, which were 
generated using our computer program for solving Riemann 
problems30.  This program obtains solutions by concatenating 
elementary waves computed semi-analytically.  Rarefaction 
curves are computed by integrating the eigenvector fields 
numerically, and shock curves are computed by solving the 
Rankine-Hugoniot conditions using a continuation method.  
The same computer program was used in Refs. [2] and [21] to 
solve Riemann problems for closely related flow models. 

Fig.  9—Classical Riemann solution. 
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In each of Figs. 9 and 10, a Riemann solution is 
represented by several plots.  The top two show water and oil 
saturations plotted versus position along the core at a fixed 
time.  The other rectangular plots illustrate slow and fast 
characteristic curves in the space-time plane (the upper plot 
showing the slow field and the lower showing the fast field).  
They provide visual verification of the nature of the waves in 
the Riemann solution.  The plot at the lower left is a 
representation of the Riemann solution in the saturation 
triangle and its construction by means of wave curves.  
Rarefaction and shock curves are shown along with initial 
states and intermediate constant (or plateau) states. 

Figure 9 shows the solution when the left state is a 61.3% 
water, 38.7% gas mixture (corresponding to a water fractional 
flow of 0.60) and the right state is 80% oil and 5% water.  The 
solution has the classical wave structure consisting of a slow 
wave group and a fast wave group.  The slow wave group 

comprises a strong slow rarefaction fan from the state LS  to 

the state ),( A
g

A
w

A ssS =  and an adjoining slow shock wave 

from AS  to the constant state ),( B
g

B
w

B ssS = , which is the 

intersection of the wave curves.  The fast wave group is a 

Buckley-Leverett shock wave, i.e., an oil bank, from BS  to 

the state RS . 
Figure 10 shows the Riemann solution when the right state 

is the same as before but the left state is slightly different, 
being 72.1% water and 27.9% gas mixture (corresponding to a 
water fractional flow of 0.70).  The solution is of a new kind, 
containing three wave groups.  (The occurrence of three-wave 
solutions in three-phase flow models has been discussed 
before2-6, but without correctly modeling capillarity.  As we 
explain shortly, capillarity changes these solutions.)  The slow 

wave group comprises a strong slow rarefaction fan from LS  

to AS  and an adjoining slow shock wave from AS  to the 

constant state BS .  The fast wave group is a Buckley-Leverett 

shock wave from the second constant state CS  to RS .  

Fig.  10—Riemann solution involving a transitional shock wave. 
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Between the slow and fast wave groups is a transitional shock 

wave with left state BS  and right state CS . 
 
Transitional shock waves.  In the example of Fig. 10, the oil 
saturation jump across the transitional shock wave is larger 
than that across the fast shock wave.  Therefore the 
combination of these two shock waves is an oil bank several 
times larger than the Buckley-Leverett oil bank alone.  
Moreover, the transitional shock wave has a speed only 
slightly smaller than that of the fast wave.  In contrast, the 
slow rarefaction fan does not contribute directly to oil 
recovery, both because it arrives later and because it is not 
discontinuous. 

Thus, the transitional shock wave can be a substantial 
portion of the total oil bank, and understanding its role in 
three-phase flow is important for assessing oil recovery.  Our 
preliminary explorations indicate that, if WAG parameters are 
chosen as to generate a strong transitional shock wave, 
recovery may improve. 

A distinctive feature of transitional traveling waves is that 
they are sensitive to the precise form of the diffusion terms on 
the right-hand sides of Eqs. (1) and (2)25.  This is because 
saddle-to-saddle connections are unstable as solutions of the 
traveling wave ordinary differential equations.  Indeed, 
generic perturbations of the left state, shock speed, and model 
parameters break the connection, since there is a unique orbit 

leaving the saddle-point equilibrium −S  and a unique orbit 

entering the saddle-point +S .  Consequently, for a given left 

state −S , there is generally a unique corresponding right state 
+S  and propagation speed σ  for which the connection 

exists.  Changing model parameters changes this 
correspondence and therefore the possible transitional shock 

waves.  This dependence on diffusion of −S  and +S  

contrasts with the independence for classical shock waves 
(e.g., Buckley-Leverett waves). 

We emphasize that the instability of traveling waves as 
solutions of ordinary differential equations does not imply that 
transitional shock waves are unstable as solutions of the partial 
differential equations.  Their stability in the latter sense is 
evidenced by numerical simulations and analytical results31,32. 

