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Abstract

A fundamentadlgorithmicproblemin computemgraphicss thatof
computingasuccinctencodingof atriangulationof apolygonalsur
facemodelin orderto be ableto transmitandrenderit efficiently.
Thegoalis to take a given polygonalsuriacemodel,whosefacets
aregivenby (possiblymultiply-connectedpolygons triangulatdts
facets,andthendecomposéhe triangulationinto a small number
of “tristrips,” eachof which hasits connectvity storedimplicitly
in the orderingof the datapoints. We develop methodsthat are
effective in solvingthe stripificationproblem,bothin theory(prov-
ably goodencodings)andin practice. Our methodsare basedon
carefullyconstructecsearchtreesin thedualgraph followedby al-
gorithmsto decomposelualtreesinto tristrips. Onedecomposition
algorithmis provably optimal (basedon dynamicprogramming),
allowing us a soundbasisof comparisoramongour other (heuris-
tic) algorithms.We demonstratéhe speedandeffectivenesof our
algorithmsthrougha batteryof experiments.In comparisonwith
therecentlyrelease®TRI PE systenfor stripification,we find that
our stripifier, FTSG, producesomparabler betterquality encod-
ings, while requiring significantly lesscomputingtime on a large
variety of datasetsFurther FTSGis carefully engineeredandim-
plementedo be robust, evenin the faceof highly degenerateand
corruptedreal-world data.

CR Categories: 1.3.3 [Computer Graphics]: Picture/Image
Generation—displayinglgorithms; 1.3.5 [Computer Graphics]:
ComputationalGeometryand ObjectModeling—Geometrialgo-
rithm, languagesandsystems.

1 Introduction

We considera problemof importancen graphicsandvisualization:
computinga succinctencodingof a triangulationof a polyhedral
modelin orderto be ableto transmitandrenderit efficiently.
CAD/CAM andvirtual ervironmentsapplicationsoften require
thatvery comple datasetbevisualizedat real-timerates.Current
3D graphicsrenderinghardware often facesa memorybus band-
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width bottleneckin the processcto-graphicspipeline. Onenatu-
rally wantsto avoid renderingunnecessartriangles(e.g.,through
visibility culling). Also, it is commonto simplify and approxi-
mate complex models. But it is alsoimportantto minimize the
time neededo transmitn trianglesthatareto berenderede.g.,by
compressinghe geometricandtopologicalinformationin amodel,
transmittingthe compressedata,anddecompressingttherender
ing stage hopefully usinga very smallon-chipcache.

A commonencodingmethodis basedon “tristrips,” which per
mit a2-vertex cache:whenvertex v; 4 » is transmittedit determines
a triangle togetherwith the cacheverticesv;, v;4+1. A tristrip is
an orderedsequencéwith repetitions)of vertices, (vi,. .., vm),
which encodes a setof m — 2 triangles. A sequential tristrip en-
codesthesetof triangles{ (v, vi+1,vi+2)}, 1 <7 < m — 2; afan
tristrip encodeshe set{(v1, vit+1, vi+2)}, all of which containv; .
Fig. 1 givesa sequentiatristrip encodingof 12 triangles.

In anidealencodingpy a singletristrip, only n + 2 (ratherthan
3n) verticeswould have to betransmittedor atriangulationwith n
triangles.In generaljf we areableto decomposea surfacetriangu-
lationinto & tristrips,we will needonly n + 2k vertices.

Figure 1: The triangulation is encoded using one ftristrip:
1,2,3,4,1,5,6,7,8,9,6,10,1,2).

Our Contrib utions

(1) An efficient(provablylineartime)robust algorithmfor decom-
posingapolygonalmodelinto asmallnumberof tristrips. The
stripificationalgorithmis a three-phasenethod,basedon (i)
computinga spanningtree of the dual graphof a triangula-
tion, usingvariantsof breadth-firsanddepth-firstsearching,
(i) partitioningatreeinto tristrips,and(iii) performingacon-
catenatiorphaseto join smallstripsinto largerstrips.

(2) A lineartime algorithm, basedon dynamic-programmingfor
optimally performing phase(ii), extracting the minimum
numberof sequentiatristripsfrom a givenspanningree.

(3) A theoreticabnalysisof thenumberof verticesrequired,in the
worstcaseto encodea triangulationusingtristrips.



(4) Experimentalanalysisof our algorithmson a wide variety of
sampledatasetsshaving thatour methodscomparequite fa-
vorablywith aleadingpublicly availablestripificationsystem
(STRI PE) [8]. We obtainordersof magnitudeof speed-up
over the publishedversionof STRI PE, and our algorithms
remain significantly fasterthan the newly releasedunpub-
lished) STRI PE 2.0. In termsof compressionour meth-
odsalsoimprove uponSTRI PE, decreasingon average the
numberof verticesrequiredto encodea triangulation. We
alsocomparefavorably with the “t onesh” utility provided
by SGI. Furthermorepur algorithmis robust in its ability to
handlea wide variety of real-world datasets.

(5) Our resultsare the first to study systematicallythe effect of
allowing bothsequentiabndfantristrips.

Related Work

Therehave beenseveralworkson constructingristrips. Arkin etal.
[2] studysequentiatriangulationsof pointsetsandpolygons.They
shav that testingwhethera given triangulationof a point setor
polygonis sequentiatanbe donein lineartime. They alsoprove
that certainnon-dgeneratepoint setsin the planedo not admita
sequentiatriangulation,andthattherelatedproblemof computing
aHamiltoniantriangulationis AP-hardfor polygonswith holes.

A program that SGI develops in [1] producesgeneralized
tristrips. Its heuristictendsto createstripsthat begin andendon
faceswith fewestnumberof neighborsn thetriangulation,soasto
reducethe numberof isolatedtriangles. Startingfrom one of the
triangleswith fewestneighborsa greedyalgorithmchoosesfrom
its neighborsthe trianglewith the fewestnumberof neighborsas
thenext triangle.If thereis atie, theprogramlooksaheadnestep
to checkneighbors neighborgfor fewestnumberof neighborslf a
tie occursagain,the strip continuesn anarbitraryvalid way.

