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Abstract

Efficiently maintaining the partition induced by a set of features is an important problem
in building decision-tree classifiers. In order to identify a small set of discriminating features,
we need the capability of efficiently adding and removing specific features and determining the
effect of these changes on the induced classification or partition.

In this paper we introduce a variety of randomized and deterministic data structures to
support these operations on both general and geometrically induced set partitions. We give
both Monte Carlo and Las Vegas data structures that realize near-optimal time bounds and
are practical to implement. We then provide a faster solution to this problem in the geometric
setting. Finally, we present a data structure that efficiently estimates the number of partitions
separating elements.

Keywords: Set Partitions, Decision Trees, Randomized Algorithms, Approximation Algo-
rithms, Data Structures, Random Walks.

1 Introduction

Each test or feature in a classification system defines a set partition on a class of objects. Adding
new features refines the classification, whereas deleting features may result in merging previously
distinguished classes. As an illustration, consider the set of automobile types { VW Beetle, Toy-
ota, Lexus, Cadillac }. The feature size partitions the cars into sets of small and large cars,
{{ VW Beetle, Toyota }, { Lexus, Cadillac }}. The feature domestic-origin partitions the cars into
{{ VW Beetle, Toyota, Lexus }, { Cadillac }}. The feature ugly-shape distinguishes { VW Beetle,
Cadillac } from { Toyota, Lexus }. Incorporating both size and origin induces the refined partition
{{ VW Beetle, Toyota }, { Lexus }, { Cadillac }}, whereas the union of all three features completely
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distinguishes the types of cars. In fact, size and ugly-shape are sufficient for complete identification,
so domestic-origin could be deleted from the set of features without affecting the induced partition.

Efficiently maintaining the partition induced by a set of features is an important problem in
building decision tree classifiers. For example, in building an optical character recognition (OCR)
system [36, 35] based on point-probe decision trees [3], each of the 1500-plus pixels in each character-
sized window of the image may be evaluated as a possible feature. An important goal is to find a
small, robust set of probe points sufficient to distinguish among the 70-plus characters in a font, a
process that may require repeatedly inserting and deleting features to see the impact on the final

classification. See Figure 1 for an example of a point-probe decision tree.
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Figure 1: An example of a set S of 5 polygonal models (left) and a probe tree (right) that can

determine which model is actually present.

1.1 Our Results

In this paper, we introduce techniques to speed up this process of feature identification. We propose
a series of data structures for maintaining a collection of set partitions on elements U = {1,...,n}.

The data structures efficiently support the following three operations:

o [nsert(P,S) — add a new partition P to the set of partitions S.
o Delete(P,S) — delete the existing partition P from the set of partitions S.

e Report(S) — report the set partition of U induced by the set of partitions in S. Elements i
and j are separated in the induced set partition if they are separated in at least one of the

partitions in S.

We also present generalizations of the set-partition problem. Particularly interesting is the variety
of algorithmic techniques that the data structures encompass, including classical balanced trees,
random walks and fingerprints, word-level parallelism, and spanning trees of low stabbing number.

Our results include the following:



e We provide a data structure that supports the insert and report operations in optimal O(n)
worst-case time for general set partitions. Deletions take O(nlogk) time, where k is the
number of set partitions currently in the data structure and n is the number of elements in
each partition. These results are relatively straightforward, but they provide insight into the

challenges of improving the time complexity to O(n).

e We provide randomized Monte Carlo and Las Vegas data structures that support all three
operations on bipartitions in linear or near-linear expected time, although the Las Vegas
bounds are amortized. The Monte Carlo data structure is asymptotically optimal, and the
Las Vegas data structure is within a factor of a(n) of optimal, where a(n) is the inverse
Ackerman function. The Monte Carlo data structure can be modified to run on general
partitions without increasing the asymptotic cost, whereas the Las Vegas data structure can
be modified to run on D-partitions (partitions breaking the elements into D sets) by increasing
the asymptotic cost by a factor of log D. Our Monte Carlo data structure is practical because
of its simplicity and is used as a building block for other data structures and algorithms in

this paper such as the Las Vegas data structure and the geometric data structure.

e Robust classifiers compensate for noisy features by requiring more than one piece of evidence
to distinguish between every pair of objects. We provide a Monte Carlo data structure that
permits us to insert/delete bipartitions efficiently and to query arbitrary pairs of elements
{i,7} to obtain the approzimate number of bipartitions currently distinguishing i from j.
Insert/delete runs in amortized time O(nloglogn) and query runs in time O(logn). Our
approximation is accurate within a (14 ¢) factor. The constant in the running time varies
inversely with the error parameter €. This data structure uses techniques from random walks
on a line. Randomization and approximation appear to be powerful techniques in this setting,
because, to our knowledge, the best known exact deterministic data structures require O(n?)

time per insertion or deletion.

e We provide an efficient Monte Carlo data structure for maintaining geometric set partitions,
where the set partitions are induced by linear separators of points in the plane. We achieve
O(y/nlogn) time for insertion/deletion and linear report time, after an initial O(n'"logn)

preprocessing step.

All our algorithms work in the standard RAM model of computation, in which machine words have
Q(logn) bits.

This paper is organized as follows. We present deterministic data structures for maintaining set
partitions in Section 2. More efficient randomized data structures are presented in Section 3. The
problem of maintaining robust classifiers is discussed in Section 4. The special case of set partitions

induced by geometric arrangements is discussed in Section 5.

1.2 Previous Work

A considerable literature on the subject of classification and regression trees exists; see [7, 10, 29, 34].

The abstract decision tree problem takes as input a universal set U = {1,...,n} and a family of



subsets of U, T = {11,1%,...,T»}. Each subset defines a bipartition of U (1; and U — T3), so
T represents the set of possible features. Hyafil and Rivest [24] prove that it is NP-complete to
construct a minimum height or a minimum external path length decision tree. Garey [19] presents
dynamic programming algorithms for determining an optimal weighted decision tree. It is NP-
complete to identify the minimum set of features sufficient to build a decision tree even in very
restricted geometric instances [5, 17, 18]. See [37] for a survey of related results in geometric
probing.

A variety of data structures for sets and set partitions are known, including dictionaries and bit
vectors, but these are not directly applicable to our problem. The primary difficulty of our problem
lies in the fact that deleting a set partition may or may not result in the merger of two parts of
the current induced partition, depending upon which other set partitions are included in the data
structure. Union-find data structures [38] provide some support for merging disjoint subsets (as
occurs on deleting a partition), but do not permit us to break up subsets (as occurs on adding a
partition).

