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Abstract

In an attemptto regionalizeand visualizeregions of information
space,we offer a methodfor regionalizationbasedon predeter-
minedarearelationships.This problemcanbe conceptualizedas
aninversemultiplicatively weightedVoronoidiagram.To compute
suchadiagram,weoffer anadaptivealgorithmthatminimizesarea
deviations. We apply the methodto a spatializationof a web site
for undergraduateengineeringlearning.
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1 Intro duction: Information Space Region-
alization

To improve navigationandassessmentof informationsystems,au-
thors from variousdisciplinesare exploring the applicability and
usefulnessof cartographictechniquesfor visualizingandmapping
abstractinformation spaces[Gatrell 1983; Couclelis1998; Chen
19; DodgeandKitchin 2001;FabrikantandButten�eld 2001;Ko-
honen2001].Sincethesespacescannotbedirectlyobserved– they
arelargely methodologicalartifacts– their dimensionality, metric
andextent areeithera priori chosen[MukherjeaandHara1997;
Card et al. 1996; Lamping and Rao 1996; Munzner1998; Kahn
andLenk 2000;Huffaker et al. 2002]or insteadinferredfrom sec-
ondaryinformation.

An exampleof thelatteris amethodproposedby Butten�eld & Re-
itsma[2002] andReitsmaet al. [2004] thatusesinformationfrom
the navigational logs of an informationsystemto reconstructthe
system's spatialdimensionalityandmetric. The methodis based
on the spatialmetaphorthat the moreusersnavigatebetweenany
two items in an informationsystem,the closerthe two itemsare
positionedin the associatedinformation space. For example, if
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a requestfor Web pagei is moreoften followed by a requestfor
Web page j than for a requestfor other pages,i and j are con-
sidered`close' to eachother. From the relative proximitiesof all
Webpagesa spatialrepresentationcanthenbecomputed.Theau-
thorsdemonstratetheapplicabilityof theapproachwith empirical
studyof a digital library of cartographicmaterials[Butten�eld and
Reitsma2002]andanundergraduateengineeringlearninginforma-
tion system[Reitsmaet al. 2004]. In both casesan interpretable,
four-dimensionalinformationspaceis reconstructedfrom thesys-
tem'snavigationallogsafterwhich thesystem's informationitems;
e.g.,webpagesare�tted into thisspace.

Although the above methodcanbe usedto visualizean informa-
tion system's use-space,this spaceremainsuniform and unmod-
eled. With this we meanto saythatalthoughwe canlocatethein-
formationitemsin thespace,thespaceitself remainsuniform, fea-
turelessandcontainsno zonesor regions. Yet, onecouldconsider
the spacearoundthe information items basinsof attraction; i.e.,
spheresof in�uence or regions that arecharacterizedby someof
thesamepropertiesasthoseof theircentralitems.A similarnotion
is presentin theclassicregionalgeographicalstudiesby Christaller
[1933], Isard [1967], Berry [1967] and later by Huff [1967] and
Huff & Lutz [1979]. For a summaryof someof thesestudies,re-
fer to Hagget[1972]. Interestingly, a byproductof the methodby
Butten�eld andReitsma[2002] is theestimationof aparameterfor
eachinformationitem thatcanbeinterpretedastherelative sizeor
areaof its sphereof in�uence. Hence,in this paperwe proposea
methodfor reconstructingsuchspheresof in�uence basedon these
given areasor sizes. To accomplishthis, we invert a classicspa-
tial allocationmodel,namelythatof themultiplicatively weighted
Voronoi diagram(MWVD) [Okabeet al. 2000; Boots1980]. We
show resultsindicatingthat themethodworkswell andthenuseit
to regionalizea spatializationof a websitefor undergraduateengi-
neeringlearning.

2 Voronoi Diagrams

A classicway of regionalizingor allocatingspacearounda prede-
terminedsetof pointsor `generators'is Voronoi tessellation.This
methodis basedon �nding the nearestgeneratorfor every point
in the space.The resultantregionalizationis known asa Voronoi
diagram(VD). In a comprehensive presentationon the subjectin-
cluding an extensive review of the literature,Okabeet al. [2000]
presentthe ordinaryVD aswell many of its generalizations.Ta-
ble 1 presentsa few of thecharacteristicsof both theordinaryand
multiplicatively weightedVoronoidiagram.