Another recently implementedstripifier is “STRI PE” [7]. It
adoptsSGI’s heuristicdescribedabove asits local algorithm. How-
ever, for datathatcontainsquadranglesSTRI PE usesa globalap-
proach(“patchification”)to constructong stripsfrom largepatches
of quadranglesTheirimplementatiortlaimsto handlemodelscon-
taining convex polygonalfaces.

Our methodis perhapsmost closely relatedto that of Speck-
mannandSnogink [11], who implementedanalgorithmspecially
designedor TIN (Triangulatedirregular Network) models. They
emplg/ a uniquetraversalalgorithmto find the spanningtreesof
the dual graphsof TIN models. The spanningtreesneednever
be explicitly determinedbut are traversedin the greedyprocess
of finding sequential strips. They alsohave a “cleanup” phasein
which leftover singletrianglesarecombinedwith longertristrips.

Deering [5] considersgeneralized triangle meshes, having a
cachefor > 2 vertices o facilitategeometrycompressionparticu-
larly efficientalgorithmsfor obtainingsuchcompressionaregiven
by Chow [4]. BarYehudaand Gotsman[3] useplanarseparator
theoremsto shav thata vertex cacheof size ©(y/n) is sufiicient
andsometimesiecessaryo attainoptimaltransmissiorfonevertex
pertriangle). Gumholdand Straer9] also develop a connecti-
ity compression/decompressiorethod,usinga cachethatpermits
onevertex pertriangletransmitted.

Therehasbeenrecentwork leadingto impressve resultson the
compressionof bothconnectity andgeometryof manifoldtrian-
gularmeshessee,e.g., Taubinet al. [12, 13]. Their compression
is not basedon stripification,so doesnot producethe tristrips that
we desire;however, their “TopologicalSugery” technique which
emplgys a spanningreeof the vertices leadsto connectiity com-
pressionsapproachingessthan 2 bits per triangle. Toumaand
Gotsmar{14] developedanothemethodthatachieresa substantial
improvement,using lessthan 1.5 bits per vertex, on average,for
connectity compressionWe notethatthesenon-tristripmethods

of compressiomlo nothave thefeaturethat,on average gachvertex
is transmittedtwice, aswe have with tristrips: evenif atriangula-
tion canbe encodedwith asingletristrip (onevertex pertriangle),
it will requireroughly 2n verticesin the encoding,assuminghat
every triangle has3 neighboringtriangles,sincethereare2n — 4
trianglesin atriangulatedplanargraphon n vertices.

SGlI'st omesh wasinitially designedio constructgeneralized
tristrips. It doesnot hesitateto use“swaps”to male longerstrips.
The costis one bit per “swap” in Irix GL, but is one vertex per
“swap” in OpenGL.As a result, a generalizedristrip containing
n trianglesmay be encodedwith far more thann + 2 vertices.
STRI PE inheritsthe sameproblemand the implementationruns
relatively slow in practice.Speckmanrand Snogink’s implemen-
tationis fastandmemory-eficient. However, it is designedor TIN
models andit usuallytransmits3— 5% moreverticesthanSTRI PE
does sinceit producesa largernumberof strips[11].

Denry andSohler[6] considera relatedproblemof encodinga
triangulationby a permutationof its vertex set,by meansof con-
structinga hierarchicafamily of decimatedriangulationswith the
orderof the verticesdeterminingthe reconstructiorof the triangu-
lation; their goal, however, wasnotto obtaintristrips.

2 Preliminaries

We begin with somebasicdefinitions.A polygonal surface model,
S, is asetof polygonal faces thatrepresenthe boundaryof a poly-
hedralobjectin 3-space.Eachpolygonal face is representedby a
circularlist of vertices thatdescribethe outerboundaryof theface,
followed by a possiblyemptylist of holes. A polygonalfacewith
no holesis saidto be simply connected, while a facewith oneor
more holesis multiply connected. Eachpolygonalfaceis usually
expectedto lie in a planeandeachhasan associate@utward sur
facenormal. Note, however, that real-world datawill often have
non-coplanarertices.

Theinputto ouralgorithmsis agenerabpolygonalsurfacemodel
S. We usean enhancementdf FI ST [10] to triangulate(robustly)
eachfaceof S. FI ST is carefully designedo be ableto handle
arbitrarily nonplanaror corruptedpolygonaldatain a reasonable
manner Thus,for mostof our discussionywe will assumeéhatS is
atriangulated model (or a triangulation), meaningthat every one
of its facess simply atriangle.

In general,S may consistof several connectedcomponentsour
analysiswill applyto eachcomponenseparatelysowe canassume
thatS is connectedrom now on.

A manifold edgeis an edgecontainedin exactly two incident
triangles,which are called adjacent, while a non-manifold edgeis
containedin more thantwo incidenttriangles. A boundary edge
only belonggo onetriangle.In ourimplementationanon-manifold
edgewill besplitandits incidenttrianglesarepairedanddistributed
suchthateachinstanceof the edgebecomesithera manifold edge
or a boundary edge. We definethe adjacency graph, G, of a tri-
angulatednodel S that containsno non-manifoldedgesto bethe
graphwhosenodesarethe faces(triangles)of S andwhoseedges
link pairsof adjacenfaces.We seethatthe degreeof eachnodeof
G is atmostthree.If S is a2-manifold, meaninghatevery point of
the surfacehasa neighborhoochomeomorphido a 2-disk,theng
is a3-regular graph(every nodehasdegreeexactly three).