Because transitional shock waves cannot be determined 
without specifying the diffusion, the equations governing 
three-phase flow are physically and mathematically ill defined 
in the absence of a capillary pressure model.  Moreover, the 
sensitivity of transitional shock waves to the diffusion implies 
that coarse-grid numerical simulations of flows containing 
such waves can be misleading:  the computed transitional 
shock wave, and therefore the other waves appearing in the 
solution, can be associated to numerical diffusion instead of 
the physical capillary diffusion25. 
 
5. Linear Water-Alternating-Gas Flow 
Now consider WAG recovery applied to a core sample with 

initial saturation RS .  The injected fluid alternates in time 
between pure water and pure gas. 

Associated to this WAG process is a Riemann problem, 

namely the one with right state RS  and with an effective left 

state LS , for which the flux of each fluid is the temporal 
average of its injected flux.  We expect the solution of this 
Riemann problem to be closely related to the late-time 
asymptotic behavior of the WAG solution.  To see why, 
suppose first that the injected fluid state alternates only up to 

time Tt = , after which it is held constant at the average LS .  
Then, if the core is long, the WAG solution tends toward the 
Riemann solution for Tt >> .  Suppose, next, that the 
alternation continues after Tt =  with the injection state being 

a small amplitude perturbation of LS .  Then the WAG 
solution, at late time, consists of an oscillatory wave 
propagating on a background that is approaching the Riemann 

Fig.  11—WAG solution, depicted in the saturation triangle. 

Fig. 12— Oil and gas profiles for the WAG solution. 
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solution.  We expect the same solution structure to emerge for 
the full WAG recovery process. 

This picture of the solution is confirmed by highly 
resolved numerical simulations of Eqs. (1) and (2).  The result 
from one simulation is depicted in Figs. 11 and 12, which 
shows the solution, at a late time, drawn in the saturation 
triangle and plotted as saturation profiles versus position.  The 
simulation used the standard Crank-Nicolson implicit finite-
difference scheme, linearized with respect to the solution at 
the beginning of the time step.  This scheme is second-order 
accurate in space and time.  The time step was restricted by 
keeping the CFL number (the maximum value of the wave 
speed times the time step divided by the mesh size) less than 
0.8.  The simulation used 1001 spatial mesh points, 
corresponding to a cell Reynolds number (the maximum value 
of the wave speed times the mesh size divided by the 
viscosity) of 0.5.  The result with 2001 mesh points is 
practically identical.  Therefore the convection and capillary 
diffusion terms were modeled accurately, with numerical 
diffusion and dispersion negligible. 

For the simulation of Figs. 11 and 12, the right state RS  

and the effective left state LS  of the injection fluid are the 
same as for the Riemann problem of Fig. 10, as is the time at 
which the solution is plotted.  Therefore, the Riemann problem 
solution associated to this WAG process has three waves.  As 
expected, the numerically simulated WAG process has a 
closely related solution structure. 

The two fastest waves in Fig. 12 are shock waves.  By 
comparing Figs. 11 and 12 with Fig. 10, we identify these 
waves as the Buckley-Leverett and transitional shock waves 
appearing in the Riemann solution.  These lead shock waves 
are affected very little by the oscillations in the injection fluid.  

The curve connecting BS  to CS  in Fig. 11 is the traveling 
wave profile for the transitional shock wave (cf. Fig. 8). 

The slowest wave in the simulation appears to be the 
superposition of two waves.  One of these two waves is a slow 
composite wave (a strong rarefaction fan led by a weak shock 

wave) starting at the effective left state LS , as evidenced by 
the oil saturation profile.  The other wave is a fast oscillating 
wave, which decays as it moves into the core away from the 
injection end.  It is generated by the saturation oscillations in 
the injected fluid.  Because of its large amplitude, this 
oscillating wave is affected by the nonlinearity of the 
equations.  In fact, as this wave propagates into the reservoir, 
some parts sharpen under convergence of characteristics, 
thereby forming shock waves, while other parts spread under 
divergence of characteristics, forming rarefaction fans.  
Furthermore, the resulting shock waves and rarefaction fans 
interact, weakening each other as they move away from the 
injection well. 

In summary, the oil saturation profile for the WAG 
solution is practically indistinguishable from that for the 
Riemann solution of Fig. 10, and the water saturation profile is 
a superposition of a nonlinear, decaying oscillatory wave of 
the fast family on the corresponding profile from the Riemann 
solution. 

