AMS316 Homework 3 Solution
3.1 Solution:

v(k) = cov( Xy, Xiik)
= COU(Zt + 0.7Zt_1 - 0.2Zt_2, Zt—i—k + O.7Zt+k_1 - O.QZt+k_2)

when k£ = 0,

v(0) =Var(Xy) =Var(Zy) +0.7Var(Z;) —0.2Var(Z;)
= 1.5Var(Z;);

when k£ =1,

’}/(1) = COU(Zt + 0.7Zt_1 — 0.2t — 2, Zt—l + O?Zt - O.QZt_l)
= 0.7Var(Z;) — 0.14Var(Z;) = 0.56Var(Z;)

\_/

Hence p(1) = % = 0.37. When £k = 2,

’}/(2) = COU(Zt + 0.7th1 - 0.2th2, Zt+2 + O.7Zt+1 - 02Zt>
= —0.2COU(Zt, Zt)

= —0.2Var(Z;)
Hence p(2) = 7523 = =02 = —(.13. It’s easy to find out ac.f when k =
—2, therefore,
1 : k=0
037 : k==+1
PRI =9 013+ k=42 (1)
0 : otherwise
3.2 Solution: For X; =>7", ZZF’I, we have

m

E(X)=E (Z jtfl) = 0. (2)

k=0




7(0)
v(0) = Var(X;) = Var(zm: Zik )
—m +1
1 = 1
_ Z_ —
e Sz =o'
when m > k > 1,
N A A
’Y(k) = COU(Xt,XHk) = Cov (Z — 1;2 1
k=0 k=0
m—Fk m—k m—Fk
. Ly Lt 9 1
= Bl )| e (m + 1)2
t=0 i=0 i=0
- (m+1)2

o?(m—k+1) jo?(m+1) . _
p(k) = M — (m+1)2 / (m+12 - E=0,1,...m
7(0) 0 @ k>m

Simplifying it yields

PR =20 "0 "0 kem

3.3 Solution: For process X; = Z; + ¢(Z4—1 + Z;_2 + ...), we have

v(k) _{ mbtl B —=0,1,...,m

E(Xt) = E(Zt + CZt—l + CZt—Z + )
= E(Zt) —f— CE(Zt_l) + CE(Zt_Q) —l— ee = 0

and

var(X;) =wvar(Zy) +var(C(Zi—1+ Zi—9 + ...) = o0



Since variance is infinite, therefore, X; is non-stationary. For Y; =
X; — X;_1, we have
EY;) =FE(X:— Xi1)
=F (Zt - Zt—l + CZt—l - CZt—l + CZt_Q - CZt_g + )
= E(Zt - Zt—l + CZt—l) = E(Zt) - E(Zt—l) + CE(Zt_l)
=0-0+¢x0=0

v(k) = cov(Ys, Yiyr) = cov( Xy — Xoo1, Xor — Xoyi—1)
=cov|Zi+c(Zy 1+ Zi o)+ .. —Zs g —c(Zy o+ Zp 3+ ...)
+Z + (Zpphr + ..) = Ziyio1 — (Zigh—2 + Zipi—s + ...)]
=cov(Zy+ (c— 1) Zy 1, Zysr + (¢ — 1) Zyig 1)
= B+ (¢~ )2 )(Frsi+ (¢~ 1) Zreg 1)

cov(Yy, V) =Var(Yy) = ((c—=1)*+1)o? : k=0
—1)0?

v(k) = cov(Yy, Y1) = (c k=41
cov(Yy,Yiir) =0 @ otherwise
Hence Y} is stationary and
Y0)/20) =1 k=0
p(k) = 1(k)/7(0) = 7=+ k=41 (5)

’y(k:)/vzz)r) _ 0 : otherwise
3.5 Solution: For process X; = u+ Z; + 8Z;_1, we have that, when k& = 0,
7(0) = Var(X;) = Var(Z;) + f*Var(Z) = (1 + 8*)Var(Z;)  (6)
when k£ =1,

Y(1) = cov(p+ Zy + BZi—1, pb + Zy1 + BZy)
= BVar(Z;)



when k£ = 2,
V(2) = cov(p+ Zi + BZi—1, p+ Zi1 + BZi2)

=0
when £ = —1
Y(=1) =cov(p+ Zy + BZi1, p + Zi—1 + BZ;—9)
= BVar(Z;)
1 : k=0
p(k) = ﬁ C k=41 (7)
0 : otherwise

Hence the ac.tf does not depend on .