We adoptsomeof the definitionsfrom Arkin etal. [2]. A trian-
gulation S is Hamiltonian if the graphG hasa Hamiltonianpath,
meaningthatthereexistsa pathin G thatvisits eachnode(triangle
of S) exactly once. A triangulationS is sequential if the graphg
hasaHamiltonianpathsuchthatnothreeconsecutie edgesrossed
by the pathareincidenton acommonvertex. Equivalently; S is se-
quentialif thereexistsa vertex sequenceg = (v1,v2,...,Un+2),
possiblywith repetitions,suchthat the n trianglesof S are ex-
actly given by the triples of consecutie verticesin the listing:



(v1,v2,v3), (V2,v3,v4), ..., (Un,Unt1,Un+2). A triangulationS
is fan if the graphG hasa Hamiltonian path suchthat all edges
crossedyy the pathareincidenton acommonvertex.

In somecasege.g.,Iris GL), it is usefulto defineamoregeneral
notion of “sequential”,in which we permit swaps, specialmarks
(bits) within a vertex sequenceo indicatean exchangeof the two
cachevertices. Alternatively (e.g., OpenGL),a swap can be ef-
fectedby sendinga zero-aredriangle(transmittingan extra vertex
insteadof a “swap” bit). For example,(1, 2, 3, swap, 4, 5) yields
triangles((1, 2, 3), (3,2,4), (2,4, 5)), which alsoresultfrom the
sequencél, 2, 3,2, 4, 5) (having zero-aredriangle(2, 3, 2)). An-
otherway to achieve this resultis to allow duplicate trianglesto
be encodedn the strip: (1,2, 3,4, 2, 5), which repeatsthe trian-
gle (2, 3,4) (as(3,4,2)). A sequentiatriangulationis pure if the
sequenceontainsno zero-arear duplicatedriangles.

A tristrip o is anorderedsequencéwith repetitions)of vertices,
(v1, .. .,vm), whichencodes asetof m — 2 triangles.A sequential
tristrip encodeghe setof triangles{(vi, vi+1,vi+2)}, 1 < @ <
m—2; afantristrip encodesheset{(v1, vi+1, vi+2)}, all of which
containv;. With a slight abuseof notation,we refer both to the
vertex sequencandto theencodedsetof trianglesasthe “tristrip”.
Thus,atriangulationsS' is sequential (resp.,fan) if its trianglesare
encodedy asinglesequentia(resp. fan)tristrip.

We areinterestedn partitioning S into a small number &, of
tristrips, {o1, ..., ox}, which encode S. Associatedwith sucha
partitioningof S into tristripsthereis anencoding cost. Typically,
we take the encodingcostto be the numberof verticesin the en-
coding(i.e., thesumof thelengthsof thetristrips).

3 Theoretical Analysis

Ourgoalin this sectionis to give guaranteetitoundsonthefunction
Cs(n), whichgivestheworst-casencodingcostfor puresequential
stripsasafunctionof thenumberm of trianglesin atriangulationsS.
We definethe costC’ (n) similarly for sequentiaktripsthat allow
zero-aredrianglesandC;, ¢ (n) for encodingsisingbothsequential
andfan strips. Using our standarddefinition of encodingcostin
termsof thetotal numberof vertices we seethatwe needn + 2k*
verticesfor agiventriangulationS, wherek™ denotegsheminimum
numberof tristripsin ary partitioningof S into (pure)sequential
tristrips.

Lemmal Any (connected) triangulation S consisting of exactly
three trianglesis sequential; thus, C,(3) = 5.

Proof. Clearly, if S is connectecandhasexactly threetriangles, it
is Hamiltonianandis topologicallyequialentto the configuration
shavn in Fig. 2(a),which canbeencodedvith thesinglesequential
strip(1, 2, 3,4, 5). O

Lemma2 Let S beaHamiltonian triangulation consisting of four
triangles. Then S is either sequential or fan; thus, Cs ¢(n) = 6.
Further, Cs(4) = 8 and C;(4) = 7.

Proof. S musthave the structureof either(b) or (c) in Fig. 2. One
(case(b)) canbe encodedsequentiallyandthe other(case(c)) can
beencodedisafan strip. Thus,Cs, ¢ (n) = 6. If we mustusepurely
sequentiaktrips,thenin case(c) we areforcedto have two strips,
resultingin anencodingcostof 8 (insteadof 6, for case(a)). If we
allow zero-aredriangles thencase(c) resultsin anencodingusing
only 7 vertices: (2,3,1,4,1,5,6).(Alternatively, one can encodeit
with 6 verticesanda swap: (2, 3, 1, 4, swap, 5, 6).) O

Considernow a triangulation S, having n triangles, that is
Hamiltonian, with Hamiltonianpath =. We canfind the longest
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Figure2: Hamiltoniantriangulationsof length3 and4.

prefix subpath,z’, of 7 for which the correspondingset of trian-

glesis sequentialthis is readily donein time O(|#’|), in the same
mannerthatonetestsfor atriangulationbeingsequential[2]). By

Lemmal, we know that |z’| > 3. Thus,usinga simple greedy
algorithm,in which we iteratively selectthelongestprefix of « that
is sequentialandthenremove it, we seethatthe resultis a setof

atmost[n/3] sequentiatristrips that partition S. (This boundis

tight: considerafantriangulation.)Similarly, if we allow bothse-
quentialandfantristrips, we will needat most[n/4] tristrips (and
onecanagainshav thatthe boundis tight). Theresultis the fol-

lowing lemma:

Lemma3 Using only (pure) sequential tristrips, a Hamiltonian
triangulation has encoding cost at most n+2[n/3] < (5n+4)/3.
Using both sequential and fan tristrips, the encoding cost is at most
n + 2[n/4] < (3n + 3)/2. Such encodings can be computed in
O(n) time.

Now consideranarbitraryconnectedriangulation,S, with each
edgebelongingto at mosttwo triangles.Let 7 denotea spanning
treeof theadjacenyg graphg for S. Then,sinceeachnodeof G has
degreeat mostthree,we know thatwe canroot 7 in sucha way
thatit is a (rooted)binarytree,simply by rootingit atary nodeof
degreeat mosttwo.