Forourobjectiveof regionalizinganinformationspacebasedonthe
locationof asetof informationitemsor generatorsandtheirprede-
terminedarea,theMWVD is intuitively attractive. `Area' or `size'
is a multiplicative property, we wantto allocateall of theavailable
spaceandwe like thebasinsto grow asuniformly aspossiblein all
directions;i.e., we would like to preserve their circular, disk-like
shapesasmuchaspossible. Furthermore,the requiredcomputa-
tions are simple, especiallywhen carriedout in a rasterfashion.
However, thestandardMWVD methodhassomeproblems.



De�nition

A.
Ordinary
Voronoi Dia-
gram

Formal: Vi = f xj kx� xik = kx� x jk for i 6= j,
wherexi andx j arelocationvectorsandVi is
theVoronoiregion for point i g
Dynamicinterpretation: All generatorssi-
multaneouslystartgrowing andgrow at iden-
tical rates.
Characteristics: Bordersarestraight;regions
arecontiguous.

B.
Multiplicatively
Weighted
Voronoi
Diagram
(MWVD)

Formal: Vi = f xj kx� xik=wi = kx� x jk=w j
for i 6= j, wherexi andx j arelocationvectors
andVi is theVoronoiregion for point i g
Dynamicinterpretation: All generatorssi-
multaneouslystartgrowing but they grow at
differentratesrepresentedby theirweights.
Characteristics: Bordersarecurved; regions
cansurroundotherregions(if they grow fast
enough);regionscanbedisjoint.

Table 1: Ordinary and Multiplicatively WeightedVoronoi Dia-
grams.

3 Inverse MWVDs

Our problem, i.e., to generateVoronoi regions whose relative
areasizesare known, is essentiallythe inverseof the traditional
MWVDs. Whereasfor a traditionalMWVD areais thedependent
variable,we want to �nd a setof growth ratesresultingin given
arearatios.This changestheproblemfrom predictionto optimiza-
tion; i.e.,computeregionssuchthattheir areasoptimally represent
a predeterminedsetof values.Sincein thedynamicrepresentation
of aMWVD theweightsrepresentexpansionrates,wecanstartby
adjustingareaweightsusing(1).

p
area=p (1)

However, this assumesunhindered,uniform and omnidirectional
growth, somethingwhich only appliesuntil equilibrium between
adjacentgeneratorsis reached;i.e.,until two expandinggenerators
`meet.' It alsodoesnotaccountfor regionalcontainmentor nesting,
a phenomenonthat occurswhen one generatorgrows so quickly
that it envelopsa slower growing, neighboringgenerator(seethe
examplein Table1B).

An additionalproblemconcernsthe areasassociatedwith periph-
eral generators.Sinceperipheralgeneratorscangrow unchecked
in the oppositedirectionof the centerof gravity of the generator
con�guration asa whole, their areasbecomein�nitely large. This
problem,of course,appliesto VDs in generalandis normally re-
solvedin eitherof two ways:

� A setof auxiliary generatorsis regularly spacedbeyond the
perimeterof the original generators. When the VD gets
solved, the regionsassociatedwith theauxiliary regionswill
extendto in�nity , but theregionsof theoriginally peripheral
generatorsnow have boundaries.This is the approachthat
mustbeusedin convex hull applicationssuchasqhull [Bar-
beretal. 1996].

� Introduceanarti�cial outerboundaryandlimit thegrowth of
the externalgeneratorsto theseboundaries.This is the ap-
proachusedin mostGISsystems;e.g.,ArcGISor IDRISI[De-
Mers2000].

In eithercase,outwardgrowth of theperipheralgeneratorsis lim-
ited by an ad hoc decisionof the modeler;eitherauxiliary gener-
atorsarepositionedat ad hoc locations,or an ad hoc boundaryis
chosen.Regardlessof thesolution,however, theareasof theresult-
ing regionsareunlikely to properlyre�ect their targetvalues.

Table2 (MWVD) illustratesthe limiting successof the above ap-
proach.It showstheaverageresultsof computingMWVDs for 100
setsof N = 25 points with weightsw j+ 1 = w j + 1, w0 = 1 and
j = 0;1; : : : ;N � 1. To prevent peripheralareasfrom attainingin-
�nitely largeareas,arectangularboundarywasselected.Positional
information of the points was selectedrandomlyfrom a uniform
distribution with a minimum of zeroanda maximumequalto the
maximumcoordinatesof theboundingrectangle.Tablerows show
four typesof error: correlationbetweenweightandregion area(r)
andminimum,averageandmaximumerrorwhereerror is de�ned
asin (2).

