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Abstract

A fundamentalalgorithmicproblemin computergraphicsis thatof
computingasuccinctencodingof atriangulationof apolygonalsur-
facemodelin orderto beableto transmitandrenderit efficiently.
Thegoal is to take a givenpolygonalsurfacemodel,whosefacets
aregivenby (possiblymultiply-connected)polygons,triangulateits
facets,andthendecomposethe triangulationinto a small number
of “tristrips,” eachof which hasits connectivity storedimplicitly
in the orderingof the datapoints. We develop methodsthat are
effective in solvingthestripificationproblem,bothin theory(prov-
ably goodencodings)andin practice. Our methodsarebasedon
carefullyconstructedsearchtreesin thedualgraph,followedby al-
gorithmsto decomposedualtreesinto tristrips.Onedecomposition
algorithm is provably optimal (basedon dynamicprogramming),
allowing usa soundbasisof comparisonamongour other(heuris-
tic) algorithms.We demonstratethespeedandeffectivenessof our
algorithmsthrougha batteryof experiments.In comparisonwith
therecentlyreleasedSTRIPE systemfor stripification,wefind that
our stripifier, FTSG, producescomparableor betterquality encod-
ings, while requiringsignificantly lesscomputingtime on a large
varietyof datasets.Further, FTSG is carefullyengineeredandim-
plementedto be robust, even in the faceof highly degenerateand
corruptedreal-world data.

CR Categories: I.3.3 [Computer Graphics]: Picture/Image
Generation—displayingalgorithms; I.3.5 [Computer Graphics]:
ComputationalGeometryandObjectModeling—Geometricalgo-
rithm, languages,andsystems.

1 Intr oduction

Weconsideraproblemof importancein graphicsandvisualization:
computinga succinctencodingof a triangulationof a polyhedral
modelin orderto beableto transmitandrenderit efficiently.

CAD/CAM andvirtual environmentsapplicationsoften require
thatvery complex datasetsbevisualizedat real-timerates.Current
3D graphicsrenderinghardwareoften facesa memorybus band-

�
xxiang@ams.sunysb.edu�
held@cosy.sbg.ac.at.Also with Institut für Computerwissenschaften,
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width bottleneckin the processor-to-graphicspipeline. Onenatu-
rally wantsto avoid renderingunnecessarytriangles(e.g.,through
visibility culling). Also, it is commonto simplify and approxi-
matecomplex models. But it is also important to minimize the
time neededto transmit � trianglesthatareto berendered,e.g.,by
compressingthegeometricandtopologicalinformationin amodel,
transmittingthecompresseddata,anddecompressingat therender-
ing stage,hopefullyusinga very smallon-chipcache.

A commonencodingmethodis basedon “tristrips,” which per-
mit a2-vertex cache:whenvertex �	��

� is transmitted,it determines
a triangle togetherwith the cachevertices �������	��
�� . A tristrip is
an orderedsequence(with repetitions)of vertices, ��� � ��������������� ,
which encodes a setof � �"! triangles. A sequential tristrip en-
codesthesetof triangles#$��� � ��� ��
�� ��� ��
%� ��& , ')(+*,(-�.�/! ; a fan
tristrip encodestheset #0���1�2���	��
������	��
%����& , all of which contain�$� .
Fig. 1 givesa sequentialtristrip encodingof 12 triangles.

In anidealencoding,by a singletristrip, only �43+! (ratherthan5 � ) verticeswouldhave to betransmittedfor a triangulationwith �
triangles.In general,if weareableto decomposeasurfacetriangu-
lation into 6 tristrips,we will needonly �43+!	6 vertices.
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Figure 1: The triangulation is encoded using one tristrip:
(1,2,3,4,1,5,6,7,8,9,6,10,1,2).

Our Contrib utions

(1) An efficient(provably linear-time)robust algorithmfor decom-
posingapolygonalmodelinto asmallnumberof tristrips.The
stripificationalgorithmis a three-phasemethod,basedon (i)
computinga spanningtreeof the dual graphof a triangula-
tion, usingvariantsof breadth-firstanddepth-firstsearching,
(ii) partitioningatreeinto tristrips,and(iii) performingacon-
catenationphase,to join smallstripsinto largerstrips.