Lemma4 Any rooted binary tree can be partitioned in linear time
into a set of paths, such that every path in the partition, except for
at most one, consists of at |east three nodes.

Proof. We give a constructve proof, basedon thefollowing
Path Peeling Algorithm:

(1) Letw beanodeof maximumdepthamongnodeshathave two
childrenin thetree.If nosuchv exists,go to step(3).

Then,the subtreerootedat v mustconsistof a path, =, ; oth-
erwise thereexistsanodeof greatedepththanv thathastwo
children,contradictinghechoiceof ». Further 7, hasatleast
threenodes.

(2) Remare w, fromthetree.If thetreeis emptynow, stop;other
wise,goto step(1).

(3) (No nodeof thetreehastwo children.) In this casethetreeis
alreadya path(possiblyconsistingof only oneor two nodes),
sowe reportit andstop.

Thealgorithmcanbeimplementedn lineartime, sinceeachnode
canbelabeledwith its depthanddegreeandeachpaththatis peeled
off canbechagedto the nodesof the path. O

Theorem 5 For any connected triangulation S of n triangles, one
can compute in O(n) time a pure sequential encoding of S with
at most 2n + 1 vertices. In the case of sequential strips allowing
zero-area triangles (resp., sequential and fan strips), one obtains a
bound of [(7/4)n] + 1 (resp., 1.8n + 1.2).



Proof. Welet7T beary spanningree(e.g.,adepth-firsisearchree,
which is computablén lineartime) for the dualgraphg of S. We
thenapplythe“PathPeelingAlgorithm” of Lemma4 to decompose
T into pathseachof length 3 or more (except, possibly for one
path). Now consideronesuchpath, andlet z be the numberof
its triangles.Obviously, the costsare3, 4, and5 for pathsof length
i = 1,2, and3. By Lemma3 we geta costof (57 + 4)/3 < 2i for
i > 4. Summingover all the pathsyieldstheclaim. (Notethatone
pathmaybeof lengthi = 1, requiring2: + 1 vertices.)

A similar analysiscanbe appliedto the casein which we allow
both sequentialand fan tristrips, or in which we allow zero-area
trianglesin the sequentiastrips. O

Coroallary 6

(5/3)n < Cs(n) <2n +1.

(5/3)n < Cy(n) < [(7/4)n] + 1.

Cs.5(n) <1.8n+1.2.
Proof. The upperboundscomedirectly from the theoremabove.
The lower boundscomefrom a family of examples,one of which
is shawn in Fig. 3. The dualtreefor the triangulationcanbe par
titioned into n/4 pathseachhaving four nodes,as shawn in the
middle figure; this is the resultproducedby our Path PeelingAl-
gorithm. Onecanarguethatthe optimal partitioning, however, is
obtainedby breakingthe treeinto pairsof pathsconsistingof a 5-
nodepathanda singleton,asshavn ontheright. O

The above corollary saysthatthe worst-casenumberof vertices
pertriangleis betweerb/3 and?2 for puresequentiastrips,between
5/3 and 7/4 for sequentiaktripsallowing zero-aredriangles,and
atmost1.8 for mixed strips. In Section6, we seethat, in practice,
our heuristicsdo betterthantheseworst-casdoundswith our best
methodaveragingaboutl.21 verticesper triangle (allowing zero-
areatrianglesin sequentiabtrips).

Figure3: Lower-boundexamplefor the Corollary.

4 Stripification Algorithm

Our stripificationalgorithmconsistwof five steps:

(1) computinga triangulationof facesof the modelthat are not
alreadytriangles;

(2) constructinga spanningree, 7T, in thedualgraphg of thetri-
angulation;

(3) partitioning7 into asetof paths correspondingo Hamiltonian
triangulations;

(4) greedily decomposingthe correspondingHamiltonian strips
into sequentiabr fantristrips;and

(5) concatenatinghorttristripsinto longertristrips, usinga setof
postprocessinpeuristicsappliedto theresultof Step(4); see
Sectionb.

For (1), we have integratedand enhancedhe FI ST [10] sys-
tem, which robustly triangulatespolygonalmodels,evenif highly
degenerateor corrupted. Our modificationof FI ST enablesusto
outputtriangulationsof corvex facesthat are puretri-strips, or to
leave corvex facesuntriangulatedandtriangulateonly all concae
faces).

For Step(2), we have implementedstandarddepth-firstsearch
(DFS) andbreadth-firstsearch(BFS), and we have alsodeviseda
hybrid variantthat doesDFS, but returnsto the highest level node
notyetfully explored.

For (3), we applyour“bottom up” PathPeelingAlgorithm, from
Lemma4 of thelastsection.This guaranteethateachpath(Hamil-
tonian strip), exceptpossiblyfor one,will have at leastthreetri-
angles. We alsodevised an optimal algorithm, basedon dynamic
programmingto partition7” into a minimum numberof sequential
tristrips; seeSections.

The overall goalin Step(2) is to build a spanningtree 7 of G
thathasa smallnumberof nodesof degreetwo, asthis will result
in a smallnumberof pathsgeneratedn Step(3) of the algorithm.
BFS tendsto generatereesthat resemblebalancedbinary trees.
Therefore the numberof nodesin a BFS-treethat have two chil-
drenmaybelarge. DFS andthe hybrid searchbothtendto gener
atemore degree-onenodesthanBFS, thusreducingthe numberof
pathsgeneratedn Step(3).

P
a

BFS DFS Hybrid

Figure4: Threegraphsearchingalgorithms.

