The behavior at infinity of isotropic vortices and monopoles
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We derive detailed asymptotic formulae for the behavior at infinity of isotropic vortex solutions of
the abelian Higgs model and monopole solutions of the Yang—Mills Higgs model. In particular we
find that the classical mass of the Higgs field is the smaller of » and twice the mass of the gauge
field, where (mc/#)* is the curvature of the Higgs self-interaction potential at the classical vacuum.

PACS numbers: 03.50.Kk, 11.10.Jj, 11.10.Lm
1. INTRODUCTION

In this paper we present an analysis of the asymptotic
behavior at large distances of certain isotropic solutions of
classical gauge field equations, namely the Nielsen-Olesen
vortex solutions of the abelian Higgs model in two-dimen-
sional Euclidean space, and the t” Hooft-Polyakov mono-
pole solutions of the Yang-Mills Higgs model in three-di-
mensional Euclidean space. The behavior at infinity of these
classical solutions field indicates that the Higgs mechanism
of symmetry breaking is operative in the quantized versions
of these models, and the exact asymptotics determines the
classical approximation of the masses of the corresponding
quantum particles. We find that the mass of the Higgs parti-
cleis m, = min{#/c[V"(R_)]'"*,2m, },where Vis the
Higgs self-interaction potential, R | is the asymptotic value
of the norm of the Higgs field (i.e., the classical vacuum), and
m , is the mass of the gauge field. A physical interpretation
of this result is given in the Conclusion.

2. THE ABELIAN HIGGS MODEL

The abelian Higgs model describes a charged scalar
Higgs field which is self-coupled via a potential V" and which
interacts with an abelian [i.e., U(1}] gauge field in two-di-
mensional Euclidean space. Thus the Higgs field ¢ is a com-
plex-valued function on R*, and the gauge field may be writ-
ten as id, where A is a real-valued 1-form on R*. [We
represent the Lie algebra of U(1) as /R.] The potential V'is
assumed to be twice continuously differentiable, nonnega-
tive, and symmetric about the origin; furthermore we as-
sume that V' has azeroat R, >Osuch that ¥"(R }>0and
V{R)>0if R <R _ . (See Fig.1.)

Using units in which R , = 1 and e/#ic = 1 {where the
charge of the Higgs field is taken to be — e <0), the Euclid-
ean action for the abelian Higgs model is

SNA) = J_‘.ld X AIF A+

dg |+ Vilé s 2.1)

F(A )= dA is the field strength of 4 and d ;¢ = d¢ + idd is
the covariant derivative of ¢. The critical points of .o/ for-
mally satisfy the equations

dd.¢+ V'iiiélle/lléll =0,
d’dA + (1/2i)(éd 6 — éd b )=0

{2.2a)

(2.2b)
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{here * denotes the formal adjoint with respect to the appro-
priate inner product, and ~ denotes complex conjunction).
These are the abelian Higgs equations.

We wish to consider vortex solutions of Egs. (2.2a) and
(2.2b) characterized by having finite Euclidean action (2.1)
and by exhibiting a classical version of the Higgs symmetry-
breaking mechanism, viz.

i b Gl = 1.

Following Nielsen and Olesen' we look for isotropic solu-
tions of the form

é (x,p) = R (rjexplin8 |
and
Axy)=S8(r)db, (2.3b)

where # is an integer, and r and @ are polar coordinates de-
fined by x = r cosf and y = r sinf. It can be shown” that for
every integer n there exist Higgs and gauge fields ¢ and 4 of
the form {2.3) which are twice continuously differentiable
and satisfy (2.2) throughout R?, and for which the Euclidean
action is finite and lim,, . ||é (x){| = 1. (The integer n is
known as the vortex number.) In this paper we study the
asymptotic behavior of such fields at large distances.