To illustrate the effect of insufficient spatial resolution in a 
numerical simulation, we show in Figs. 13 and 14 the results 
of simulating the same WAG process as in Figs. 11 and 12 
using a standard numerical scheme with only 101 spatial mesh 
points.  The scheme uses centered spatial finite differencing 
and a backward Euler temporal discretization, which is an 
implicit scheme with matrix obtained by linearization with 
respect to the solution at the beginning of the time step.  As a 
result of inadequate resolution, the numerical diffusion 
dominates the physical capillarity diffusion.  The unphysical 
net diffusion not only smears the shock waves but also, 
because of the presence of a transitional shock wave, modifies 
the intermediate constant states and wave speeds in the 
solution, which is quite different from the correct one. 
 

Fig.  13—Coarse-grid WAG solution, depicted in the saturation 
triangle. 

Fig. 14— Oil and gas profiles for the coarse-grid WAG 
solution. 
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6. Analysis of the Injection Wave in WAG 
To investigate the behavior of the gas-water injection wave in 
WAG recovery, we consider a particularly simple situation 
that is amenable to analysis.  Suppose that the fluid viscosities 
of are all equal, and assume that the time-averages of the 

saturations of the injected fluid are 5.0=ws , 5.0=gs , and 

0=os .  Then the slow rarefaction fan in the corresponding 

Riemann solution runs along the secondary bifurcation line 

gw ss = .  We view the injection wave as a perturbation of 

small amplitude on this background rarefaction fan. 

In terms of the variables osu −= 1  and gw ssv −= , 

the conservation laws become 

0
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On the secondary bifurcation line 0=v , these equations 
reduce to the scalar conservation law 

0)( =
∂
∂+

∂
∂

uf
xt

u
 ..........................................................(14) 

and the characteristic speeds are )(uf ′  and uuf /)(2 , 

where [ ]222 )1(2/)( uuuuf −+= .  This fractional flow 

function is a typical S-shaped curve.  Near 1=u  (i.e., 

0=os ), it is concave down and the slope of the chord drawn 

from 0=u  exceeds the slope of the tangent to the curve, so 

that )(uf ′  is the slow characteristic speed and uuf /)(2  is 
the fast characteristic speed. 

Let )/( txRu =  be a rarefaction solution of this equation 

starting at 1=u  and decreasing as tx /  increases.  This 
solution is obtained by solving the implicit equation 

txRf /)( =′ .  In particular, [ ] 1)(/ −′′=∂∂ RftxR .  
Consequently, the linearization of Eq. (13) about the solution 
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where 

)(

/)()(
)(
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RRfRf
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′′
−′

= .  .........................................(16) 

As noted already, )(/)( RfRRf ′>  and 0)( >Rg  near 
the beginning of the rarefaction fan.  Therefore, Eq. (15) 

implies two results about the oscillatory v -wave:  (1) it is 
convected through the rarefaction fan at the fast characteristic 
speed, which is at least twice the slow characteristic speed (see 
the second term in Eq. (15)); and (2) its amplitude decays with 
time and space (see the right-hand side of Eq. (15)). 

Analysis of the more general case of small amplitude 
waves propagating on the background of a rarefaction fan 

along the secondary bifurcation line ggww ss µµ // =  

yields precisely the same conclusions.  The only changes in 

Eqs. (15) and (16) are that ggww ssv µµ // −=  and 

( )222 )1(/)( uuuuf −+= α , with ogw µµµα /)( += . 

Although the preceding analysis is restricted to small 
perturbations of special rarefaction waves, we expect that its 
qualitative prediction, that the injection wave is a 
superposition a fast, decaying, oscillating wave on a slow 
rarefaction wave, holds more generally.  Indeed, this 
prediction is borne out by the numerical simulation shown in 
Figs. 11 and 12. 
 
7. Summary and Conclusions 
We have presented a brief summary of the mathematical 
theory of elementary waves for immiscible three-phase flow in 
linear porous media.  Besides fast Buckley-Leverett waves, 
the flow supports slow waves, which do not contribute 
effectively to oil recovery, and a new “transitional”  shock 
wave, with intermediate speed, which can contribute 
substantially to oil recovery.  Thus wave patterns in three-
phase flow can differ qualitatively, as well as quantitatively, 
from those in two-phase flow.  Accurate account of the 
transitional shock wave is crucial for predicting total oil 
recovery.  Whereas the fast and slow waves are only spread 
out by diffusion effects, such as those resulting from capillary 
pressure or from numerical discretization, transitional shock 
waves depend sensitively on such effects. 