Thereis a choiceof which triangleto visit next duringthe con-
structionof 7" whene&erthegraphsearcthasenteredatrianglewith
two urvisited neighbors.Obviously, one cansimply performran-
dom marching and pick the next trianglerandomly One heuristic
for picking a“good” next trianglehasbeenimplementedy SGlin
t omesh: this heuristicpicks the trianglewith the leastnumberof
urvisited neighbors.Using this heuristicin Fig. 4(b) will find one
singlepaththatcoversS. Anotherheuristicis to keeptrack of the
sideon which the currenttrianglehasbeenenteredrom the previ-
oustriangle,andto choosehenext trianglesuchthatonealternates
theturn. This alternate-turn marching canbe expectedto help to
getlongerandthereforefewer sequentiabtrips.

We implementandtestall threegraphsearchalgorithms,BFS,
DFS, and hybrid search. For eachsearchalgorithm, we generate
thefollowing threetypesof strips:

(1) sequentiaktripsonly,

(2) fanstripsonly,

(3) bothsequentiahndfan strips.

If bothsequentiabndfan stripsaregeneratedwe favor sequential
strips. Thatis, a fanstrip will startonly if the greedydecomposi-
tionin Step(4) encountergour consecutie trianglesthatcannotbe
encodedvith a sequentiastrip.

Ouralgorithmrunsin overall linear timein theworstcase after
triangulation(Step(1)). In practice,FI ST hasbeenshavn to take
only lineartime for Step(1), see[10], especiallysincemostfaces



tendto betriangles quadrilateralsor low-cardinalitypolygons.(In
theory triangulationcanbe donein worst-casdineartime for faces
without holes,andin O(nlog n) in general.)

5 Improved Stripification Algorithm

Taking Care of Orientations

In computingtristrips, we take careto respectheorientation of the
leadingtriangle in eachtristrip, asthis givesthe renderercrucial
informationaboutthe sign (orientation)of the normalvector Fol-
lowing the convention that normal vectorspoint to the outsideof
the object, this meansthat the verticesof the first triangle have to
appeaiin counterclockwise(CCW) orientationwhenviewed from
theoutside.

Taking careof the orientationof the first triangleis no problem
for atristrip of oddlength,aswe cansimply specifyits verticesin
reverseorder However, it createsa problemfor tristrips of even
length,if their original vertex orderis inappropriate For instance,
thefirst triangleof thetristrip in Fig. 2(a)is orientedCW, but spec-
ifying theverticesin reverseorder (5,4,3,2,1) changesheorienta-
tion of thefirst triangleto CCW. However, a reversalof the vertex
orderdoesnot curethe problemfor the tristrip in Fig. 2(b). One
may eitherbreakit up or add“swap” verticesto male it a strip of
oddlength,dependingon whetheror not swapsarepermitted.

Dynamic Programming Optimization

Thegoalof our DynamicProgramming DP) algorithmis to mini-
mizethe numberof sequentiaktripsneededo cover a givenspan-
ning tree 7. We engineereaur algorithmto ensurecorrectorien-
tationsof thetristrips, provided thattheinput modelhasconsistent
orientationdor all thetriangularfaces.

For eachnodev € T, we definethe objective function f (v, 7)
to be the minimum numberof sequentiaktripsthatcanbe derived
from the subtreerootedat v, in “modes”, where“mode:” hasthe
following meaningsfori = 0,1, 2, 3,4:

0: nosequentiabtrip entersv;

1: astripentersv with aleft turnandaneven parity;

2: astripentersv with aright turn andaneven parity;

3: astripentersy with aleft turnandanodd parity;

4: astrip entersy with aright turnandanodd parity.
Here,we saya triangleis entered with a left turn by strip s if its
vertex encodingin s complieswith its orientation. Otherwise we
sayit is entered with a right turn. We alsosaythat a triangleis
enteredby strip s with an even parity if it is an even-numbered
trianglewithin s; otherwise,|t is enteredwith an odd parity. Note
that f (v, 7) doesnotincludein its countthestrip (if ary) thatenters
nodev.

Assumethat v hastwo children, “left” and“right”, which are
denotedby I andr. Thenwe canestablishthe following recursve
relations.(We notethatthis alsoworksfor modelsthatdo nothave
consistenbrientations.yor¢ = 0:

f(0,0) = min{l+ £(1,0) + £(r,0),
1+ min{(1,1), £(1,2)} + £(r,0),
1+ min{f(r, 1), f(r,2)} + £(1,0),
L+ (£(1,3) or £(1, 4)) + (£(r,3) or £(r,4))}.

f(v,0) is computeddy optimizingover all possiblecases:

1. thenodeconsistof a singletonstrip;

2. astrip startsfrom v andentersits left child with aleft (resp.,
right) turn andan even parity;

3. astripstartsfrom v andentersts right child with aleft (resp.,
right) turn andan even parity;

4. astrip passeshroughv, andentersits left child with eithera

left or right turn andits right child with eithera left or right turn,
bothwith anodd parity.
Similarly, we canestablistithefollowing recursve relations.For
i=1andi = 2:
fv,9) = min{f(,0) + f(r,0),
f(1,3) or f(l,4) + f(r,0), or
f(r,3)or f(r,4) + £(1,0)}.

Fori = 3 and: = 4:

f(v,9) = min{f(,0) + f(r,0),
f(1,1)or f(1,2) + f(r,0), or
f(r,)or f(r,2) + £(1,0)}.

If f(v,1) = f(,0) + f(r,0), i.e., if the optimal value is
achieved when the strip stopsat v with an even parity and with
aleft turn, thenits orientationcould not be corrected.Thus,in this
casewesetf (v, 1) to co.

For a leaf nodew, the boundaryconditionsare f(v,0) = 1,
f(0,1) = o0, f(1,2) = f(v,3) = f(v,4) = 0.

The optimal valueis givenby f(v,,0), wherew, is theroot of
T . To actuallybuild sequentiabtrips,onehasto storeinformation
aboutthe optimumdecompositiorat every node.

The computationcan be donein linear time, by traversingthe
treein a bottom-upfashion. Thereare only a constaninumberof
casepernodeandeachnodeis visited exactly once.