As one may easily verify, the real-valued functions R
and Son R, = {reR|r> 0} satisfy the coupled pair of non-
linear differential equations

— R —-r RN+ SN+ n)R(IN+V'(R()=0

{2.3a)

(2.4a)
and
— SR+ SN+ RS+ n)=0. (2.4b)
Furthermore,
T
D R
R.- 1
L
FIG. 1. A typical Higgs field self-interaction potential.
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F(R,S)= F’ dr | 2[S" (N7 + 3R (1]
+ 3 2RAPS (1) + n) + V(R (7)) (2.5)

is finite since F(R,S') coincides with (27) ™' & (¢,4 ); and we
may assume that

imR (r}=1 {2.6)

becauselim , ., [|¢ (x)|| = 1 and we can use a (global) gauge
transformation to ensure that R (r) is positive for large r. In
Sec. 3 we will prove

Theorem 1: Suppose that R and S satisfy (2.4)—(2.6) let
m = [V "(1)]'/2. Then there exist constants & and B such that

S(ry= —n+ Brk,(r){1 + olexp[ — min{m,2}r]))

and
S'(r= —(S{r)+n){1 =217 +0(r™2)
as r— 0, and such that:
(a)if m <2,
R(r)=1— aK,(mr).(1 + olexp( — mr))
— [m* — 41~ 'B2[K (M]*(1 + o(1))
and

R'(rf= —m(R{r) = 1)1 + 2mr)~" + O(r~?));
(b)if m =2,
R(r)=1—1B%r[K\(N]*(1 +0(1))
and
R'(r)= — 2R (r) = 1}(1 + o(1));
(c)if m>2,
R(r)=1—[m*—4] 7 'B2[K\(N]*(1 + o(1))
and
R'(r)= —2(R(r)— 1){1 +0o(1))
as r—roo.
From this result follows the decay properties of gauge-
invariant quantities of physical importance, such as
¢l =|R|, ¢d,¢ =R-R'dr+iR*(n+5)d8, and
dA = r~'S"dr Ard6. In particular, the mass of the gauge

field is m, = #i/c-e/#ic-R  and the mass of the Higgs boson
ismy, = min{#/c.[V"(R_)]"*2m,}.

3. PROOF OF THEOREM 1

In order to determine the asymptotics of our fields we
will find it convenient to work with the shifted fields u and v
defined by

u(r) =r"*(1 — R (r) (3.1a)
and

o(r) =r"*n 4+ S(r) (3.1b)

instead of with R and S. Given that R and S satisfy Egs. (2.4a)
and (2.4b), u and v satisfy the differential equations
—u" () + V(1) = =24 — P Pur)r=" 2ulp)

+ r W) ulr) = r 20 (3.2a)

and
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=V [ L3 =2 Pulr) + T ) olr) = O,
(3.2b)

where we have written V'(1 — R)= — V"(1)R + VIR)R®
Note that V(R ) = O (1) as R—0 by Taylor’s theorem.

In the proof of Theorem 1 we will show that «(r) and v(r)
vanish as 7— 0. We will then be in a position to apply the
following lemma, which shows that solutions of differential
equations of the form of Egs. (3.2a) and (3.2b) decay expon-
entially at infinity, assuming that they vanish at infinity. The
proof of the lemma is based on an elementary form of the
maximum principle.?

Lemma 3.1: Suppose w is a C ? solution on R, of the
differential equation

— w"(r) + (K + f{r)w(r) = glr),
where fand g are continuous functionson R, and x> 0. Ifw
and fvanish at infinity, and

g(r) = O (exp( — Ar})
as r—oo for some A > 0, then for every positive € < 1

w(r) = O (exp[ — min{k(1 — €)"'%,4 }r})

as r—o.
Proof: Fix 0 < € < 1. By hypothesis there is an r_€R ,.

and a constant y, such that Jex? + f(r)>0 for all 7>7, and

such that |g(r)|<y.exp( — Ar) for all #>r,. Define «,

=«(l — 1€)""*f. = lex’ + f, and u. = min{x(1 — €)'/%1 }.

Thus

—w"(r) + (k2 + fe(Pw(r) = g(r),
with f, (r)>0for all 7>, and g(r)<y.exp( — p r)forall r>r,.
Define the function i by

wir) = peexpl — x.r) + [k —pZ ] 'veexp( — p 1) — win),
where p_ >0 is chosen so that @(r, }>0. Then one easily veri-
fies that

—@"(r) + [k% +felr)]a@lr)

=f(N@(r) + w(r)] + y.exp( — p.r) — g(r)>0
forall rr,.