Partition refinement techniques are used in a variety of algorithms, notably minimizing de-
terministic finite automata [22] and its generalizations [32]. Habib et al. [21] demonstrate that
partition refinement can lead to simple and efficient algorithms for graphs, strings, and matrices
— although none of these operations involves deleting arbitrary set partitions. In the theory of
classification, many measures of set partition similarity have been developed, the most widely used
of which are the Rand index [33], the Adjusted Rand index [23], the Fowlkes and Mallows mea-
sure [16], and the Jaccard index [25]. Problems on finding the median or consensus set partition
under such measures have also been studied [4, 39].

Yellin [41] efficiently supports a variety of subset testing operations (insert/delete elements,

1/2 logn) time per operation, but it is not

create subsets, subset and intersection queries) in O(n
clear how to use these operations to improve even the naive bounds for our problem. Further, near
matching lower bounds are known on the complexity of any data structure that supports these
operations [13].

The problem of maintaining induced set partitions can be reduced to updating an ambiguity
graph on the n elements, where the presence of edge (i, j) indicates that elements 7 and j occur in
different parts of at least one of the &k partitions. An extensive literature exists on efficient dynamic
graph algorithms [14], for such tasks as maintaining connected components under edge insertion
and deletion. However, the insertion or deletion of a single n-element set partition can effect the
status of ©(n?) edges in such an ambiguity graph, rendering such an approach infeasible.

The most closely related work appears in an unpublished manuscript of Calinescu [8]. Calinescu
proposes an alternative data structure for maintaining dynamic set partitions, where his principal
motivation is VLSI design [27]. The time bounds for this data structure are based on an involved
accounting argument. Calinescu’s data structure supports the operations Insert, Delete, and Report
in O(n) amortized time, and thus is faster than all data structures described in this paper except
for the Monte Carlo data structure (Sections 3.1 and 3.3) and the geometric-set-partitions data
structure (Section 5).

Calinescu’s data structure and our Monte Carlo data structure each have several advantages.

Calinescu’s data structure is deterministic, and consequently has no probability of error; in contrast,



our Monte Carlo data structure has a polynomially small error probability. On the other hand, our
Monte Carlo data structure runs in O(n) worst-case time, whereas Calinescu’s time bounds are
amortized. Furthermore, Calinescu’s results holds only for by bipartitions, whereas our Monte Carlo
data structure applies to general set partitions. Finally, Calinescu’s data structure is complicated,
whereas our Monte Carlo data structure is simple to understand and implement. As a result, we
believe that our Monte Carlo data structure is the natural data structure to code for the applications

of decision-tree construction and VLSI design [8].

2 Basic Results: Deterministically Maintaining Set Partitions

In this section, we present an efficient data structure for deterministically maintaining set partitions
under the operations insert, delete, and report. For delete, we assume that we are given a pointer
to the set partition in question and hence defer the issue of retrieving these pointers to an auxiliary

dictionary data structure.

Notation. We use the following notation throughout the paper. We let the universal set U =
{1,...,n}. Each set partition P partitions U into parts(P) disjoint subsets P(), ..., P(Parts(r)
such that UZP:alrtS(P)P(i) = U. We let part(P,¢) denote the part of P containing element . Thus,
n represents the size of the universe U and is fixed, and k represents the number of partitions and
changes over time.

We say that a parameterized event F, occurs with high probability if for any constant ¢ > 0

there exists a valid choice of parameter p such that Pr[£,] > 1 —n~°.

Lemma 1 Let A and B be set partitions of U = {1,...,n}. The induced partition (or refinement)
of A and B can be computed in O(n) time.

Proof: Each element ¢ € U can be represented by the three-character string (part(A4, ¢), part(B, i), ?).
All pairs of strings whose first two elements are identical represent elements that are in the same
part in the refined partition of A, B. These strings can be radix sorted in linear time, after which
all elements will be grouped by refined part. A linear sweep can now associate each element with
its part in the refined partition. |

Repeated application of Lemma 1 yields a data structure that supports insert and report oper-
ations in linear time but does not explicitly support deletions. A naive solution could recompute
the induced partition from scratch on each deletion by repeatedly applying Lemma 1, for a total
cost of O(kn) per deletion.

Lemma 2 Set partitions can be dynamically maintained such that the insertion and deletion op-

erations take O(nlogk) time, while reports can be performed in O(n) time.

Proof: We maintain a balanced binary tree 7" whose k leaves comprise the set of input partitions
S, and each intermediate node is the induced partition of its two children. Therefore, the root of T

represents the induced partition of S, and can be produced in linear time to satisfy a report query.



Insertion and deletion can be implemented as in any balanced binary tree such as [20]. Insertions
and deletions in a red-black tree require O(1) rotations in the worst case. Although each rotation
affects only a constant number of nodes, the induced partitions on all O(log k) intermediate root-
to-leaf nodes must be recomputed using Lemma 1, so that the time required for insertion and/or
deletion is O(nlogk). n

We note that a similar structure, called a partition tree, appears in a different context in
Yellin [40]. We can modify the data structure of Lemma 2 to reduce the complexity of insertion to

linear; this enhancement is effective when there are substantially more insertions than deletions.

Theorem 1 Set partitions can be maintained with O(n) time insertion and report operations, and

O(nlogk) time deletions. The space usage is O(kn) machine words or O(knlogn) bits.

Proof: In addition to a balanced binary tree T" we maintain a separate global induced partition
G. Initially GG is a partition containing just one set. Partition G is always the induced partition of
the k& current partitions. Thus, for a report we return GG, which takes O(n) time.

We now describe an amortized solution, which we then deamortize. At every insertion we
update GG in O(n) time. However, instead of updating 7" after every insertion, we wait until we
have accumulated log k insertions. If a deletion occurs before log k insertions have accumulated,
then we create an auxiliary balanced binary tree 7’ with the less than log & accumulated partitions,
which takes O(nlog k) time because we have to create O(log k) intermediate nodes in this tree each
taking O(n) time by Lemma 1. Then we merge 7’ with 7" in O(nlogk) time. This is possible
because two balanced binary trees of sizes s; and sy can be merged in O(log(s; + s2)) time making
only O(1) modifications [26]. Although only a constant number of nodes are affected, the induced
partitions on all O(log k) intermediate root-to-leaf nodes must be recomputed using Lemma 1, so
the time required for merging is O(nlog k). We charge this time to the following deletion.

If we accumulate log k insertions, then we create an auxiliary balanced binary tree T’ of size
logk in O(nlogk) time and merge T’ with 7" in O(nlogk) time. Since we spend O(nlogk) time
for every log k insertions, this scheme performs insertions in amortized O(n) time.

