Solutions to Assignments 1 of AMS 516

Problem 2.4 Solution:

—~ =1 —~ -1
] A —A A, AL
(a) Define B=( ™", O TR

—A7;A21A11 Az; + AZA1A11  AgpA%;

aiq a12)
dz1  dpp

Suppose that AB = (
We have aj; = Ay A7y — A12AE%A21X;1_1 = Im

di2 = _A11K;1_1A12AE% +Arz (AE% + AE%A21E1_1A12AE%) =0
Az = 1\211;;1_1 - AzzAE%A21A~11_1 =0

a5 = —AnAz;  A1zAz} + Ay (A7) + AZ3AL AL ArAZD) =l

I, O
0 Ih-m

(b) Since A,, is non-singular, we have that A1 exists.

Ajp A A;y —A2AZ3A;; 0
det(A) = det( 1 12) = det( 11 12822821 )
) Azi Ay Ay A,,

= det(A;; — A1pAZ7A,;) * det (Ay,)

HenceAB=( )=In—>B=A‘1

) Y; Y, —p
¢) Define Y* = ( 1*) = 1) we have Y*~N(0,V
(c) Y; (Yz _— (0,V)

Y] — V12V2_21Y§k)

_ -1
Define P = (I Vi2Va; ) we have PY* = ( "
0 Y;

|

V11 - V12V2_21V21 0 )

H T _
Since PVP —< 0 v,

Vip = VioV3' Vo 0 ))

0 V,,
Hence Y; — V;,V5,'Y; and Y, are independent.
f(Yr — ViV Y5 1Y5) = f(Y7 = Vi V5, Y3) ~N(0, Vi — VipVio' Vi)
f(Y71Y2)~N(Vi2 V55 Y5, Vig — Vi Voy Vo)
fy, v, @11y2) ~NQu, + Vio V' (72 — 1), Vig — ViaVay Vo)

We have PY*~N(0,PVPT) = N(O,(



Problem 2.5 Solution:

_ 1 _ xf-2px1xp+x3 X1 - 1 p
(X1, X,) = s exp (- 2022 o (O~N O, () )

We have X; — pX, and X, are independent.
Cov(X7,X3) = E(X{X3) — E(X?)E(X3)
= E[(X; — pX2)?X3 + 2p(X; — pX2)X3 + p?X3] — EXDE(X3)
= E(X; — pX2)?EX3 + 2pE(X; — pX)EX3 + p?EX7 — E(XDE(X3)
= 2p?
Var(X?) = EX¥ —EX?EX? =3—-1%1=2, Var(X3) =2

2 w2
Hence Corr(X2X2%) = Cov(XiXs)  _ p?

Problem 2.6 Solution:

n
. _ i1 Xj
(a) Define X = (Xq,X3,X3,X4,X5) " = —Zl_nl '
We have x; = —Zin:lUi,Xz = _21“=1Vi, X3 = Z_?=1Uf'x4 = Z{L_luiz'xs = T U
n n n n n
S w1 (Ui — )V = V) ¥, UV _ 2iz1 U . 2isaVi e — XX
uv = o 0 I 5 1X2
n 17\ 2 n 2 n 2
§2 — = (Ui =0 XL U7 (XL U e —x2 82 = x, — x2
2 - - = 3 7 XL, 5V = Xg —X)
~_ S - A <
Hence p= - =—22%2 _ 5=g(x)

5555 (amxd)? (i)
(b) Define X5 = E(X) = (0,0,1,1,p)T T = Cov{U,V, U2, V2, UV}

T p
p 1
We have 3 = ( 2 2p*  2p)
202 2 2p
2p 2p  1+p?

According to the Central Limit Theorem, we have
Vn(X — %) = N(0,%) whenn — o
By applying the delta method, we have
Vn(g(®) — g(%o)) — N(0, Vg(Xp)™ * = * Vg(%p)) when n — oo

< A (7= —— PP o4\
Where g(®) = p, (%) = p, Va(x) = (0.0.2,2,1)

Hence vn(p — p) = N(0, (1 — p?)?) whenn — oo



Problem 2.9 Solution:

Vig(X4,-Xn) Vo (X1, Xn)
(@) E(Vloghy(Xy, -+ Xn) = B (TR = [ TR £y X)Xy - dX,y

= foe(xl,---,xn) dX; - dX, = vf fo(Xq, -+, Xp) dXq -+ dXp, = V1 =0

(b) Cov(Vlogfy(Xy, -, X)) = E(VI(6))” — [E(Vlogfy(Xy, -, Xn)]” = E(VI(0))
E(VI(0))” — E(—V21(0)) = E(VI(0) = VI(0) + V21(9)) = E(V x VI(0))
=V*E(VI(0)) =V0 =0

Problem 4.1 Solution:
(@) Define Y= (yq, -y X= (x4, %)%, 1=(1,--, DT
We have y; = a + Bx; + & = Y — a1 — BX~N(0, 62])

n 1
I(6,,0%) = logL(a,p, o) = ~7log(2n0%) + )" (=55 (i —u—Px)?)

yi—o—Pxj
Z?:l:—z =0

o
0 = 4 n Xi(yi—e—px) _ 0

i=1 2

1
L?=O L—%‘l‘; m(yi—a—PBx)? =0

A = -5 _ 2 -Ryi-y) =5 _ 1 = A =
Hence a =y —Bx, B = MJGZ =3 isg[i =) = B — X)]

Z?:l(xi_)_()z

= _ Z?=1Xi - _ 2?=1Yi
Where X = T,y ==

(b) Since V is the correlation matrix, we have the decomposition of V:
V = AAT Where A is non-singular
In this problem, we have Y — a1 — BX~N(0, 5?V)
Hence A~1(Y — a1 — BX)~N(0,A 16?V(A~1)T) = N(0, 6%I)

(0, B, 6%) = — glog(chz) — 2—22 [A~1(Y — a1 — BX)]T[AL(Y = ol — BX)]

= — Elog(chsz) L (Y — ol — BX)TV (Y — al — BX)
2 262

50— 0 ( 6=v—px
= = g — (XXTV-Y)
From ! i 0 - ! p= T
— L o o ~
L%:O LGZ = (Y—Y)—B(X_X)] V—l[(Y_Y)_B(X_X)]

Where X=%*1,Y=yx*1



Problem 4.2 Solution:
y0 + b(0)
1(6) = logf(y; 6,¢) = e +c(y, )
From 2.9(a) E (%) = 0 we have @ =0 hence E(y) =b'(0)

From 2.9(b) E (- 23) = E (%)2 we have b"q()e> _ (y—zre))z

Hence E(y?) — 2E(y)b'(0) + b'(6)? = ¢b"(0)
Var(y) = E(y?) — [E(y)]* = ¢b(6)