Theorem 7 In O(n) time, one can compute an optimal decompo-
sition of a tree into a minimum number of pure sequential tristrips.

Strip Concatenation

In this section,we discusshow to concatenatéristripsin Step(5)
of the Stripification Algorithm in orderto reduceboththe number
of verticesrenderedandthe numberof tristrips. We startwith ex-
plaining how to concatenatesequentialristrips if both zero-area
andduplicatetrianglesareallowed. (The simple modificationsfor
usingonly zero-aredrianglesareomittedhere.)

Let o1 = (Ul,UQ,Ug,...,Un,Un+1,1)n+2) and g2 =
(w1, U2, U3, -« -y Um, Um+1, Um+2) DE TWO Sequentialtristrips in
thetriangulationS. Assumethateitherthefirst or lasttriangleof o1
is aneighborof thefirst or lasttriangleof o». We will explain strip
concatenatiorfor the casethat (vn, vn41, Unt2) and (w1, uz, us)
areneighbors.

Theresultof strip concatenatioshouldbethatthreeconsecutie
verticesin the new strip specify eithera trianglein S or a newly
introduceddegeneratdriangle. We use“+" to denotethe binary
operationthatcombineswo sequentiabtrips. We have to consider
threecases.

Figure5: Concatenatiothatreduceghe encodingcostby two.

If Un+1 = U1 andun+2 = us then

01+ 02 (Uli Tty Uny UL, U2, U3,y " - - ,u‘m+2)'
This first casecorrespondso only oneconfiguration asillustrated
in Fig. 5. We have

(1,2,3,4,5) + (4,5,6,7,8) + (1,2,3,4,5,6,7,8).
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Figure6: Concatenatiothatreducegheencodingcostby one.

If v, = w2 OF V41 = U2 OF V1 = us, aNdv, 42 = ug then
01+ 02 (Uli ©r 0y Uny Undl, UL, U2, U3, " °, Um+2)-

This secondcasebreaksdown into threeconfigurationsasillus-

tratedin Fig. 6. Theconcatenationsorrespondingo thethreecon-

figurationsare

(1’ 2’ 37 4’ 5) + (5’ 47 6’ 7’ 8) <_ (1’ 2’ 37 4’ 5’ 4’ 67 7’ 8)’
(1’ 2) 37 4, 5) + (5) 67 4, 7’ 8) (_ (1’ 2) 37 4, 5’ 6) 47 7, 8)’
(1,2,3,4,5) + (5,3,6,7,8) « (L,2,3,4,5,3,6,7,8).
Else
014+ 02 (U1, , Un, Unt1, Unt2, U, U2, U3, ", Um+2)-

It can be easily checled that this third casecorrespondgo four
otherconfigurationsin whichtwo stripscanonly belinkedwithout
achieving areductionin the numberof vertices.

The concatenatiorof two fan stripsis simple. Similar to the
discussionabore, let o1 = (v1,:--,Un+1,Un+2) @and a2 =
(u1,u2,us,- ", um+2) be two fan strips. Without loss of
generality we assumethat the triangles (v1, vp+1,vn4+2) and
(u1,u2,us) are neighbors. Thenai and o2 may be linked if
andonly if v1 = w1 andwvpya = w2, and oy + g2 =
('Ul, oty Untl, Un42, U3, 0 ,um+2)-

Tristrips of length one (i.e., single triangles)are special. The
vertex sequenceén the strip e = (v1, v2, v3) canbe permutedin
cyclic order Thisintroducesvariationsin the basicalgorithmsfor
strip concatenation.

Our concatenatiomlgorithmachiezesonly the optimal concate-
nationfor onepairof neighboringstripso, ando2. However, astrip
of lengthonehasthreeneighboringstripswhich maybe candidates
for concatenationand a strip of length greaterthan one hastwo
terminaltriangles,.e., two candidate$or concatenationThus,the
orderof concatenatiomaymatter For abetterglobaloptimization,
threeconcatenatiostagesareperformedeachof which constructs
concatenationthatreducethe numberof verticesby 2, 1, or 0 ver-
tices per concatenation A directaddressingable canbe usedto
store for eachtriangle,theindex of its incidentalstrip o. Onepass
throughthe table checkseachtrianglethat hasa valid strip index.
Eachsuchtriangle’s neighboringtrianglesarelooked up in the ta-
ble to find their incidentalstrips, which are neighborsof . One
suchstrip is chosento be linked to o to reducethe mostnumber
of vertices. The global optimizationas mentionedabore may be
achieved by multiple passeshroughthetable. A hashtablemaybe
usedto replacethedirectaddressingableto save memoryandcom-
puting time, thoughour implementatiorchooseghe latter to ease
the codingcomplicationandyet the memoryconsumptiorandthe
increasen runningtime is negligible comparedo the otherparts
of theprogram.

In theory two tristripscanpotentiallybeconcatenateith Step(5)
by usingeithera zero-aredriangleor a duplicatetriangle. In prac-
tice, renderingtrianglesrepeatedlymay causevisual artifacts,de-
pendingon how the graphicshardvwaretreatsduplicates.With our
stripificationcodethe usercanspecifywhetherto allow no “swap”
verticeszero-aredrianglesor zero-aredrianglesandduplicatetri-
angles.

6 Results

We have conductedexperimentson various platforms; here we
reportonly on onerepresentage platform: a Sun Ultra 30 with
512MB memory runningSolaris2.6. The CPU-timeconsumption
of our code,and of the othercodes,wasobtainedby usingthe C
systemfunction “getrusage()”.We reportboth the systemandthe
usertime. Of courseary file I/O andsimilar pre-or postprocessing
is notincludedin thetimingsreported.All CPUtimesaregivenin
milliseconds.All codeswerecompiledwith GNU’s gcc, usingthe
optimizationlevel “-O2".