We will show that @(7)> 0 if r>r,. Suppose to the con-
trary that i(r,) < O for some r, > r,; then because @(r, )>0
and w(r)}—0 as — co there exists an r,,, > r, at which @
attains a strictly negative minimum. But then

w”(rmin )< [K2 +.fe(rmin ) ]w(rmin ) < O?

contradicting the fact that @ attains a minimum at »_,_ ; thus
w(r)>0 for all >r,. This inequality implies the bound

w(r)<const exp( — p,7)

for all r>r,, since x, >u, . Because we may Just as well apply
thisargument to — w, we deduce that w(r) = O (exp( — p.r)
as r—c.

By appealing to this lemma we will see that » and v
satisfy equations which are modified Bessel equations, ex-
cept for perturbations which are exponentially small at infin-
ity. Therefore we will compare u and v to the modified Bessel
functions that approximately solve Egs. (3.2a) and (3.2b) to
obtain more precise results about their asymptotic behavior.
Let X, denote the usual* modified Bessel function of order v
that is subdominant at infinity, and define &, on R, by
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k,(r) = (2r/m) 2K, (r);

w = k, solves the differential equation
—w(r) 4+ (1 + v = ruw(r) = 0.

The following properties* of k&, are used below: if v7 is
real, then &, is a real-valued function such that

k,{r)=exp(— {1+ O(r™")
and
k', (= —k, (Pl +0(r %)

as r—co.

Lemma 3.2 is a typical application of the variation-of-
parameters technique from the theory of ordinary differen-
tial equations. It is a slightly refined form of the WKB
approximation.

Lemma 3.2: Consider the differential equation

—w'(r) + (W [V =Y r T+ A () =0,
where h is a continuous function on R, , v* is real, and x > 0.
If |4 | is integrable at infinity then there exist C * solutions w™
and w ™ of this equation such that

* = exp( + «7){1 + o(1))
and
[w=1{r)= L xw™ ({1 4+ 0o(1))

as r— oo . If in addition A {(#) = O (exp( — ur)) as r— o, where
4 >0, then

w™(r) =k, (&kr)-(1 + O (exp( — pr))
and
(w™)(r) = —kw= ({1 + O(r3).

Proof: For notational convenience we will assume that
x = 1; the general case can be reduced to this case by rescal-
ing the independent variable. We first seek a solution w™ of
our equation which is of the form w™k, -z, where z(r}—1 as
r— 0. Motivated by standard tricks used to solve ordinary
differential equations we proceed as follows. Suppose we can
find a C? solution z of the Volterra integral equation

zir)=1+ fwdr' K (r,r')h (rz(r),
where

K(rr)=[k4]? J dr" [k, ()] 2.

Then z satisfies the differential equation

—2"(r) = 2k (N [k, (]2 + A (r)zlr) = O,
so that the product w™ = k, -z satisfies our equation. It is
thus of interest to find z; we will construct a solution of the
Volterra integral equation in the usual manner, namely by
proving that its Neumann series converges.

Throughout the following fix 7,€R , such that k() >0
if r>r,. It is easy to check that there is a constant p such that
0<K (r,r') <} p and O< — (IK /dr)(r,r)<p for all r'>r>r,.
For later convenience let H (r) = L pf dr'|h (r')]. Note that
H (r) = o(1)as r— o since | A | isintegrable at infinity; further-
more, H (r) = olexp| — ur)) as r—> oo in case
h (r) = o(exp( — wr)) as r—o by 1" Hopital’s rule.
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Define z, = 1, and for nonnegative integers j define
z; , , inductively by

z; )= der' K (r,r)a(r)z;(r).