Invoking this theory, we have analyzed WAG recovery in 
a linear core.  The decay of the WAG oscillating injection 
wave is demonstrated.  Thus, the recovery in linear 
displacement can be predicted by the semi-analytic solution of 
a Riemann problem.  This prediction was corroborated by a 
highly resolved numerical simulation of the WAG process. 

However, to validate our conclusions for practical 
reservoir applications, it is necessary to understand the 
influence of multidimensionality and rock heterogeneity on 
transitional shock waves. 
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Nomenclature 

=B  diffusion matrix 

=gD  diffusion term due to capillary pressure in gas 

equation 

=wD  diffusion term due to capillary pressure in 

water equation 

=gf  gas fractional flow function 

=of  oil fractional flow function 

=wf  water fractional flow function 

=gk  gas relative permeability function 

=ok  oil relative permeability function 

=wk  water relative permeability function 

=wop  nondimensionalized water-oil capillary 

pressure difference 

=gop  nondimensionalized gas-oil capillary pressure 

difference 

=gs  gas saturation 

=os  oil saturation 

=ws  water saturation 

=t  porosity-scaled, nondimensionalized time 
=x  nondimensionalized position 
=ε  nondimensionalized diffusion coefficient 

=gµ  nondimensionalized gas viscosity 

=oµ  nondimensionalized oil viscosity 

=wµ  nondimensionalized water viscosity 

=σ  nondimensionalized shock speed 
 
Superscr ipts 

=BA,  intermediate 

=L  left 
=R  right 
=u  umbilic 
=+  ahead 
=−  behind 
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Appendix—Survey of Recent Mathematical Theory of 
Immiscible Three-Phase Flow 
Bell, Shubin, Trangenstein33, 1986, performed numerical 
experiments with Stone’s model, established that it possesses 
an elliptic region in the saturation triangle and discovered that, 
in some sense, the elliptic region was a repeller for waves.  
Marchesin and Paes Leme (unpublished, 1980), Shearer16, 
1988, and Shearer and Trangenstein10, 1993, established that 
violation of strict hyperbolicity occurs inside the saturation 
triangle for immiscible three-phase flow. 

Keyfitz34, 1988, and Keyfitz35,36, 1989, studied a model for 
the behavior of Stone’s model solution observed by Bell, 
Shubin, and Trangenstein in a neighborhood of a small part of 
the elliptic region. 

Holden, Holden, and Risebro37, 1990, studied the effect of 
gravitational terms on the elliptic region.  Trangenstein38, 
1989, and Trangenstein and Shearer39, 1989, dealt with the 
same issue.  These authors found that gravitational effects are 
capable of generating and enlarging elliptic regions in Stone’s 

model.  Medeiros17,18, 1989 and 1992, has a particularly 
elegant treatment of gravitational effects in Stone’s model.  
She found a method for locating the elliptic region and proved 
that a hyperbolic singularity is a consequence of two-phase 
behavior at the edges of the saturation triangle for immiscible 
three-phase flow.  L. Holden40,41, 1990, dealt with a similar 
problem.  Shearer16, 1988, also gave a topological proof of the 
same fact.  Medeiros’  and Trangenstein’s results indicate that 
the only three-phase permeability models that have umbilic 
points, rather than elliptic regions, in the presence of gravity 
are Corey-Pope models, in which each permeability depends 
solely on its own fluid saturation. 

Holden42, 1987, studied a simple but illustrative quadratic 
system corresponding to a model in Case I of the Schaeffer-
Shearer classification15, augmented with linear terms that 
generate an elliptic region.  He found massive nonuniqueness 
of Riemann solutions using the Lax27, 1957, and Ole� nik 19, 
1957, entropy uniqueness criteria, as extended by Liu43, 1974, 
rather than using the traveling wave criterion.  The motivation 
for the model was to study the behavior of Stone’s model near 
the elliptic region.  In the same spirit, Holden and Holden44, 
1989, examined another example of a quadratic system 
corresponding to a model in Case II of the Schaeffer-Shearer 
classification, augmented with linear terms that generate an 
elliptic region.  Again, they found massive nonuniqueness. 