(2) A linear-time algorithm,basedon dynamic-programming,for
optimally performing phase(ii), extracting the minimum
numberof sequentialtristripsfrom a givenspanningtree.

(3) A theoreticalanalysisof thenumberof verticesrequired,in the
worstcase,to encodea triangulationusingtristrips.



(4) Experimentalanalysisof our algorithmson a wide variety of
sampledatasets,showing thatour methodscomparequitefa-
vorablywith a leadingpublicly availablestripificationsystem
(STRIPE) [8]. We obtainordersof magnitudeof speed-up
over the publishedversionof STRIPE, and our algorithms
remainsignificantly fasterthan the newly released(unpub-
lished) STRIPE 2.0. In terms of compression,our meth-
odsalsoimprove uponSTRIPE, decreasing,on average,the
numberof verticesrequiredto encodea triangulation. We
alsocomparefavorably with the “tomesh” utility provided
by SGI. Furthermore,our algorithmis robust in its ability to
handlea widevarietyof real-world datasets.

(5) Our resultsare the first to study systematicallythe effect of
allowing bothsequentialandfantristrips.

Related Work

Therehavebeenseveralworksonconstructingtristrips.Arkin etal.
[2] studysequentialtriangulationsof pointsetsandpolygons.They
show that testingwhethera given triangulationof a point set or
polygonis sequentialcanbe donein linear time. They alsoprove
that certainnon-degeneratepoint setsin the planedo not admit a
sequentialtriangulation,andthattherelatedproblemof computing
a Hamiltoniantriangulationis 798 -hardfor polygonswith holes.

A program that SGI develops in [1] producesgeneralized
tristrips. Its heuristictendsto createstrips that begin andendon
faceswith fewestnumberof neighborsin thetriangulation,soasto
reducethe numberof isolatedtriangles. Startingfrom oneof the
triangleswith fewestneighbors,a greedyalgorithmchooses,from
its neighbors,the trianglewith the fewestnumberof neighborsas
thenext triangle.If thereis a tie, theprogramlooksaheadonestep
to checkneighbor’s neighborsfor fewestnumberof neighbors.If a
tie occursagain,thestripcontinuesin anarbitraryvalid way.

Another recently implementedstripifier is “STRIPE” [7]. It
adoptsSGI’sheuristicdescribedabove asits localalgorithm.How-
ever, for datathatcontainsquadrangles,STRIPE usesa globalap-
proach(“patchification”)to constructlongstripsfrom largepatches
of quadrangles.Their implementationclaimsto handlemodelscon-
tainingconvex polygonalfaces.

Our methodis perhapsmost closely relatedto that of Speck-
mannandSnoeyink [11], who implementedanalgorithmspecially
designedfor TIN (TriangulatedIrregular Network) models. They
employ a uniquetraversalalgorithmto find the spanningtreesof
the dual graphsof TIN models. The spanningtreesneednever
be explicitly determined,but are traversedin the greedyprocess
of finding sequential strips. They alsohave a “cleanup” phasein
which leftover singletrianglesarecombinedwith longertristrips.

Deering [5] considersgeneralized triangle meshes, having a
cachefor :-! vertices,to facilitategeometrycompression;particu-
larly efficientalgorithmsfor obtainingsuchcompressionsaregiven
by Chow [4]. Bar-YehudaandGotsman[3] useplanarseparator
theoremsto show that a vertex cacheof size ;<�>= �?� is sufficient
andsometimesnecessaryto attainoptimaltransmission(onevertex
per triangle). GumholdandStraßer[9] alsodevelop a connectiv-
ity compression/decompressionmethod,usinga cachethatpermits
onevertex pertriangletransmitted.