Then we find that |z, |<(!)~'H’and }|z;/|<(!) " 'H’by a sim-
ple induction argument applied to the formulae for z; and z;.
From the first estimate we conclude that the series £z,
converges uniformly on ]r,, » [ to a function z such that

|z(r) — 1| <exp(H (r)) — 1<const H (r)
for all 7 > r,; the second estimate, along with the formula for
z7', shows that z is C* on 7, o[ and that

1]2'(r)| <explH () — 1<const H ()

for all » > r,. In addition, z is a solution of the Volterra inte-
gral equation, as follows by the Lebesgue dominated conver-
gence theorem.

As a consequence w~ = k, -z is a solution of our origi-
nal equation with the properties that

w(r) =k, (rz(r) = k,(r-(1 + O(H (1))
= exp( — 7)1 + o(1))
and
[w™Y(r) =k (rz{r) + k,(r)z'(r)
= —w (N1 + 0 )+ OHN)

as ¥— oo. We may construct a second solution w™ by setting
wr(r) = 2w‘(r)f dr [w=(r)]7*

for r> r, [where we choose 7, > r, large enough that
w™(r)5£0 for all r>7,). That w™, so defined, solves the same
equation as does w™ is easily checked directly; the motiva-
tion for defining w™ in this way comes from requiring that
the Wronskian of w™* and w™ bea constant, which is taken to
be — 2. The asymptotic behavior of w* may be determined
as follows: by I'Hopital’s rule
24y, dr' [w™ ()]

w2
= lim 21 L)

re — 20w VATw (]

so that w ™ (r) = exp(r){1 + o(1)) as r—o0; and

limw™* (rw™(r) = lim

r-~cc r—>o0

lim [w*)'(r) [w™ ()]~

[aE -1

—~ lim [ V(w1 + 2[w (] = 1,

so that [w™]'(") = w™ (r)-(1 + o(1)) as —co. This completes
the proof.

We now are in a position to prove Theorem 1. Define »
and v through Egs. (3.1a) and (3.1b). First of all, there is a
strictly positive constant such that

V(R (r)>const (1 — R ()’

for sufficiently large r; this is because VIRy=V"(1)

X (1 —R)*+ o(1 — R)* as R—1, where V" "(1) > 0. Since
F(R,S) is finite we conclude that u is square-integrable at
infinity. Since

u(ry= —r'?R'(r) + 1r~ u(r)
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the finiteness of F'(R,S ) shows further that «’ is square-inte-
grable at infinity. Hence (#%)" = 2u-u’ is integrable at infinity,
sothatlim, ,_ u(r) exists; but this limit must vanish in order
that 1 be integrable at infinity. Since the third term

fmr drir*R*rf(S(r) +n)’ = der {1 — r"2u(r)??(r)

in F(R,S }isfiniteit follows that vis square-integrable at infin-
ity. Since

v'(r) = r 280 — b (),
the finiteness of F (R,S ) guarantees that v’ is also square-inte-
grable at infinity. As before we conclude that v vanishes at
infinity.

An examination of Egs. (3.2a) and (3.2b) shows that we
may apply Lemma 3.1 to v: given any positive € < 1,

v(r) = O (exp[ — (1 —¢]'/?r])
as r— oo. Using this bound we may apply Lemma 3.1 to u
u(r) = O (exp[ — min{m,2}(1 — €)'/%])

as r—cw.

Again referring to Eqgs. (3.2a) and (3.2b) we see that
Lemma 3.2 applies to the equation satisfied by v. Since v
vanishes at infinity it must be proportional to the subdomin-
ant solution constructed in Lemma 3.2, so there exists a con-
stant 8 such that

v(r) = Bk, (r)}(1 + ofexp[ — min{m,2}(1 — €)'/?r]))
and
v'(r)=v(r){1 4+ 0(r ?)

asr—oo.
Consider now the equation satisfied by #, which we will
write as

—u"(r) + [ m* —4r72 + h(r)] u(r) = glr).