We remove the amortization by distributing the O(nlog k) work for tree building and merging
over the next log k insertions. If a deletion is required before the next log k insertions, we perform
the remaining work for building and merging before the deletion and charge it to the deletion.
Specifically, we finish any leftover work from up to 2logk previous insertions as explained above,
which requires O(nlog k) time. Then we perform a deletion as in the proof of Lemma 2, which also
takes O(nlog k) time. Finally we update G with the root of 7" in O(n) time. Thus deletions run in
O(nlogk) time.

This data structure maintains O(k) partitions. The space used is O(n) machine words per

partition for a total of O(kn) machine words or O(knlogn) bits. n

3 Randomized Data Structures for Maintaining Set Partitions

In this section we present randomized data structures for maintaining set partitions. First we
assume that each inserted partition is a bipartition, which means that the elements separate into

exactly two subsets. We present both Monte Carlo and Las Vegas algorithms for this case. These



results easily generalize to D-partitions (partitions breaking the elements into D sets) but where
the cost increases by a factor of log D. Finally, we show how to modify the Monte Carlo algorithm

to run with general partitions at no extra asymptotic cost.

3.1 Monte Carlo Data Structure

Colors of Elements. We first describe how to maintain the partition information. At each step
t of the algorithm an integer Cy[7] is associated with each element i; we call integer Cy[¢] the color
of 7. Specifically, Cy[7] € {0,..., R — 1}, where R has size polynomial in n, that is, R € O(n°)
for some constant c. Thus, C4[i] is represented using O(logn) bits, which fit within O(1) machine

words. We maintain the following invariant:

Invariant 3 With high probability, two elementsi and j are in the same set at step t in the induced

partition if and only if they have the same color, that is, Cy[i] = Cy[j].

We store (a weighted version of) the partitions P ... P, that comprise S in a simple structure
that we call a partition list, where the partitions are ordered by increasing insertion time. We insert
or delete any partition in the partition list in time O(n 4 logk) € O(n) using a balanced tree or
some other basic data structure. This insertion/deletion cost follows because there are at most 2"
different bipartitions, and hence k£ < 27.

Insert. The k-th bipartition (last one inserted) is supplied as a 0-1 array Py[1...n], where P[i] €
{0,1}. We insert this bipartition in step ¢ as follows:

I-1 r; := randomly chosen integer € {1...R — 1} for the k-th bipartition.

-2 Pylt] := 1 - Pgli], for ¢ = 1...n. (P[] is now the k-th bipartition weighted by the

randomly chosen integer ry.)
-3 Cy[i] = (Ci-1[t] + Px[i]) mod R, fori=1...n.

I-4 Store P[1...n] in the list of (weighted) bipartitions.

Once we have calculated color Cy[i], we no longer need to store Cy_1[i].

Delete. We delete a bipartition P, (1 < u < k) in step t as follows.

D-1 Find P,[1...n] in the partition list.
D-2 Cy[i] :== (Cy-1[i] — Puli]) mod R, fori=1...n.

D-3 Delete P,[1...n] from the partition list.




Report. To report, we radix sort the elements by color and report the partition of elements

induced by their colors. Since colors are O(log n)-bit integers, radix sort takes O(n) time [11].

The Monte Carlo data structure has the following complexity:

Theorem 2 In the Monte Carlo data structure, insert, delete, and report operations run in time
O(n). The space usage is O(kn + nlogn) bits or O(kn/logn + n) machine words.

Proof: Since machine words have €(log n) bits, an integer of size at most R is represented in O(1)
machine words. In an insertion, Step I-1 requires O(log R) € O(logn) random bits. Steps I-2 and -3
each requires time O(n). Step I-4 requires time O(n + logk) = O(n) to store the partition.

In a deletion, Steps D-1 and D-3 each require O(n + log k) = O(n) time to access the partition
list. Step D-2 requires O(n) time to scan the partition.

The space used to store the colors is O(n) machine words or O(nlogn) bits, and the space used
to store the £ partitions is O(n) bits per partition for a total of O(kn) bits or O(kn/logn) machine

words. [ |

Probability of Error. Errors are one-sided. If two elements have different colors, they always
belong to different sets of S. An error occurs whenever two elements are assigned the same color

but actually belong to different sets.

Theorem 3 In the Monte Carlo data structure if the algorithm runs for a polynomial number of

steps, then for sufficiently large R = O(n®) all report operations run correctly with high probability.

Proof: We say that step t is a bad step if an error is introduced in this step. More specifically,
we say that step t is a bad step for elements v and j if © and j belong to different sets and have
different colors in step ¢t — 1, i.e.,

Ci-1[t] # Ci-ald];

but erroneously have the same color in step t, i.e.,
Cili] = Cy[j].

In each step ¢, a partition P,[1...n] is either inserted or deleted. Assume without loss of generality
that P,[i] = 0 and that P,[j] = r,. On an insertion, there is a bad step for 7 and j iff

ry = Ci—1[i] — Ci—1[j] mod R.
On a deletion, there is a bad step for ¢ and j iff
Ty = Ct—l[j] — Ct_l[i] mod R.

In either case, the probability that an error is introduced for ¢ and j is 1/(R — 1). Thus the
probability that ¢ is a bad step for any i and j is at most n?/(R — 1). Finally, the probability that
there is an error in any step until step ¢ is bounded by #n?/(R — 1). The theorem follows for a
sufficiently large R. |



Because the probability of an error is polynomially small, the data structure should run correctly
for a polynomial number of steps determined by the size of R. Practical considerations may dictate
that R < 2% so that all computations fit within one 64-bit machine word. In this case, one can
obtain smaller error probabilities by running multiple versions of the data structure, where each
version has independently chosen colors. Alternatively, perhaps one could save randomness by
using multiple values of R and the same coin flips.

We anticipate that the Monte Carlo data structure will be extremely fast because it only uses
a small number of additions and subtractions. It is interesting to note that our Monte Carlo data
structure suffices for the practical application of building a tree that distinguishes all objects using
a small number of probes. Our randomized scheme will never classify two objects as different which
are in fact indistinguishable, and hence the only consequence of being unlucky is to add a small
number of additional probes to the test set, that is, to increase the height of the decision tree by a
small amount. Since absolutely minimizing the number of probes in a test set, i.e., minimizing the
height of a decision tree, is NP-complete [5, 17, 18], this penalty is excusable.

We conclude this section by explaining why these results generalize to D-partitions (partitions
breaking the elements into D sets) with a log D-factor cost increase. Our construction is as follows:
We number the D sets from 1...D and represent the sets using log D bits. Then, we replace each
D-partition by log D bipartitions that induce the original D-partition, where there is one bipartition
for each bit position. Let P[1...n] be the partition associated with the b-th bit. Then P[] = 0 if

i is in a set where the b-th bit of the set number is 0, and otherwise P[i] = 1.