Therehasbeenrecentwork leadingto impressive resultson the
compression,of bothconnectivity andgeometry, of manifoldtrian-
gular meshes;see,e.g.,Taubinet al. [12, 13]. Their compression
is not basedon stripification,sodoesnot producethe tristrips that
we desire;however, their “TopologicalSurgery” technique,which
employs a spanningtreeof thevertices,leadsto connectivity com-
pressionsapproachingless than ! bits per triangle. Toumaand
Gotsman[14] developedanothermethodthatachievesasubstantial
improvement,using lessthan '	� @ bits per vertex, on average,for
connectivity compression.We notethat thesenon-tristripmethods

of compressiondonothavethefeaturethat,onaverage,eachvertex
is transmittedtwice, aswe have with tristrips: even if a triangula-
tion canbeencodedwith a singletristrip (onevertex per triangle),
it will requireroughly !2� verticesin the encoding,assumingthat
every trianglehas3 neighboringtriangles,sincethereare !A�B�+C
trianglesin a triangulatedplanargraphon � vertices.

SGI’s tomesh was initially designedto constructgeneralized
tristrips. It doesnot hesitateto use“swaps” to make longerstrips.
The cost is one bit per “swap” in Irix GL, but is one vertex per
“swap” in OpenGL.As a result, a generalizedtristrip containing� trianglesmay be encodedwith far more than �D3E! vertices.
STRIPE inherits the sameproblemand the implementationruns
relatively slow in practice.SpeckmannandSnoeyink’s implemen-
tationis fastandmemory-efficient. However, it is designedfor TIN
models,andit usuallytransmits

5 �F@	G moreverticesthanSTRIPE
does,sinceit producesa largernumberof strips[11].

Denny andSohler[6] considera relatedproblemof encodinga
triangulationby a permutationof its vertex set,by meansof con-
structingahierarchicalfamily of decimatedtriangulations,with the
orderof theverticesdeterminingthereconstructionof thetriangu-
lation; their goal,however, wasnot to obtaintristrips.

2 Preliminaries

We begin with somebasicdefinitions.A polygonal surface model,H
, is asetof polygonal faces thatrepresenttheboundaryof apoly-

hedralobjectin 3-space.Eachpolygonal face is representedby a
circularlist of vertices thatdescribetheouterboundaryof theface,
followedby a possiblyemptylist of holes. A polygonalfacewith
no holesis saidto be simply connected, while a facewith oneor
moreholesis multiply connected. Eachpolygonalfaceis usually
expectedto lie in a planeandeachhasanassociatedoutwardsur-
facenormal. Note, however, that real-world datawill often have
non-coplanarvertices.

Theinput to ouralgorithmsis ageneralpolygonalsurfacemodelH
. We useanenhancementof FIST [10] to triangulate(robustly)

eachfaceof
H

. FIST is carefully designedto be able to handle
arbitrarily nonplanaror corruptedpolygonaldatain a reasonable
manner. Thus,for mostof our discussion,we will assumethat

H
is

a triangulated model (or a triangulation), meaningthat every one
of its facesis simplya triangle.

In general,
H

mayconsistof severalconnectedcomponents;our
analysiswill applyto eachcomponentseparately, sowecanassume
that
H

is connectedfrom now on.
A manifold edgeis an edgecontainedin exactly two incident

triangles,which arecalledadjacent, while a non-manifold edgeis
containedin more than two incident triangles. A boundary edge
onlybelongsto onetriangle.In ourimplementation,anon-manifold
edgewill besplit andits incidenttrianglesarepairedanddistributed
suchthateachinstanceof theedgebecomeseithera manifold edge
or a boundary edge. We definethe adjacency graph, I , of a tri-
angulatedmodel

H
thatcontainsno non-manifoldedges,to be the

graphwhosenodesarethe faces(triangles)of
H

andwhoseedges
link pairsof adjacentfaces.We seethatthedegreeof eachnodeofI is atmostthree.If

H
is a2-manifold, meaningthateverypointof

thesurfacehasa neighborhoodhomeomorphicto a 2-disk, then I
is a 3-regular graph(every nodehasdegreeexactly three).