Letu, and u_ denote the solutions of the corresponding
homogeneous equation that are constructed in Lemma 3.2.
Using « _ and u_ we may construct a particular solution u »
of the equation satisfied by u: let

4, (r) = (2m)"" f dr' u_(u, (F)glr)

+2m)~ f “dr u o ()glr)

for r>r,. Then
— U+ (m* =372+ h (N, (r) = — (2m)™ "W (rig(r),

where the Wronskian W (r) = u  (rlu’_ (r) — u_(rju’,. ()
= — 2m(1 4 o(1) by Lemma 3.2; but since W' = 0 we must
have the W = — 2m, so that u, satisfies the correct equa-
tion. Because u — u, satisfies the homogeneous equation
there exist constants ¢ , anda_ suchthatu =a,_ u, +
a_u_ + u, Wewill determine the asymptotic behavior of
u by examining u,,.

First of all,

i (2m)~ 57, dr'u_(r)g(r)
m
roee grilu. (]~
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- ~ 2m)” 'u_iriglr
P ST ({7 — )
1
= (2m)~"|m — tim ngi ]

by 'Hopital’s rule. But with g(r) = r—/23(r),
(Ing)'(r) = — &~ + 2(lnv)'(r)
= =21+ "40(r?)
as r— 0, so that the second term in u, exhibits the behavior

(2m)—‘fwdr’ u(riu_(r'g(r)

= (2m)~(m + 2)7'g(r)-(1 + o(1))
as r—oo.

Suppose m < 2. Then the first term in u, may be written
as

(2m)~ ‘fwdr' u (rglr u_(r

— 2m) ‘fwdr' u_(Fu , (¥)gl¥

because u_, (r)g(r) vanishes exponentially as 7— o0 . But

—m) [ "ar u, gt

lim
rvo girfu_(r]1~"
i (2m)~"u., (gt
r—e g(r)lu_(r)] " {(Ing)'(r) — (Inu _)'(r)}
=(2m)" '(m —2)~".

Thus there is a constant ¢” such that
u,(r)=a"u_(r)+ [m* — 4] ~'g(r)-(1 + o(1))

as r— 0. Since u vanishes at infinity it follows that there is a
constant &’ such that

u(r) = a'ky(mr)(1 + olexp[ — m(1 — €)'/?r]))
+ [m2__4]—~lr—~1/2[ﬂ/kl(r)]2’(l _+_0(1))

as r— oo . If on the other hand m > 2, then because g-[u_]~"
grows (exponentially) at infinity,

em) [ ar u, (g
lim '[

e g(nu_(H]7!

- lim (2m) " 'u, (rg(r)
ree grilu_(r)] ™" {{Ingy'tr) — (Inu_Y(r)}
=(2m)~'(m —2)7",
so that
u(r) = a_ky(mr)-(1 + ofexp[ — 2(1 — €)"/%]))
+ [m* =417 20 Bk (1)1 + o(1)).

Lastly, in case m = 2, rg(r){u_(r)]~" grows (as r'/?) as r— oo,
S0

@m) [ dr u, (g0

7y

lim
e gl (]
i 2m) " 'u_ (rlglr
e 1g(lu_(n] 7 {r~" + (Ing)'(r) — (Inu _)'(r)}
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= (2m) 'Hm[r{gr~ "+ 0 ()] T =m

because (Ing)'(r) = —2 — ir™' + O(r~?) as r—oo; thus
ulr) = a_kymr)(1 + olexp[ — m(1 — €)'/*r]))
+m P Bk + of1))
as r—oo.

Recycling these formulae through Lemma 3.2 shows
that the factors (1 — €)'/2 may be eliminated. The same anal-
ysis gives the asymptotic behavior of 4’ and v’; we omit the
details. Finally, application of the definitions of # and v in
terms of R and S and of &, in terms of k,, finishes the proof.

Let us make some remarks about the constants & and
appearing in Theorem 1. First of all, # must be nonzero be-
cause v cannot vanish identically; the sign of 5 may be deter-
mined as follows. Note that

4

dr
so that v-v' is strictly increasing; but lim,_,  v{r)v’(r) =0, so
we see that v(r)v'(r) < O for all . Since (sgnn)-v(#) is positive for
small enough 7, [because” S (#}—0 as r—0] we conclude that
(sgnn)-v(r) is positive for all », whence (sgnn).5 is positive. It
seems that we cannot argue in this way to show that a is
positive, but under the assumption that |R (r)| <1forlargerit
is clear that a > 0.