Error = jA j � a j j=A j (2)

where:

A j = targetareaof generatorj asproportionof total area.

a j = accomplishedareaof generatorj asproportionof total area.



MWVD AMWVD
area

p
area area

p
area

Iterations 1000 1000
r 0.767 0.667 0.954* 0.948*

Min. Error 0.045 0.032 < 0:001* < 0:001*
MeanError 0.585 0.500 0.037* 0.039*
Max. Error 1.490 1.868 0.331* 0.369*
* pairedtwo-tailedt-testwith p < 0:001

Table2: Performanceof MWVD andAMWVD data.

Note that for the MWVD the correlationsdo not reachabove .77
andthattheadjustmentof (1) doesnotuniformly improvematters.

4 Adaptive Multiplicatively Weighted
Voronoi Diagrams (AMWVD)

To betterapproachpredeterminedarearelationshipsweproposean
iterative,adaptive solution,wheretheMWVD is solvedrepeatedly
andfor eachnew solution the weight set is adaptedbasedon the
errorof theprevioussolution.This is representedby (3).

wi+ 1; j = wi; j + Dw j (3)

wherewi; j is theweightof generatorj at iterationi.

Dw j is positive if generatorj receivedlessareathanrepresentedby
w0; j ; Dw j is negative if too muchareawasallocated. Weightsat
iterationi = 0 representtheareatargets;A j = w0; j . We de�ne ai; j
astheareaallocatedto generatorj afteriterationi. BothA j andai; j
areproportionsandareconstrainedby (4) and(5) respectively.

A j 2 (0;1);and
N� 1

å
j= 0

A j = 1 (4)

whereN is thenumberof generators.

ai; j 2 (0;1);and
N� 1

å
j= 0

ai; j = 1 (5)

wherei = 0;1; : : : ; I � 1.

Sincethe notion of a AMWVD is to continuouslyadjustweights
suchthatthedifferenceA j � ai; j getsminimized,we suggestmak-
ing Dw j proportionalto thefollowing threequantities:

1. wi; j ,

2. thedifferencein targetandallocatedareasA j � ai; j , and

3. apositive,nonzeroscalingconstantk.

After implementingtheserecommendations,we obtainthefollow-
ing expressionfor adaptiveweights(6):

wi+ 1; j = wi; j + wi; jk(A j � ai; j ) (6)

After regroupingof terms(7):

wi+ 1; j = wi; j (1+ k(A j � ai; j )) (7)

5 Choosing k

We offer the following heuristicfor selectingk. The worst case
obtainswhenat someiterationi a region j occupiesalmostall of
theavailablespacewhile having a low weight,or whena region j
occupiesvery little spacewhile having a high weight. Thus, the
differenceA j � ai; j liesbetweennegativeoneandone(8):

� 1 < A j � ai; j < 1 (8)

After multiplying by k andadding1, weobtain(9):

1� k < A j � ai; j < 1+ k (9)

Accordingly, choosingk = 1 is a safedefault asit will not resultin
negativeweights.If we takek = 1, (7) reducesto (10):

wi+ 1; j = wi; j (1+ A j � ai; j ) (10)

However, it is importantto notethatfor somedatasetsk canbecho-
senlarger than1.0. In thesecasesthedifferenceA j � ai; j mayget
minimized in fewer iterationsandthe adaptive schemeconverges
morequickly. We have alsofound that usinga differentvaluefor
k sometimespreventsthealgorithmfrom gettingstuckonwhatap-
pearslike a local minimum. We arein theprocessof investigating
thesebehaviors.

6 Results

Table2 (AMWVD) shows theresultsof usingtheadaptive method
for the same100 generatorpoint con�gurations that were used
to computethe ordinary MWVDs (Table 2: MWVD). Runs of
1000iterationseachweremadefor startingweightsw0; j = A j and

w0; j =
q

A j . k was set to 1.0 for all runs. Comparingthe val-

uesin columnsMWVD andAMWVD, all errormeasuresusingthe
adaptivemethodaresigni�cantly betterthanthoseusingtheregular
MWVDs (p < 0:001).

Figure 1 shows data indicating how an AMWVD solution for a
randomsetof 25 pointsconvergesby displayingthe trajectoryof
theerrormeasuresusedin Table2 andcomputedusing(2) andthe
adaptive schemeof (10). Thegraphshows that thecorrelationbe-
tweentargetareaandallocatedarea(rAa) quickly approaches1.0.
However, the meanerror takesquite a bit longerto approach0.0.
Theworst�tting region takesyet longerto converge.

