
AMS 316 Final Solution

December 15, 2010

1. xt = a+ bt+ ct2 + st + yt

(a) trend: a+ bt+ ct2, seasonal: st

(b) st ≡ 0, (1−B)2xt = (1− 2B+B2)xt = a+ bt+ ct2 + yt− 2a− 2b(t−

1) − 2c(t − 1)2 + a + b(t − 2) + c(t − 2)2 = 2c + yt − 2yt−1 + yt−2.

Since yt is stationary, (1−B)2xt is stationary.

2. xt = zt + θ1zt−1 + θ2zt−2

(a) ACVF:

γx(k) = cov(zt + θ1zt−1 + θ2zt−2, zt+k + θ1zt+k−1 + θ2zt+k−2)

=



0 k > 2

σ2 · θ2 k = 2

σ2 · θ1(1 + θ2) k = 1

σ2 · (1 + θ21 + θ22) k = 0

γx(−k) k < 0
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ACF:

ρx(k) = γx(k)/γx(0)

=



0 k > 2

θ2/(1 + θ21 + θ22) k = 2

θ1(1 + θ2)/(1 + θ21 + θ22) k = 1

1 k = 0

ρx(−k) k < 0

(b) yt = αxt−1 + xt. ACVF of yt:

γy(k) = cov(yt, yt+k) = cov(αxt−1 + xt, αxt+k−1 + xt+k)

= (1 + α2)γx(k) + αγx(k − 1) + αγx(k + 1)

=



0 k > 3

σ2 · αθ2 k = 3

σ2
[
(1 + α2)θ2 + αθ1(1 + θ2)

]
k = 2

σ2
[
(1 + α2)θ1(1 + θ2) + α(1 + θ21 + θ22) + αθ2

]
k = 1

σ2
[
2αθ1(1 + θ2) + (1 + α2)(1 + θ21 + θ22)

]
k = 0

γy(−k) k < 0
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ACF:

ρy(k) = γy(k)/γy(0)

=



0 k > 3

αθ2
2αθ1(1+θ2)+(1+α2)(1+θ21+θ

2
2)

k = 3

(1+α2)θ2+αθ1(1+θ2)
2αθ1(1+θ2)+(1+α2)(1+θ21+θ

2
2)

k = 2

(1+α2)θ1(1+θ2)+α(1+θ
2
1+θ

2
2)+αθ2

2αθ1(1+θ2)+(1+α2)(1+θ21+θ
2
2)

k = 1

1 k = 0

ρy(−k) k < 0

3. xt = 1
a(a+1)xt−1 + 1

a(a+1)xt−2 + zt.

(a) zt =
(

1− 1
a(a+1)B −

1
a(a+1)B

2
)
xt, set Y = 1

B , we get Y 2− 1
a(a+1)Y −

1
a(a+1) = 0. There are two roots: Y1 = 1

a , Y2 = − 1
a+1 . The station-

arity condition: |Yi| < 1⇒a < −2 or a > 1.

(b) ρ(k) = A1Y
|k|
1 + A2Y

|k|
2 . So ρ(0) = A1 + A2 = 1, ρ(1) = 1

aA1 −
1
a+1A2 = 1

a2+a−1 . So the coe�cients are: A1 = a3+2a2

2a3+3a2−a−1 , A2 =

a3+a2−a−1
2a3+3a2−a−1 . So ρ(k) = a3+2a2

2a3+3a2−a−1 ( 1
a )|k| + a3+a2−a−1

2a3+3a2−a−1 (− 1
a+1 )|k|.

(c) xn+1 = 1
a(a+1)xn + 1

a(a+1)xn−1 + zn+1,

then xn(1) = E(xn+1|x1, . . . , xn) = 1
a(a+1)xn + 1

a(a+1)xn−1,

en(1) = xn+1 − xn(1) = zn+1, var(en(1)) = σ2.

xn+2 = 1
a(a+1)xn+1 + 1

a(a+1)xn + zn+2,

then xn(2) = E(xn+2|x1, . . . , xn) = 1
a(a+1)xn(1)+ 1

a(a+1)xn = 1
a(a+1)

[
1

a(a+1)xn + 1
a(a+1)xn−1

]
+

1
a(a+1)xn,

en(2) = xn+2−xn(2) = zn+2+ 1
a(a+1)zn+1, var(en(2)) =

[
1 +

(
1

a(a+1)

)2]
σ2.

4. xt + φxt−1 = zt − θzt−1.

(a) stationary: |φ| < 1; invertible: |θ| < 1.

3



(b) xt(1 + φB) = zt(1 − θB) ⇒ xt = 1−θB
1+φB zt. De�ne Ψ(B) = 1−θB

1+φB =

1 + ψ1B + ψ2B
2 + · · · , where ψk = (−1)kφk−1(φ+ θ).

So xt = zt + ψ1zt−1 + ψ2zt−2 + · · · .

E (xt−kxt + φxt−kxt−1) = E [xt−k (zt − θzt−1)]

γ(k)+φγ(k−1) = E [(zt−k + ψ1zt−k−1 + ψ2zt−k−2 + · · · ) (zt − θzt−1)]

For k = 0, γ(0) + φγ(−1) = σ2 [1 + θ(φ+ θ)];

For k = 1, γ(1) + φγ(0) = −θσ2;

For k > 1, γ(k) = −φγ(k − 1).

So γ(0) = 1+θ2+2φθ
1−φ2 σ2, γ(1) = − (φ+θ)(1+φθ)

1−φ2 σ2, γ(2) = φ(φ+θ)(1+φθ)
1−φ2 σ2.

ρ(1) = − (φ+θ)(1+φθ)
1+θ2+2φθ , ρ(2) = φ(φ+θ)(1+φθ)

1+θ2+2φθ .

(c) xn+1 = −φxn + zn+1 − θzn,

then xn(1) = E(xn+1|x1, . . . , xn) = −φxn − θzn,

en(1) = xn+1 − xn(1) = zn+1, var(en(1)) = σ2.

xn+2 = −φxn+1 + zn+2 − θzn+1,

then xn(2) = E(xn+2|x1, . . . , xn) = −φxn(1) = φ2xn + φθzn,

en(2) = xn+2−xn(2) = zn+2−(φ+θ)zn+1, var(en(2)) =
[
1 + (φ+ θ)

2
]
σ2.
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