Using a different approach we may derive inequalities
which o and /3 satisfy in certain circumstances. Define the
function /, by

i, (r) = (27r)' 2L, (7),
where I, is the usual’ modified Bessel function of order v

that is subdominant at the origin; £, satisfies the same differ-
ential equation as does k, and [k, — [ k[ =2.

(') = {1+ r~ Puln)? + 373 ) + [v'(A]?

If we write the equation satisfied by v in the form
—v" (A 1+ 377 vl

= (L= R*r)r="*n +S(r) =1,
we find that [ijv — i v’ ] ={, f,. By the proofs of Lemma 3.2
and Theorem 1,

i (p(r) — (7' () =2 B + o(1) = (2m)' B + o(1)
as 7 oo, On the other hand, one may deduce’ from the be-
havior of i, and v as »—0 that

iy (rlr) — Ey(r'(r) = (27} *n 4 o(1)

as r—0. Therefore

@) (B — n) = f:dr WAL,

Since (sgnn)f, > 0if {R |<1 {and n#£0) we find in particular
that

(sgnn)B > |n|
under the assumption that |R {<1.

In a similar fashion we may write

—u"(r) 4+ |m =y ul)

=r'2[V'(R(r))
+ V()1 =R () + 73S () + nfR (7]
=f.r
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and show that®
)'2a = 2ma’ = [mig(mrjulr) — iolmnu'(r)]5

- f:dr i) flr)

so long as m < 2. Therefore

(2mm

a>0

in case R>0 and the potential V satisfies

V'(R)+ V"(1)(1 — R)>0
for all R >0. For example, the quartic double-well potential
V., defined by

V,,(R)=1m’(1 — R

satisfies this condition. We note that for the vortex solutions
that have been constructed? the field R satisfies O<R<1.

4. THE YANG-~MILLS HIGGS MODEL

The Yang-Mills Higgs model describes a scalar Higgs
field which is self-coupled via a potential ¥ and which inter-
acts with a Yang-Mills [i.e., SU(2)] gauge field in three-di-
mensional Euclidean space. The Higgs field transforms ac-
cording to some finite dimensional, real, symmetric
representation g— U (g): W—s W of the Lie group SU(2) in the
vector space W, and thus ¢ is a W-valued function on R?; the
gauge field is a 1-form on R? taking values in the Lie algebra
su(2) of SU(2). The potential ¥ is assumed to be twice con-
tinuously differentiable, nonnegative, and symmetric about
the origin, and to haveazeroat R, >Owith V'"(R ,)>0and
¥(R)>0for R <R_ . Using units in which R, = [ and
e/#ic = 1 (where e is the coupling constant for the interaction
between the Higgs and gauge fields} the Euclidean action for
the Yang-Mills Higgs model is

S )= [ &% QIFAIE+ 6 P+ VU D) (41

where F (4 ) = dA + i[4,4 ]isthefield strength (curvature)of
A,and d ¢ = d¢ + U(A)d is the covariant derivative of ¢.
The criticial points of &7 formally satisfy the equations

d%d ¢+ V(|81 /|| =0 (4.2a)
and

diF(d)+J,)=0;

(4.20)

here the Higgs current J (¢ ) is defined so that

(X 17400 Ny = (UIX ) |d4 & )w
for all Xesu(2). Monopoles are solutions of Eqs.(4.2a) and
(4.2b) which have finite action (4.1) and exhibit symmetry
breaking ( ||@ (x)||—1 as |x|— ).