We compared~TSG againstthe leadingpublicly available sys-
tem, STRI PE 2.0. (STRI PE 2.0 has beenreleasedrecently;
it is ordersof magnitudefasterthan the published[8] version,
STRI PE 1.0.) All subsequentesults have been obtainedus-
ing STRI PE 2.0. For comparisorpurposesve alsotestedSGl's
t omesh.

Making STRI PE reportthe sametypeof statisticsdataasFTSG
andt omresh turnedout to be a cumbersomeask. STRI PE has
mostl/O operationgightly interwoven with its algorithm, andits
accountings not entirely reliable. We modified STRI PE in order
to excludefile I/0 fromtiming. Also, we decidedo parseheoutput
generatedy STRI PE in orderto obtainthestatisticsdatareported
here. (Of coursethereliability of STRI PE wastestedby running
theoriginal code.)

Our datasetdncluded mary standardmodelsavailable on the
web, with sizes ranging from 32 verticesto 543,652 vertices
(1,087,716triangles). We testeda variety of 107 models,includ-
ing modelsof buildingsandcrafts(designedn CAD systems)and
modelsof animalsandfictional characterghat weretypically de-
rived from scanneddata. We alsoincludeda few highly regular
polyhedralmodelsof machiningtools. Typically, thosemodelsre-
quiredonly oneor avery smallnumberof sequentiabtrips.

Wefirsttriedto determinesxperimentallywhich combinationof
heuristicsyieldedthe bestresults.Parametersn our testsincluded

e searchingthe dual graph by meansof depth-first (-dfs),
breadth-firs(-bfs), or hybrid search(-hyb);

e usingrandommarching(-rnd) or alternate-turrmarching(-
alt) duringthegraphsearch;

e enablingtheuseof zero-aredriangles(-zero)or duplicatetri-
angleq-dup)duringthe strip concatenation.

e generatingsequentiaktrips (-seq), fan strips (-fan), or both
sequentiabndfanstrips(-seg-fan).

In all ourtestsFTSGwasrequiredto generatearistripsthatarecon-
sistentwith the orientationof thefacesof amodel(if suchaconsis-
tentorientationexisted).

Theresultsof our testsare summarizedn Table 1, which lists,
averagedover all our models,the averagenumbersof verticesper
triangle and the averageCPU time (in milliseconds)per triangle.
The differentheuristicsare arrangedn sortedorderaccordingto
their performance.

Using the alternate-turnheuristic for depth-first searchand
allowing zero-areatrianglesfor concatenatingourely sequential
tristripsyieldedthe bestresults with anaverageof 1.23verticesper
triangle.(Theuseof duplicatetrianglesfurtherdecreasethis num-
berby about1%, but duplicatetriangleshave beenruled out since
they might causevisual artifactson somegraphicshardwares.) In
general depth-firstsearchwith the alternate-turrheuristicyielded
slightly betterresultsthanthehybrid searchandbothperformedby
far betterthanbreadth-firssearch.

It is interestingto seethat usingfan stripsin conjunctionwith
sequentiaktrips doesnot help to decreasehe vertex count. This
obseration is also confirmedby Fig. 7. It shawvs the percentage



[ method | avg.VIT | CPU(ms) ||
-dfs -alt -seq -zero 1.23 0.009
-dfs -alt -seq -fan -zero 1.24 0.010
-hyb -alt  -seq -Zero 1.25 0.013
-hyb -alt -seq -fan -zero 1.27 0.013
-hyb  -rnd  -seq -zero 1.28 0.012
-dfs -alt -seq 1.29 0.009
-dfs -rnd -seq -zero 1.29 0.011
-hyb -alt  -seq 1.32 0.012
-hyb -alt -seq -fan 1.33 0.011
-bfs -alt -seq -Zero 1.33 0.010
-hyb  -rnd  -seq 1.36 0.010
-dfs -rnd -seq 1.38 0.009
-dfs  -alt -fan 1.57 0.010
-hyb -alt -fan 1.58 0.014
-hyb -alt -fan -zero 1.58 0.013

Tablel: Performancef differentheuristicaimplementedn FTSG
averageverticespertriangle(*V/T”) andCPUtime (in ms).

of the modelsthe second-to-fourthbestheuristicsproducedesults
that were at leastk timesthe resultsachieved by using“-dfs -alt
-seg-zero”, or at mostk timestheresultsfor “-dfs -alt -seq-zero”
(for k < 1). The combination®-dfs -alt -seq-fan-zero”is nearly
identical (but slightly worse)than“-dfs - alt -seq-zero”. We con-
cludethatusingfanstripsdoesnot seemto pay off.
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Figure7: Encodingquality of heuristicsof FTSG relative to using
“-dfs -alt -seqg-zero”

We also determinedthe bestcombinationof heuristicsfor the
DP algorithm. The resultsof our testsaresummarizedn Table2.
As above, depth-firstsearchusingalternate-turrmarchingyielded
the bestresult: on average,it needsl.21 verticesper triangle (if
concatenatioy meansof zero-aredrianglesis allowed),andcon-
sumesabout0.014millisecondspertriangle. Whenusingpurese-
quentialstripsthe averagevertex countgoesupto 1.24.