7 Case Study: The Building as a Learning
Tool (BLT)

We appliedtheabove methodon a spatializationof a website for
undergraduateengineeringlearningmaintainedat theUniversityof
Colorado's College of EngineeringandApplied Science[Carlson
et al. 2003;Reitsmaet al. 2004]. The site, http://blt.colorado.edu
providesreal-time,web-basedaccessto a varietyof building con-
trol datathatstudentsandinstructorsuseto studyengineeringprin-
ciplesandmethods.Figure2 shows theresultof aquerysubmitted
to thesystem;thelast24hoursof temperaturedatacollectedonone
of thebuilding walls.



Figure1: Error trajectoriesfor AMWVD.

Figure2: A samplequeryfrom theBLT system.

Usingthetechniquesproposedby Butten�eld andReitsma[2002],
Reitsmaet al. [2004] derived a four-dimensionalspatializationof
theweb-site:

Dimension1: Size. The �rst dimensionrepresentsthesizeof web
pagesexpressedasthesheervolumeof requeststhey receive.

Dimension2: Activevs.Passive. Theseconddimensionrepresents
active vs. passive typesof userinteractions.BLT pagesthatdo not
allow for muchuserinteractionhave dimensionalscoresopposite
of thosethatdo.

Dimension3: Information Generalization and Density(High vs.
Low detail). This dimensionrepresentsthedepthor level of detail
offered by a BLT web page. Pagesat one end of the dimension
provide a generaloverview of theBLT informationandoffer very
little detail. The otherendof the dimensioncontainspageswith
lotsof speci�c, highdensityinformation.

Dimension4: InformationType(Sensor/SystemData). Thefourth
dimensionscalesthenatureof thedata;i.e.,sensordatavs. system
data.WebpagesdescribingtheBLT systemarelocatedat oneend
of thedimension,whereaspagescontainingsensorinformationare
clusteredat theotherend.

Figure3: MWVD of BLT spatialization(dimension1 vsdimension
2).

PageGroup t
Home 4.776

SystemArchitecture .727
Locations 3.602

Dimensions .697
List Sensors 3.552
FindEvent 0.616

Survey 0.178
Administration 0.072

Snapshots 1.721
DataRequest 2.441

Table3: BLT Pagegroupsandtheir requestrates.

8 Regionalization of the BLT space

Figure3 and�gure 4 show theMWVD andAMWVD regionaliza-
tions of the BLT information space. Dimension1 representsthe
sizeof the Web pagegroupsasmeasuredby the amountof traf-
�c they attract. Dimension2 differentiatespagesthat requireuser
input (active pages)from thosethat do not (passive pages). The
coordinatesfor thepagegroupswerederivedby meansof a multi-
dimensionalscalingfollowing themethodsproposedby Butten�eld
andReitsma[2002]. As mentionedearlier, this methodalsoyields
a parametert for eachweb pageor group of pagesrepresenting
the volumeof requestsit receives(Table3). This parameterwas
usedfor wi in theMWVD (�gure 3) andA j in theAMWVD (�gure
4). TheAMWVD wascomputedusing1000iterationsandk = 0:5.
Notehow theareadistribution of theAMWVD in �gure 3 is quite
differentfrom thatof thenonadaptiveMWVD in �gure 4.

Figure5 shows thetrajectoryof thegoodness-of-�tmeasuresover
1000adaptationsundertheAMWVD method.



Figure4: AMWVD of BLT spatialization(dimension1 vs dimen-
sion2).

Figure5: Error trajectoriesfor AMWVD of BLT data.

9 Conclusions

Themethodsdescribedby Butten�eld andReitsma[2002]andRe-
itsmaet al. [2004] provide a measureof thesizeor areaof basins
of attractionin informationspace. In reconstructingthesebasins
MWVDs offer a good startingpoint becausetheir multiplicative
naturere�ects the natureof the size/areameasuresandbecauseit
allows generatorsto 'grab' spacebeyond neighboringgenerators
while preservingtheprincipleof uniform growth in all directions.
We overcamethe main disadvantageof the MWVD; i.e., weights
re�ecting growth rateratherthanresultantarea,by usinganadap-
tive, iterative approach,adjustingtheweightsetbasedon theerror
of theprevioussolution.

BothMonteCarlotestingandthemodelingof theBLT websitespa-
tializationyield goodresults.Thegoodness-of-�tmeasuresquickly
approachtheirdesiredvaluesandthesolutionsarerelatively stable.
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