3.2 Las Vegas Data Structure

The time complexity for the Las Vegas data structure is only marginally slower than for the Monte
Carlo data structure, although now it is amortized. In order to make the data structure Las Vegas,
we remove the probability of error from Invariant 3. Now each time we perform an insertion or

deletion, we verify that this invariant holds.

Verifying an Insertion. We verify an insertion of permutation Pj in time step ¢ by including a

verification phase at the end of the operation:

I-5 Verify that for all 7, 7, (Ct[i] = Ci[j]) = (Ci-1[i] = Ci-1[4]).

[-6 If so, continue. If not, an error is found. Spawn off an independent execution or run

any other alternative protocol.

Step 1I-5 is executed in linear time by maintaining additional structure of the elements. Namely,
in each step we store the elements in sorted order by increasing color, and elements with the same
color are ordered by increasing element number. We store these elements in an array II;[1...n],
where I1;[(] = j means that in step ¢, element j has the /-th position in the sorted order.

Observe that if the ordering I1;_1[1...n] in step ¢ — 1 is known, the ordering Il;[1...n] can be

computed in linear time by merging three sorted (and interleaved) lists:



e the elements of II[1...n] whose colors do not change between step t — 1 and step ¢,
e the elements of II[1...n] whose colors increase by rg, and
o the elements of II;[1...n] whose colors increase by ri and then (by the rules of modular

arithmetic) decrease by R.

Thus, Step 1-5 is divided into two substeps:

I-5a Compute II;[1...n] from II;_1[1...n] by merging three lists.

I-5b Verify that for £ =1...n — 1,

(Ct (11,10 = ¢ fe + 1]}) — (Ct_l (11,10 = € [0+ 1]}) .

The insertion verification algorithm has the following performance:

Lemma 4 In the Las Vegas data structure, verification of insertions runs in time O(n). There is
no asymptotic increase in space usage when performing verification of insertions; the space usage

when storing k bipartitions is O(kn 4 nlogn) bits or O(kn/logn + n) machine words.

Proof: Step [-5a requires linear time because it entails merging three lists. Step I-5b requires
linear time because we only compare the color of each element I1;[¢] with its neighboring element

I1;[¢ 4+ 1] in the ordering. The analysis for space usage appears in the proof of Theorem 2. |

Verifying a Deletion. We now show how to verify the deletion of partition P, (1 < u < k) in
step t. Let P ... P be the existing partitions in S just before P, is deleted, where the partitions
are ordered by insertion time.

Verifying deletions is more complicated for the following reasons. Suppose that after the deletion
of a partition P,[1...n], two elements 7 and j have the same color. We do not know a priori
whether this is because the last partition, F,, separating ¢+ and j has been removed, or whether %
and j are erroneously assigned the same color and are in fact separated by other partitions. We

verify deletions as follows.

D-4 Verify that if Cy[i] = Cy[j], then ¢ and j are in the same set in all bipartitions
Pla"'apu—17Pu+17"'7Pk-

D-5 If so, continue. If not, an error is found. Spawn off an independent execution or run

any other alternative protocol.

Note that Step D-4 could potentially be expensive because it may involve scanning through the
entire list of partitions Py, ..., Py—1, Put1, - ., Pr. Despite this expense, we show that the amortized
cost of verifying insertions and deletions is O(na(n)), where a(n) is the inverse Ackerman function.

To bound this cost, we show that for verification, each partition is examined O(n) times and each

10



examination requires amortized time O(a(n)). As with insertions, we maintain the elements in
sorted order and this again involves merging three sorted lists. (The merge is minimally different;
we now add instead of subtracting and subtract instead of adding.)

We focus on each prefix Py,..., P, (1 < m < k) of partitions P, ..., Pr. Let C")[i] denote
the color of element 7 after inserting partitions P, ... P, for i = 1...n. Note that C(m)[i] is just
notation; it is not explicitly stored by the data structure. Observe that C'(™) [7] may change over
time if earlier partitions are deleted.

We maintain a union find data structure UNION-FIND(™) for each prefix P, ..., P,. The data
structure UNTION-FIND(™) is initialized when the partition P, is first inserted, and this insertion uses
O(n) time. Thus, two elements 7 and j belong to the same set in the data structure UNION-FIND{("™)
if they belong to the same set in all of the partitions Fy,..., F,. Because partitions are always
inserted at the end of S, the sets in each UNION-FIND("™) data structure may coalesce when earlier
partitions are deleted but never split. The sets in a union find data structure can combine together
at most n — 1 times before a single set remains and consequently all elements have the same color.
The operation FIND-SET("™)[i] locates the smallest element (according to the original total order
of U) belonging to the same set as element ¢ in the Un1oN-FIND("™) data structure. The operation
UNION(m)[i7 j] combines the set containing i and the set containing j in the UnioN-Finp(™) data
structure.

We divide Step D-4 into substeps as follows:

11



D-4a Compute II;[1...n] from I1;_1[1...n] by merging three lists.

D-4b By incrementing /¢, find all values of ¢ such that
CellL[€]] = Co[IL[£ +1]]

but
FIND-SET[I1,[¢]] # Finp-SET®[IL[¢ + 1]].

This means that Cy_1[I1I;[(]] # Cy—1[II;[¢ + 1]]. (This step identifies pairs of elements

that have the same color currently but had different colors in the previous step.)

D-4c For all such £, execute the following:

e Verify that
COmI ] = COmDIL[L 4 1]]

by checking that
FIND-SET(#D[IL;[(]] = FiNDp-SET(“=D[II[¢ 4+ 1]] .

If this check fails, then an error is found. (This step verifies that these elements

are in the same set in the induced set partition of P, ...P,_1.)

e Verify that for all partitions P, = Pyt1 ... Pk,
P [T4[6]] = P (11,6 +1]] .

If this check fails, then an error is found. (This step verifies that these elements

have the same color in the bipartitions P41 ... Px.)

e For all bipartitions P, = Pyy1 ... Pk,

UNtoNU[IL[4], T1[6 + 1]].

The deletion verification algorithm has the following performance:

Lemma 5 In the Las Vegas data structure, a sequence of T insertions and deletions starting with
a null S takes time O(tna(n)). The space when storing k bipartitions is O(kn 4+ nlogn) bits or
O(kn/logn + n) machine words.

Proof: Let 7 = 7; + 74, where 7; is the number of insertions and 7,4 is the number of deletions,
implying that the number of partitions currently stored is k& = 7, — 74. Step D-4a requires O(n)
time because it entails merging three lists. Step D-4b requires O(n) time because each check takes
constant time and there are n — 1 checks. Therefore for 7; deletions, these two steps take total time
O(rqn).