Falls and Schulte3, 1992, and Schulte and Falls4, 1992, 
studied certain Stone’s models (Ref. [13], 1970), studied the 
role that umbilic points play as an organizing center for 
bifurcations, and determined some aspects of the wave 
structure in Riemann solutions.  Their conclusions hold for 
diffusion given by the numerical scheme. 

Guzmán and Fayers5,6,45, 1997, investigated the occurrence 
of elliptic regions and umbilic points for certain Stone’s 
models, including some studied in Refs. [3,4], 1992 (see also 
Ref. [8], 1999), and extended the analysis of the structure of 
the Riemann solution.  Again, their conclusions hold for 
diffusion given by the numerical scheme. 

Azevedo46,47, 1990 and Azevedo48, 1995, reexamined 
Holden’s model (Ref. [42], 1987).  Instead of using the Lax 
admissibility criterion for shock waves (Ref. [27], 1957), 
Azevedo used the condition that shock waves should be zero-
diffusion limits of traveling waves for the parabolic system.  
He found that a moderate number of multiple solutions occur 
for this prototype of Stone’s model because of projection 
effects as well as because of bifurcation of the phase-plane 
diagram of the ordinary differential equations associated with 
traveling waves.  The latter phenomenon was examined in 
more detail by Azevedo, Marchesin, Plohr, and Zumbrun49,50, 
1996.  They found and analyzed an example of nonuniqueness 
of Riemann solutions that arises at special points, 
characterized by Dumortier, Roussarie, and Sotomayor, which 
are located in the hyperbolic part of the saturation triangle, 
typically near the elliptic region.  It turns out that some of the 
waves used in Azevedo’s solution46 are unstable, as 
discovered by Frid and Liu51,52. 

Azevedo, Marchesin, Plohr, and Zumbrun8, 1999, showed 
that, in the presence of nontrivial diffusion terms, such as 



15 WAVE STRUCTURE IN WAG RECOVERY SPE 56480 

those for capillary pressure, it is not the elliptic region that 
plays the role of an instability region; rather, it is the region 
defined by Majda-Pego53, 1985, which depends on the 
diffusion terms too and contains the elliptic region. 

Isaacson and Temple54, 1985, introduced the idea of 
studying the solutions in a neighborhood of umbilic points by 
using homogeneous quadratic polynomial flux functions.  
Schaeffer and Shearer15, 1987, classified solutions of quadratic 
homogeneous systems with six parameters, using the identity 
diffusion matrix.  Using normal forms, they reduced the six-
parameter problem to two parameters ),( ba .  They identified 

four different regions in ),( ba -space; Case I and II are 
relevant for three-phase flow models.  

Several papers were dedicated to the study of Riemann 
solutions for systems of two conservation laws with 
homogeneous quadratic flux functions.  Shearer, Schaeffer, 
Marchesin, and Paes Leme12, 1987, described the Riemann 
solution for particular parameters in Case I of the Schaeffer-
Shearer classification, using the identity diffusion matrix.  
Gomes55, 1989, studied the Riemann problem for Case I 
models with more general parameters. 

Isaacson, Marchesin, Plohr and Temple56, 1988, found the 
Riemann solution for Case IV with 0=b .  Isaacson and 
Temple57,58, 1988, found the Riemann solution for quadratic 
homogeneous pairs of fluxes for Cases III and II with 0=b .  
Case II, which is relevant for three-phase flow, was treated by 
Schaeffer and Shearer59, 1987. 

For general values of a  and b , Case I was solved by 
Shearer60, 1989, and Cases II, III, and IV were solved by 
Schaeffer and Shearer59, 1987. 

Isaacson, Marchesin, and Plohr25, 1990, identified the role 
of transitional waves in the Riemann solution of systems of 
quadratic conservation laws with general diffusion matrices.  
Schecter and Shearer61, 1991, extended the study to flux 
functions with terms higher-order than quadratic. �

ani   62,63, 1995 and 1998, studied limit cycles in pairs of 
conservation laws with non-homogeneous quadratic flux 
functions.  She located a codimension-3 bifurcation that leads 
to formation of limit cycles and showed how it affects the 
admissibility of shock waves. 