One may construct>*~7 monopoles which are isotropic
in the sense that

b(x) =R (\xnzme’m( ;—,) (4.3a)
and
J k
A =S(x)S ;fe "i—fi’i (4.3b)

aj.k

for some integer /, where the 0%, a = 1, 2, 3, are the usual
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Pauli spin matrices, and the 7",m = — /,...,], transform ac-
cording to the ! th irreducible representation of SU(2} in such
a way that

(1/Q)L °¢ + U (0°/2i)p = O

(here L * = 3, €¥*x,(1/i) 3/9x is the usual angular momen-
tum operator). For example, we may take

s = RS Z r;a'

if ¢ transforms according to the / = 1 adjoint representation,
as first shown by t’Hooft® and Polyakov.®

Assuming a suitable normalization for 77, the fields R
and S may be shown to satisfy the differential equations

—R"A=2r R+ (1 + 12

X{S{r) + 1R (7 + V'R () =0 (4.42)
and
=S+ I+ DRY S () + 1)

+ r72S(S () + IS (1) +2) =0, (4.4b)

to have
F(RS)= J‘wrz dr {5[R n1?

+r 2SN + U+ 1S (1) + 1R )
+ TSNS+ 2P+ VR, (4.5)
finite, and to satisfy
IimR(r)= 1. {4.6)
'rl'-it:orem 2: Suppose that R and S satisfy (4.4)—(4.6); let
m=[V"(1)]"*m, = (1 + 1)]"% and vy =i 3"%/2.
Then there exist constants @ and /3 such that
S(= —1+8(mn)'"K, (mr)
X (1 + o(exp[ — min{m,2m, }r]))
and
S'r)= —m(S(r)+ 1)1 + 0 (r?)
as r— oo, and such that:
(a)if m <2m,,
R(r)=1—a(mr)”'e™(1 + olexp[ — mr]))
— 2mi[m® —ami] =B m,r) " [K,, (m,r) {1 + ol1))

and

R = —mR(r) = D1 + (mr)~" + O(r?));
{b)if m =2m,

R(r) =1~ imiBIn(m,r)[K, (m,;7)]*(1 + o(1))
and

R'(r)= —m(R(r) — 11 + o(1));
(cyif m>2m,,

R(r)=1-=2mi[m* —4m}]~'B*m,r)~"
X [K,, (m,7)]*(1 + o(1))
and

Ry = —m/(R(r) — 1)1 + (1))
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FIG. 2. The Feynman vertex coupling a Higgs particle to two massive
photons.

as r—oco.

The proof” of Theorem 2 is exactly analogous to the
proof of Theorem 1, so we spare the reader from the details.
As far as the constants a and 3 are concerned, clearly 8 #0,
and B> 0if S(7)> — 1 for all large r; equally clearly a > 0 if
|R (r)| <1 foralllarger, and? one may show, in the manner of
Sec. 3, that @ > 0 in case R>0 and the potential satisfies the
inequality (3.3).

The asymptotic behavior of physical fields such as
161l =R | |d,8)w =RR"dr,

16 12l1d,0 1> — (@ |dad ) |> = 1( 1+ DRHS + 11
IFA)?=2r"3S"P + r *S*%S + 2)? and (in case / = 1)
(@ |F (4 ))suz) = R-S(S + 2)d0 A\sinf dg. In particular, the
mass of the gauge particlem, = fi/c-e/fic-R _ [}/ (1 + 1)]'/?,
while the mass of the Higgs boson is m,,

= min{#/c-[V"(R_}]"? 2m,}.

5. CONCLUSION

Let us comment on the physics behind the result that
the mass of the Higgs field cannot exceed twice the mass of
the gauge field. In the case of the abelian Higgs model, it is
seen from the proofs of Theorem 1 that this arises because
the differential equation (3.2a) for the shifted field » has an
inhomogeneous term 7~ '/%y%(r) whose decay is twice that of
the gauge field. In the context of the quantized version of this
model, the term in the Euclidean action which gives rise to
this inhomogeneous term in the field equations corresponds
to the Fenynman vertex shown in Fig. 2 which describes the
decay of a Higgs particle into two massive photons. Thus the
peculiarity in the Higgs particle mass in the classical field
theory reflects the existence of a decay mode H—2y in the
quantum field theory. A similar interpretation is possible for
the Yang-Mills Higgs model.

Finally, we note that Jaffe and Taubes'® have studied
nonisotropic vortices and monopoles with the quartic dou-
ble-well potential ¥, . and have established that
m4>min{m,2m , }; they conjecture that m,

= min{m,2m, } in this more general setting.
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