During the execution of 7 insertions and deletions, the time spent in Step D-4c is O(na(n)) per

partition because there are at most n — 1 set unions per partition. Since there can be at most 7;

12



partitions, the total time used by Step D-4c is O(m;na(n)); the cost for the second bullet of the step
is dominated by the costs for the third bullet of the step. Hence the total time spent in deletion
verification for any sequence of 7 insertions and deletions is O(r;na(n)+ myn), which is O(rna(n)).
The analysis for space usage appears in the proof of Theorem 2. |
If a verification identifies an error, then we run an alternative protocol. Because the probability
of an error is polynomially small, we obtain the following performance bounds for the Las Vegas
data structure.

Theorem 4 In the Las Vegas data structure report operations run in time O(n) in expectation and
with high probability, and any sequence of T insert and delete operations starting with null S runs

in time O(tna(n)) in expectation and with high probability.

3.3 Monte Carlo Data Structure for General Partitions

While most of the data structures in this paper are designed for bipartitions, the Monte Carlo data
structure (Section 3.1) can be generalized so that it runs with any set partition. The resulting time
complexity stays the same. Recall that set partition Py divides U into parts(F%) disjoint subsets
Plgl), .. "Plgparts(P)) such that U?:ztlrts(Pk)Plgi) =U.

On insertions, we associate a random number r;; € {0,..., R — 1} with each part Plgj) of the
k-th partition, for j = 2,..., parts(Py), and we let rq; = 0. Then we encode the k-th partition as
an array so that

Pli] = rj; iff i € PY.

The rest of the insertion proceeds as in Section 3.1. In our presentation we assume that a random
number can be obtained in O(1) time. At the end of this section we show how to modify the data

structure to use fewer random bits. Thus, the insertion procedure is as follows:

L1 randomly chosen integer € {0,..., R — 1}, for j = 2...parts(FPy),
-1 rp =
ik 0, for j = 1.

12 Pfi] == rj, iffie P9
-3 Cy[i] .= (Ci-1[t] + Px[i]) mod R, fori=1...n.

-4 Store Py[1...n] in the list of (weighted) partitions.

The deletion procedure is unchanged from Section 3.1.

The Monte Carlo data structure for general set partitions has the following complexity:

Theorem 5 In the Monte Carlo data structure for general set partitions, insert, delete, and report

operations run in time O(n). The space usage is O(knlogn) bits or O(kn) machine words.

Proof: Step I-1 runs in O(n) time, because of our temporary assumption that random numbers

are obtained in constant time. Steps I-2 and 1-3 each requires time O(n). Step -4 requires time
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O(n + logk) = O(n) to store the partition because the data structure is only guaranteed to run
correctly for a polynomial amount of time and therefore k£ is polynomial in n. The analysis for
deletions and space usage is similar to the proof of Theorem 2 except that that it requires O(nlogn)
bits to store a general partition. |

As with the Monte Carlo data structure for bipartitions, errors are one-sided. An error occurs

whenever two elements are assigned the same color but actually belong to different sets.

Theorem 6 In the Monte Carlo data structure for general set partitions, if the algorithm runs
for a polynomial number of steps, then for sufficiently large R = O(n®) all report operations run

correctly with high probability.

Proof: We say that step t is a bad step for elements i and j if an error is introduced in this step.
There are two types of errors. First, an error can be introduced upon insertion of partition Py if
two different sets of the set partition are erroneously assigned the same random number, that is,
rik = 1k, for i # j, 1 < 4,7 < parts(#%). The probability that this type of error is introduced in
step t is at most n?/R. Thus, the probability that this error is introduced at any time before step
t is at most tn?/R.

As in the Monte Carlo data structure for bipartitions, step ¢ is also a bad step for elements ¢ and
j if i and j belong to different sets and have different colors in step t — 1, that is, Cy_1[i] # Cy—1[J],
but erroneously have the same color in step ¢, that is, Cy[i] = C¢[j]. In each step t, a partition
P,[1...n] is either inserted or deleted. Assume that P,[:] = r;, and that P,[j] = rj,. On an

insertion, this type of error occurs for 7 and j iff

Piu — iy = Cy—1[t] — Cy—1[j] mod R.
On a deletion, this type of error occurs for ¢ and j iff

Pju — iy = Cy—1[7] — Cy—1[i] mod R.

In either case, the probability that this error is introduced for ¢ and j is 1/R. Thus the probability
that this type of error is introduced in step ¢ for any i and j is bounded by n%/R. Finally, the
probability that this type of error occurs in any step until step ¢ is bounded by #n?/R. Hence, the
probability that either type of error occurs in any step until step ¢ is bounded by 2tn?/R. The
theorem follows for a sufficiently large R. |

Even if the generation of random numbers is expensive, we retain the optimal running time
by saving randomness: the proof of Theorem 6 only relies on pairwise independence of the r;;
variables. Therefore, instead of choosing a random number for each piece of a set partition, we use
a standard 2-universal hash function [30]. Specifically, we choose a value for r;; € {0,..., R — 1} as
follows: We pick a unique ID for partition Py (e.g., the time it was inserted). Then we hash based
on j and this unique ID, and we set r;; to this hash value; this hashing takes constant worst-case

time.

4 Estimating the Number of Partitions Separating Elements

When building a decision tree (e.g., for OCR), one may want to maintain more detailed information

besides the induced partition. For fault tolerance, one may insist that each element be separated
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by at least A partitions. Thus, for each pair of elements the data structure could store and return
the number of partitions that separate the elements.

Because the data structure queries supply more information, one can reasonably suppose that
the operations run more slowly. This is certainly true in a naive solution to this problem, where
the data structure maintains a two-dimensional array

Count[1...n][1...n], where Count[i][j] = d signifies that d partitions separate the elements ¢
and j. Thus, the operations insert and delete increment or decrement the appropriate array values.
Unfortunately, a single insert or delete can require O(n?) modifications, which may be prohibitively
expensive for large n.

On the other hand, it may not be necessary to know the exact number of partitions that separate
elements ¢ and j. In applications such as building decision trees, approzimate knowledge of this
number may be satisfactory. This is the problem we explore in this section for bipartitions.

Our data structure supports the following three operations.

o Insert(P,S) - add a new bipartition P to the set of bipartitions S.

o Delete(P,S) — delete the existing bipartition P from the set of bipartitions S.

o Query(i,j,5) — output an estimate of the number of bipartitions in S separating elements ¢
and j.