Hurley, in her doctoral thesis64, 1995, and Hurley and 
Plohr65, 1995, studied how changing the diffusion terms 
affects the solutions of Riemann problems.  The results 
concern pairs of conservation laws with homogeneous 
quadratic flux functions.  A diffusion-dependent classification 
for models, generalizing the Schaeffer-Shearer classification, 
was developed.  Full Riemann solutions in all cases were 
systematically diagrammed. 

Isaacson, Marchesin, Palmeira, and Plohr22, 1992, 
constructed single elementary waves (shock, rarefaction, and 
composite waves) as foliations in the wave manifold and 
certain of its submanifolds, allowing a unified treatment of 
these waves.  This work generalizes the work of Palmeira66, 
1988, and of Palmeira and Marchesin67, 1994, for quadratic 
polynomial flux functions. 

In their doctoral theses, Xu24, 1992, and Rezende23, 1998, 
performed detailed studies of some topological aspects of 
rarefaction and shock waves in the Corey-Pope models 
analyzed in Refs. [2], 1992 and [21], 1992. 

Gomes, in her doctoral thesis68, 1987, analyzed the 
Riemann solution for a Corey-Pope permeability function that 
was higher order (the one analyzed in Ref. [2], 1992, was 
quadratic).  The results were very similar, indicating that the 
topology is controlling the main features of this problem. �

ani  , in her doctoral thesis69, 1992, and 
�

ani   and 
Plohr70,71, 1993, applied global geometric methods to the study 
of pairs of conservation laws with inhomogeneous quadratic 
flux functions.  Explicit formulae were found for all important 
bifurcation surfaces (except for a certain kind of transitional 
wave surface and the homoclinic surface, which were studied 
with numerical and bifurcation methods). 

Isaacson, Marchesin, Plohr, and Temple2, 1992, found the 
full Riemann solution for an immiscible model with an 
artificial symmetry generated by equal viscosities and 
permeabilities for oil, water and gas in Corey-Pope models.  
The unrealistic identity diffusion matrix was employed. 

DeSouza21, 1992, generalized the work in Ref. [2], 1992, 
by studying a three-phase system where only two fluid 
viscosities were equal.  Some mathematical difficulties arising 
in this study were resolved by Schecter, Marchesin, and 
Plohr72, 1997. 

Schecter, Marchesin, and Plohr73,74, 1994 and 1997, 
initiated a systematic program to classify all Riemann 
solutions for (non-strictly) hyperbolic systems of two 
conservation laws with the identity viscous profile criterion.  
In particular, wave curves were studies.  This work extended 
the doctoral work of Furtado75, 1989, which used the Lax27, 
1957, and Ole� nik 19, 1957, entropy criteria. 

Zumbrun and Howard32, 1998, and Brin76, 1998, 
developed a method to study the stability of transitional and 
other nonclassical waves, using Evans function methods.  
Stability of full Riemann problems was also studied in certain 
cases by Zumbrun, Plohr, and Marchesin31, 1992. 

Frid and Liu51,52, 1995, discovered highly oscillating 
waves, involving states near the elliptic region of Stone’s 
model, which become measure-valued solutions when the 
diffusion tends to zero.  This result clarifies the issue of 
nonexistence of classical weak solutions arising originally in 
the work of Bell, Trangenstein, and Shubin33, 1986.  

�
ani   77, 

1997, and 
�

ani   and Peters78, 1998, studied nonexistence of 
solutions of Riemann problems caused by elliptic regions.  As 
shown by Peters and 

�
ani   79, 1998, the nonexistence is 

resolved by highly oscillatory, measure-valued solutions. 
Transitional waves (also called undercompressive and 

intermediate waves) occur as well in magneto-hydrodynamics, 
van der Waals gases, combustion, etc.  Recently, Bertozzi, 
Münch, and Shearer80, 1998, found that transitional waves 
arise in lubrication flow. 

Many of the authors of the aforementioned works 
benefited from a computer program for the graphical, 
interactive construction of Riemann solutions.  This Riemann 
Problem Package30 was developed, beginning in 1979, by 
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E. Isaacson, P.J. Paes Leme, D. Marchesin, and B. Plohr along 
with many dedicated collaborators and students (most 
recently, D. Albuquerque and G. Hime).  Figures 1–10 were 
produced by this program.  Another program, Evolve, which 
facilitates the exploration of solutions of reaction-convection-
diffusion equations, was developed by the present authors and 
used to produce Figs. 11–14. 


