8O Planarity

edges of H from Py, this graph having exactly two vertices (v and w) of
odd degree, by hypothesis. //

The conditions given in the previous theorem are not only necessary but also suffi-
cient. We state this result formally in the following theorem. Its proof lies may be
found in Ore [10].

THEOREM‘ 16.6; If G is a connected countable graph, then G'is Eulerian if and
only if the conditions (i), (i) and (iii) of Theorem 16.5 are satisfied.

Exercises 16
16.1°  Give an example of each of the following:
(1) an infinite graph with infinitely many end-vertices;
(11)  an infinite graph with uncountably many vertices and edges;
(1) an infinite connected cubic graph;
(iv) an infinite bipartite graph;
(v) an infinite non-planar graph;
(vi) an infinite tree.

16.2°  Give an example to show that the conclusion of Konig's lemma is false if we omit the
condition that the infinite graph is locally finite.

16.3  Show that an infinite graph G can be drawn in Euclidean 3-space if V((7) and E(G) can
each be put in one—one correspondence with a subsct of the set of real numbers.

16.4* (1) Find an Eulenian trail in the infinite square lattice S.
(i) Verity that S satisfies the conditions of Thcorem 16.5.

16.5* Repeat Exercise 16.4 for the infinite triangular lattice.

16.6* Show that the infinite square lattice has both one-way and two-way infinite paths pass-
ing cxactly once through cach vertex. :

Chapter 6

Colouring. graphs

With colours fairer painted their foul ends.
William Shakespeure (The Tempest)

In this chapter we investigate the colouring of graphs and maps, with special reference
to the four-colour theorem and related topics. In Sections 17 and 18, we colour the
vertices of a graph so that each edge joins vertices of different colours. Section 19
describes the connection between these vertex colourings and the colouring of maps,
and in Section 20 these are related to colouring the edges of a graph. All this material
is qualitative, asking whether graphs can be coloured with a given number of colours.
In Section 21, on chromatic polynomials, we discuss in iow many ways the colouring
can be done.

17 Colouring vertices

It G is a graph without loops, then G is k-colourable if we can assign one of & colours
to cach vertex so that adjacent vertices have different colours. It G is k-colourable, but
not {k—1)-colourable, we say that G is k-chromatic, or that the chromatic number of
G is k, and write X(G) = k. For example, Fig. 17.1 shows a graph G for which x(G)y=4;
the colours are denoted by Greek letters. It is thus k-colourable if k > 4. We shall
assume that all graphs herc are simple, as multiple edges are irrelevant to our discus-
sion. We shall also assume that they are connected.

It is clear that x(K,,) = n, and so there are graphs with arbitrarily high chromatic
number. At the other end of the scale, ¥(G) = 1 if and only if G is a null graph, and
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