We show that the operations insert and delete can be implemented to run in worst-case time
O(nlogn). With some word-level optimizations insert and delete can be implemented to run in
amortized time O(nloglogn). Query requires logarithmic time and returns an answer that is
accurate to within any prespecified constant factor.

As in Section 3, we assign integers called colors to elements. Each element 7 has § logn separate

colors, C[i][1...8logn], initialized to zero.

4.1 Insert and Delete

A new bipartition is supplied as an array P[1...n], where P[i] € {0,1}. Note that each bipartition
has two representations, where one representation is the complement of the other. To insert a

bipartition, independently modify each of the flogn colors of the elements as follows:
e Randomly choose one of the two representations of the bipartitions for each of the 3logn colors.
e Add these values to the colors of the elements.

Thus, for each element some of the colors are incremented by 1 and some of the colors remain the
same.
To delete a bipartition, reverse the changes made to each of the 3logn colors when the bipar-

tition was inserted. Thus, each composite color either remains unmodified or decreases by 1.

4.2 Queries

To estimate the number of bipartitions separating elements ¢ and j, we compare the 3logn colors

of ¢+ and j. Our estimation is based on the following variables:

8.[i]l5) = |C1ia - CLlY

, (1< < Blogn).
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When there is no ambiguity we abbreviate &[i][j] by ;. By linearity of expectation, the expected
values of all the colors of the elements are identical and are half the current number of partitions
in the partition list:

Lemma 6 The expected value of each color is k/2. That is, for all1 <i<mn
E(CHN]) = E(i][2]) = ---= E(][Blogn]) = k/2.

Naturally, the actual colors may deviate from this expected value, and we use this deviation in
our estimation procedure. If d = 0, i.e., no bipartitions separate 7 and j, then C[Z][¢] =C[j][¢], for
all £=1...8logn. The less the values of C[i][¢] and C[f][¢] are correlated, the more bipartitions
separate ¢ and j. We can view the distribution on & = |C[{][¢] — C[4][¢]| as a random walk, as
explained in the following lemma:

Lemma 7 Suppose that d bipartitions separate elements © and j. Consider a one-dimensional
random walk of length d that starts at the origin and at each step moves one unit to the right with
probability 1/2 and one unit to the left with probability 1/2. The probability that &, = z equals the
probability that the random walker ends at a distance z from the origin.

Proof: The bipartitions that do not separate elements 7 and j contribute nothing to §, = |C[7][¢] —
C[7]1[€]]. The bipartitions that do separate ¢ and j either add or subtract one from §; depending
on which representation is used. Since there are d such bipartitions and their representations are
chosen with equal probability for each £, the lemma follows. |

Using Lemma 7, the probability Pr[é, = z] can be calculated directly for small d and can be
approximated for large d using the following theorem from Feller [15]:

Theorem 7 ([15], Page 76) Let S; be the (positive or negative) position of a random walker on
the integer line after d steps. Then as d — oo,

Pr [Sd > x\/ﬂ — 1 —R(z),
where R stands for the normal distribution function defined as

R e~ qc.

0=—
)= —

27T C:—OO
The following is a corollary to Theorem 7.

Corollary 8 Let |Sy| be the absolute distance from origin of a random walker on the integer line
after d steps. Then as d — oo,

Pr [|Sal < 2vd| = 2R(z) - 1,

and

Pr(IS > 2V = 2(1 - ().
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We introduce a constant v that appears in our estimation algorithm.

Definition 9 Let v be a constant such that as d — oo,

Pr “Sd| < 7\/3} — %

The definition of v and Corollary 8 imply that ®(vy) = 0.75 and hence v & 0.6745.

4.3 Estimating Large d

We first show how to estimate d when d is sufficiently large. We only require d to be greater than
a sufficiently large constant. This constant is independent of n but is a function of error parameter
€ and constant ¢ in the definition of high probability.

Let d be our estimate of d. For large enough d, we evaluate d as follows:

E-1 Compute the median épmeq of 61 ...9310g0-

E-2 Let d = (‘Srg—d)2

We prove our error bounds by using the following statement of Chernoff bounds from [30].

Theorem 8 ([30]) Let Xy,...,X,, be independent Poisson trials such that, for 1 < i < m,
Pr[X; = 1] = p;, where, 0 < p; < 1. Then, for the random variable X = Y7, X;, p = F[X] =
Yo pi, and any § > 0,

PriX > (1+8) 4] <

e’ g
(1+ 5)(1+5)] '
and for all 0 < & <1,

Pr(X < (1= 8)p] < e #°/2,

We now give the error bounds for this estimator:

Theorem 9 For any constant (independent of n and d) error parameter € and constant ¢, there is
a constant 3 such that the following holds with probability at least 1 — 1/n° (with high probability):

If the number of bipartitions separating elements 1 and j is d, then the estimate d of d is bounded

by
(1-e)d<d<(1+e)d.

Proof: We first provide a bound on the probability that d < (1 —¢g)d. Let Xq...Xglogn be

0/1-random variables where

0, otherwise.

Xz:{ Lot (2) <a-ed

17



Hence,
PriX,=1] = Pr [(%)2 < —g)d]
= Pr {& < ’Y\/W}

= (1-X?Pr 5 <V,

where X is a positive constant strictly less than 1 that is independent of n and d but is a function

of €. Using the definition of v we have that as d — oo,

Pr(X,=1] = (1 - \)?

N | =

Hence for sufficiently large d independent of n,
1
PrX,=1]< (1- /\)5

Define X = X1+ X2+ -4+ Xgiogn. By Chernoff bounds [30] (Theorem 8) for any ¢ and e,
there exists a [ such that with high probability X < (#logn)/2. Therefore with high probability,

d= <5m76d)2 > (1-¢e)d

We now bound the probability that d > (1 +¢)d. Let X{... X/

Blogn
e (85,)\2
Xg:{ 1, (%) > (+e)d,

0, otherwise.

be 0/1-random variables

where

Hence,
PriX!=1] = Pr [(%)2 > (1—|—5)d]
= Pr {54 > 'NW}
= (1=X)?Pr[o > 9],

where ) is a positive constant strictly less than 1 that is independent of n and d but is a function

of €. Using the definition of v we have that as d — oo,

PriX;=1]— (1-X)?