We comparedFTSG againstSTRI PE 2.0. Since STRI PE
cannothandle models with non-cowex polygonal faces, which
amountedio about50% of our models,we usedFI| ST to gener
ate triangulationsof our models. (STRI PE crashesor produces
garbagewvhenappliedto concae faces.)In oneseriesof tests,all
corvex faceswereleft untriangulatedn orderto allow STRI PE to
triangulatethemaccordingto its own heuristics. STRI PE turned
out to be unreliableat times, and we had to restrict our teststo

l method | avg.VIT | CPU(ms) ||

-dfs -alt -DP -zero 1.21 0.014
-hyb -alt -DP -zero 1.22 0.016
-dfs -alt -DP 1.24 0.013
-hyb  -rnd -DP -zero 1.25 0.016
-hyb -alt -DP 1.26 0.015
-dfs -rnd -DP -zero 1.26 0.014
-hyp -rnd -DP 1.30 0.015
-dfs -rnd -DP 1.31 0.013

Table 2: Performancef differentheuristicsfor the DP algorithm
implementedin FTSG. averageverticesper triangle (“V/T”) and
CPUtime (in ms).

l method | avg.VIT | CPU(ms) ||
-dfs -alt -DP -zero 1.21 0.014
-dfs -alt -seq -zero 1.23 0.009
-dfs -alt -DP 1.24 0.013

tonesh 1.36 0.027
STRI PE (corvex faces) 1.36 0.263
STRI PE (fully triangulated) 1.39 0.071

Table 3: Performancef the differentstripificationcodes:average
verticespertriangle(“V/T") andCPUtime (in ms).

those88 (out of 107) modelsthat STRI PE could handle. (FTSG
hasno problemhandlingary form of polyhedralmodel asit al-
waysusesF| ST asa preprocessingool for triangulatingpolyhe-
dralfaces.Notetoo that STRI PE becomesnorereliablewhenus-
ing FI ST asafront end.) For comparisorpurposesve alsotested
SGl'st onesh.

Theresultsaresummarizedn Table3, andin Fig. 8 andFig. 9.
(We usedFTSG s heuristics'-dfs -alt -DP -zero” for thesecompar
isons.) The plots shav the percentag®f the modelsin which the
othertwo codesproducedresultsthatwereat leastk timesthere-
sultsof FTSG, or atmostk timestheresultsfor FTSG (for k£ < 1).
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Figure 8: CPU-time comparisonof the stripification codesw.r.t.
FTSG"“-dfs -alt-DP -zero”

FTSGwasalwaysfasterthanSTRI PE ort onmesh. Onaverage,
FTSG needs0.014 milliseconds(ms) per input triangle,t onesh
needs).027msandSTRI PE needd.071msfor fully triangulated
facesrespectrely 0.263msfor non-triangulateatonvex faces.For
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Figure9: Encodingquality of the stripificationcodesw.r.t. FTSG
“-dfs -alt-DP -zero”

20% of the models,t omesh neededat leasttwice asmuch CPU

timeasFTSG. STRI PE neededatleasttwice asmuchCPUtime as
FTSG for all models. For fully triangulatedmodelsit wasat least
five timesasslow asFTSGfor 18% of the models,andat least10

timesasslow for 6% of the models.For modelswith convex faces
left untriangulatedijt was at leastfive timesasslow as FTSG for

45% of themodels,10 timesasslow for 33%,and20timesasslow

for 22%of themodels.

On average, FTSG needs 1.21 vertices per input triangle,
t onesh needsl.36vertices,andSTRI PE needsl.39verticesfor
fully triangulatedfacesand1.36verticesfor non-triangulateadon-
vex faces: For 80% of the modelsFTSG performedbetterthan
STRI PE (if corvex facesareleft untriangulated)For fully triangu-
latedmodelsthis percentaggoesupto 93%for t onesh and89%
for STRI PE. For 38% respectrely 55% of the modelsSTRI PE
neededat least10% moreverticesthan FTSG. (For t onesh, this
percentagavas53%.) While t onesh hardly ever generateden-
codingswith fewer verticesthan FTSG, STRI PE was betterfor
11% of the models,if corvex facesareleft untriangulated As we
have seen this win for 11% of our modelscomesat the price of
a CPU consumptionthat is drastically worsethan FTSGs CPU
consumption. Note that FTSG performsbetterthan STRI PE or
t omesh evenwhenit doesnot useswapvertices,seethe entryfor
“-dfs -alt-DP” in Table3.

STRI PE generatesignificantlyfewer stripsthanFTSG, but still
usesmore vertices. We note that the objective of the currentDP
algorithmis to minimize the numberof sequentiatristrips. Some-
timesthis comesatthe expenseof quite a few singletonstrips(i.e.,
stripsof lengthone). We have startedto experimentwith modified
objective functionsthatallow usto minimize the numberof strips
while avoiding the generatiorof too mary singletonstrips. We ex-
pectthatajudiciouslymodifiedobjective functionwill decreas¢he
numberof verticespertriangle.

FTSG shavs no significantvariation of the main performance
parameters.lts cpu-time consumption(per triangle) varies very
little, asdoesthe numberof verticesper triangle. Summarizing,
FTSGis ordersof magnitudegasterthanthe publishedSTRI PE 1.0,

1Therearesomecasesn whichourresultsfor STRI PE differ from what
is reportedin [8]. Therearetwo reasondor this: (1). STRI PE doesnot
handleconcae polygonalfacesthus,we pre-triangulate@ll concae faces
prior to applying STRI PE); and (2). thereare someerrorsand inconsis-
tenciesin how STRI PE countsvertices. Thus,our resultsare basedon a
carefulparsingof the output setof tristripsfrom STRI PE (run with its de-
faultoptions).

and performs much more predictably (and typically better)than
STRI PE 2.0andt onesh, while beingsubstantiallyfasteron av-
erage.

7 Conclusion

We have shawvn that our methods,implementedin FTSG, com-
parefavorably with prior methodsof stripification, both in terms
of speedandin termsof quality. We anticipatethat animproved
objective function for the DP approachwill help to improve our
resultseven further We also plan to optimize over all spanning
trees,e.g., by branchand boundor by randomization. This will
give the optimum (minimum) encodingof a model,andwill allow
usto compareour heuristicsto the optimum.
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Figure10: Resultsof FTSGstripificationof thecow. Above: Strip-
ified cow, with differentstrips having differentcolors; Belov: A
zoomedview, with spanningtree edgeshighlightedon the cown’s
head.

Figure 11: Resultsof FTSG stripification of the shark. Above:
Stripified shark, with differentstrips having differentcolors; Be-
low: A zoomedview, with spanningreeedgeshighlighted.