N | —

Hence for sufficiently large d independent of n,
1
PriX;=1]< (1- )3
Define X' = Xj + X5+ -+ Xj),,,- By Chernoff bounds [30] for any € and ¢, there exists a /3
such that with high probability X’ < (8logn)/2. Therefore with high probability,

3 6med 2
d= < (14e¢)d.
v
Thus, we have (1 —¢)d < d < (1 +¢)d. n
We conclude that for any value of € and error probability n™°, there is a sufficiently large value
of d (independent of n), such that d = (6mea/7)? is a good estimate of d.
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4.4 Calculating Small d Exactly

As we stated earlier, there is a constant value dipres of d below which the estimator from Section 4.3
does not give high-probability guarantees. For example, this estimator cannot distinguish between
d = 0 and d = 2 with high probability. However, when d < dinres we can find the exact value of d
with high probability as follows.

Let S; be the (positive or negative) position of a random walker on the integer line after d steps.
The probability that Sy = z is given by ([15], Page 75):

d
Pr[Sq;=z] = (dﬂ) 27",
2

where the binomial coefficient is to be interpreted as zero unless (d 4 z)/2 is an integer between 0
and d, inclusive.

Note that for even d and odd z this probability is 0, and similarly for odd d and even z. Thus,
all the &, values are even for an even d and odd for an odd d. First suppose that the &, values are
even. Let random variable F'(d) be the fraction of the §, values that are 0 for the §logn random

walks each of d steps. Then the expected value of F'(d) is given by
E[F(d)]=Pr[S;=0] = d )9
- trlee == d/2 '

This expectation is distinct for each d. To calculate d, we first determine the fraction F(d) of the
&y values that are 0. By Chernoff bounds, there exists a sufficiently large constant 8 such that this
fraction is within a 1 + ¢ multiplicative factor of its expectation with high probability. Hence, we
let d be the integer between zero and dipres + 1 that minimizes |F(J) — F(d)|. We can choose ¢ to
be sufficiently small so that d is exactly d with high probability. If we calculate d 10 be dipres + 1,
then the procedure for small d may be inaccurate and we need the estimation procedure for large
d.

If 8, values are odd, we use a similar procedure that determines d by counting the number of

0y values that are 1.

4.5 Time Complexity

We present two implementations of our data structure for estimating the number of bipartitions
separating elements. First we analyze a straightforward implementation, and then we give a more
sophisticated, faster implementation.

The straightforward implementation is to store each color in its own machine word (or O(1)
machine words) because each color uses O(logn) bits and a word contains Q(log n) bits. This first

strategy performs as follows:

Theorem 10 The first implementation of the data structure for estimating the number of biparti-
tions separating elements has the following complezity: insertions and deletions run in O(nlogn)
time, and queries run in O(logn) time. The space usage is O(kn + nlog®n) bits, or O(kn/logn +

nlogn) machine words.
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Proof: In each insert or delete, we increment or decrement at most nflogn colors. Since the
data structure is only guaranteed to work for a polynomial number of steps, and the colors change
by at most 1 in each step, each color is only polynomially large and therefore is stored in O(1)
machine words. The time for an update is O(nlogn).

To answer Query(7, 7, S) we subtract the colors for ¢ from the colors for j and take the absolute
value. These subtractions give us the d1,...,dg105, variables. We then find the median dy,eq, which
requires linear time in the number of values and hence takes O(logn) time. Therefore the time to
answer a query is O(logn).

A bipartition requires n bits of storage, which fit in O(n/logn) machine words. Therefore the
space usage required to store all &k bipartitions is kn bits, which fit in O(kn/logn) machine words.
Because there are O(n) elements, each of which has nflogn O(logn)-bit colors, the space usage
for storing the colors is O(nlog? n) bits or O(nlogn) machine words. n

We now show that assigning each color to one (or O(1)) machine words is suboptimal. A better
strategy is to store the Slogn colors of each element as follows. Store the first bit of §logn colors
for an element in a first word (or group of O(1) words), the second bit of Flogn colors for the
element in a second word, etc. Thus, the bits of any one color are spread across O(logn) machine
words. This allows faster insertions and deletions without increasing the cost of queries.

To make the above strategy work, we need an additional idea. We store each color in two
counters such that the sum of the two counters equals the color. Now we store the counters
according to the above strategy. On updates, we only increment the first counter and we only
decrement the second. On queries, we add the counters together to reconstruct the color; then we
store the color in the second counter, and set the first counter to 0. An alternative approach is to
store and manipulate the colors in memory using a nonunique representation (see, e.g., [31]), and
this obviates the need for two counters.

Our second implementation relies on the following standard data-structures subroutine.

Lemma 10 The number of 1’s in a given subset of bits of a machine word can be counted in

constant time.

Proof: We first mask out the bits that are not in the given subset by changing them to zeros. We
then count the number of 1’s in the masked machine word. We implement this counting operation
using a lookup table: we divide the word into segments of length (logn)/2. The number of different
bit strings of this size is only y/n, and for each bit string we precompute the number of 1’s. We
therefore precompute the number of 1’s in all possible strings and store the results in a table. Note
that the table size and the precomputation time are both sublinear. This table allows us to count
the number of 1’s in constant time. |

The second implementation performs as follows:

Theorem 11 The second implementation of the data structure for estimating the number of bipar-
titions separating elements has the following complexity: insertions and deletions run in amortized
time O(nloglogn), and queries run in time O(logn). The space usage is O(kn + nlog®n) bits, or
O(kn/logn + nlogn) machine words.
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Proof: Because each color is stored in O(logn) machine words, we cannot use standard addition
and subtraction of machine words to add colors in constant time. Instead, we effectively program
a ripple-carry adder (see, for example, [31]), adding or subtracting O(logn) colors in parallel in
O(logn) time.

Incrementing (respectively, decrementing) a counter involves adding (respectively, subtracting)
1 to the first bit of the counter. If the first bit is already 1, then a carry “ripples” to the second bit
of the counter. If the second bit is already 1, then a carry “ripples” to the third bit of the counter,
and so on. Notice that if there is a carry added to position b, then there are 2° increments before
another carry bit appears in position b.

We need to store the counters that we increment and the counters that we decrement separately
in order to deliver the amortized constant bounds. This reveals the advantage of the nonunique
representation: A counter stored with a nonunique representation can be incremented and decre-
mented with a worst-case cost of O(1) bit changes; see, e.g., [31] for details.

In our data structure we increment (respectively, decrement) O(logn) counters per element for
each insert (respectively, delete). In the following we bound the time for updating the two sets of
[ log n counters for a single element.

We pay for accessing the b-th word (which stores the b-th bits of each counter) if even one of
the O(log n) counters (partially) stored in the word is touched.

The b-th bit of each counter is modified at most a 1/2° fraction of the time. In the worst case no
bit modifications are done simultaneously. Hence, the b-th word is touched at most a (3logn)/2"
fraction of the time. Also, in the worst case we can touch the b-th word in every time step. Hence,
the b-th word is accessed at most a min (ﬁl;#, 1) fraction of the time. Therefore the amortized

number of times we modify a word per update, summed over all bit positions, is at most

O(logn)

1
Z min (ﬁ ;)En, 1) = O(loglogn).

b=1

We pay this cost for each element, hence the running time for insert/delete is O(n loglogn).

Observe that the carry operations in updating the counters are performed using the word-level
parallelism of the RAM model: we only need standard masks and bit-wise logical operations, which
belong to the instruction set of any computer.

We have now implemented fast updates, but because the colors are stored in a distributed
manner, it is more involved to answer queries. As in Theorem 10, we subtract the colors for ¢
and the colors for j and take the absolute value to obtain d1,...,d310g, counters; we perform this
subtraction using our ripple-carry adders.

To find the median of these 3logn counters we use the following algorithm. For any subset T
of the Blogn counters each with ¢ bits, we recursively find the counter having rank p as follows:
We count the number pg of 0’s in the most-significant bits of the counters in Y. Since the most-
significant bits are all stored in O(1) words, this operation can be performed in O(1) time using
Lemma 10.

If pg > p, then the most-significant bit of the counter having rank p is 0; we recursively find the
counter having rank p among the subset of counters in T that have 0 as their most-significant bit.

If po < p, then the most-significant bit of the counter having rank p is 1; we recursively find the
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counter having rank p — pg among the subset of counters in T that have 1 as their most-significant
bit.

For the recursive step we ignore the most-significant bits in this smaller subset of counters and
treat the counters as having ¢ — 1 bits. This step takes O(1) time, and we have reduced the problem
to a smaller problem in which each counter has one fewer bit. Since counters have O(logn) bits,
this algorithm takes O(logn) time.

The bounds on space usage are proved as in Theorem 10. |

5 Maintaining Geometric Set Partitions

Suppose the elements in each set partition are points in the plane. We consider set partitions
induced by a halfplane that distinguishes between the points that lie to the left or right of the
defining line. Such partitions have been previously studied. For example, Freimer et al. [17, 18]
prove that it is NP-complete to find the smallest subset of lines sufficient to shatter a point set,
i.e., induce a complete partition of the points.

Clearly, the data-structure problem can be solved by testing all of the halfplanes against each
point and reducing it to a non-geometric instance. However, exploiting the geometry simplifies the

problem. The following operations are supported by such a data structure.

o [nsert-line(L,S) — add a separating line L to the set of partitioning lines S.
o Delete-line(L,S) — delete the existing separating line L from the set of partitioning lines S.

e Report(S) — report the set partition of U induced by the set of partitioning lines S.

A naive way to support these queries is by maintaining the arrangement of separating lines [12].
Any two points in the same cell of the arrangement represent unpartitioned elements. Report takes
O(n) time because we can maintain a list of non-empty cells in the arrangement with each cell
maintaining a list of points in it. A line insertion/deletion into the arrangement takes O(k + n)
time, the former term for inserting/deleting a line in an arrangement of k lines [12] and the latter
term to partition/merge the lists of points in the cells that get split/joined by the line.

This naive method is faster than the data structures in the non-geometric setting when £ is
O(n), but its performance degrades for larger k. An important drawback of this data structure is
that it is not space efficient because it uses O(k?) space to store the arrangement. We now give a
Monte Carlo data structure that supports insert and delete operations in sublinear time. The data

structure relies on spanning trees of low stabbing number and the data structure from Section 3.1.

Theorem 12 Geometric set partitions can be maintained with reports in O(n) and insert/delete
operations in O(y/nlogn) time after O(n'5logn) preprocessing time. The space usage is O((n +
k) logn) bits or O(n + k) machine words. Reports give correct results with high probability.

Proof: First we preprocess the n points to obtain a spanning tree of low stabbing number. The
stabbing number of a tree is the maximum number of intersections it can have with any line. We
can find a spanning tree T’ that has a stabbing number of O(y/n) in O(n'-®logn) time [9, 28]. We
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orient each edge of T arbitrarily, and we maintain a color, initially 0, for the edge. We also assign
a separate color for each partitioning line. On report, we use line and edge colors to assign colors
to each node; see Section 3.1 for the definition of color.

To insert a line L we first assign a color to L and arbitrarily orient the line in one of the two
directions. Then we find the set E of O(y/n) edges of the tree T stabbed by L. For each edge e in
FE we either add or subtract the color of L modulo R from the color of e. We add if e goes from
left to right of L and subtract otherwise. Finding the set F takes O(y/nlogn) time [9], and hence
insertions take O(y/nlogn) time.

To delete a line L we find the set E of O(y/n) edges of the tree T stabbed by L. Then we
subtract or add modulo R the color of L from the color of each edge e of the set /. We subtract
if e goes from left to right of L and add otherwise. As for insertions, finding the set £ and hence
deletion takes O(y/nlogn) time.

To report, we start with any node of T, which we designate as the root node, and we assign it
the color 0. We then traverse the tree, e.g., with breadth-first search, and we assign each (non-root)
node in the traversal a color based on the color of its parent node. For a node j, let e = (7, j) be
the edge between j and its parent i. Let ¢, be the edge color of e. If e is oriented from 7 to j, assign
the color C[j] = C[i] 4+ ¢. mod R to node j otherwise if e is oriented from j to ¢, assign the color

C[j] = Cli] — c. mod R to j. After assigning each node with a color, we report as in Section 3.1.

o Points
-<«— Spanning tree edges

< Partitioning Lines

VN

Figure 2: Monte Carlo algorithm for geometric set partitioning.

Correctness follows because for two points in the same cell of the arrangement of lines, the
unique path in T between them intersects any line an even number of times. See Figure 2. Thus,
while moving from one point to another we add and subtract colors of the lines an equal number
of times and hence points in the same cell have the same color. On the other hand, if two points
are in different cells, the unique path in 7" between them intersects at least one line an odd number
of times. Hence, with high probability the two points have different colors. The error probabilities
are as in Theorem 3.

The space usage follows because each line can be stored in O(1) machine words, and we maintain

O(n+ k) colors. n
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Although the off-line version of constructing the induced set partition of k set partitions of
n elements can easily be solved in optimal ©(kn) time by repeated application of Lemma 1, the
geometric version of the off-line problem is more interesting. Here we are given a set of k lines and
n points, and we seek to determine their induced set partition. This problem can be solved using
the well studied problem of computing many faces in arrangements. Agarwal [1] gives a determin-
istic algorithm with running time O(n2/3k2/3 logo(l) k + klog®k + nlogk). Simpler randomized

algorithms with similar running times are given by Agarwal, Matousek and Schwarzkopf in [2].
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