We adoptsomeof thedefinitionsfrom Arkin et al. [2]. A trian-
gulation

H
is Hamiltonian if the graph I hasa Hamiltonianpath,

meaningthatthereexistsa pathin I thatvisits eachnode(triangle
of
H

) exactly once. A triangulation
H

is sequential if thegraph I
hasaHamiltonianpathsuchthatnothreeconsecutiveedgescrossed
by thepathareincidentonacommonvertex. Equivalently,

H
is se-

quentialif thereexistsa vertex sequence,JLK.��� � ��� � �������M���	N 

� � ,
possiblywith repetitions,such that the � trianglesof

H
are ex-

actly given by the triples of consecutive vertices in the listing:



��� � ��� � ����O2� , ��� � ���	O����	P2� , �������M���	N
����N 
�� ���	N 

� � . A triangulation
H

is fan if the graph I hasa Hamiltonianpath suchthat all edges
crossedby thepathareincidentona commonvertex.

In somecases(e.g.,Iris GL), it is usefulto defineamoregeneral
notion of “sequential”,in which we permit swaps, specialmarks
(bits) within a vertex sequenceto indicatean exchangeof the two
cachevertices. Alternatively (e.g., OpenGL),a swap can be ef-
fectedby sendinga zero-areatriangle(transmittinganextra vertex
insteadof a “swap” bit). For example, ��'	�Q!$� 5 �QR�SUT2VW�XCY�Z@�� yields
triangles ����'��Q!0� 5 � , � 5 �Z!$��C0� , �[!0��CY�Z@	��� , which alsoresultfrom the
sequence��'	�Z!$� 5 �Z!$��C1�Z@�� (having zero-areatriangle �[!0� 5 �Q!	� ). An-
other way to achieve this result is to allow duplicate trianglesto
be encodedin the strip: ��'��Z!0� 5 ��C1�Q!$�Z@	� , which repeatsthe trian-
gle �[!0� 5 ��C\� (as � 5 ��CY�Z!	� ). A sequentialtriangulationis pure if the
sequencecontainsno zero-areaor duplicatedtriangles.

A tristrip J is anorderedsequence(with repetitions)of vertices,���$�M����������� � � , whichencodes asetof �]�^! triangles.A sequential
tristrip encodesthe set of triangles #$��� � ��� ��
�� ��� ��
%� ��& , '+(_*`(�"�a! ; a fan tristrip encodestheset #$���$�M���	��
?�M���	��

����& , all of which
contain �1� . With a slight abuseof notation,we refer both to the
vertex sequenceandto theencodedsetof trianglesasthe“tristrip”.
Thus,a triangulation

H
is sequential (resp.,fan) if its trianglesare

encodedby a singlesequential(resp.,fan)tristrip.
We are interestedin partitioning

H
into a small number, 6 , of

tristrips, #2J%�M����������Jcb\& , which encode
H

. Associatedwith sucha
partitioningof

H
into tristripsthereis anencoding cost. Typically,

we take the encodingcost to be the numberof verticesin the en-
coding(i.e., thesumof thelengthsof thetristrips).

3 Theoretical Anal ysis

Ourgoalin thissectionis to giveguaranteedboundsonthefunctiondYe ���%� , whichgivestheworst-caseencodingcostfor puresequential
stripsasafunctionof thenumber� of trianglesin atriangulation

H
.

We definethe cost
dgfe ���%� similarly for sequentialstripsthatallow

zero-areatriangles,and
d eZh i ���%� for encodingsusingbothsequential

and fan strips. Using our standarddefinition of encodingcost in
termsof thetotal numberof vertices,we seethatwe need�439!A6 �
verticesfor agiventriangulation

H
, where6 � denotestheminimum

numberof tristrips in any partitioningof
H

into (pure)sequential
tristrips.

Lemma 1 Any (connected) triangulation
H

consisting of exactly
three triangles is sequential; thus,

dYe � 5 �jKk@ .
Proof. Clearly, if

H
is connectedandhasexactly threetriangles,it

is Hamiltonianandis topologicallyequivalentto theconfiguration
shown in Fig. 2(a),whichcanbeencodedwith thesinglesequential
strip ��'��Q!0� 5 ��C1�Z@�� . lm

Lemma 2 Let
H

be a Hamiltonian triangulation consisting of four
triangles. Then

H
is either sequential or fan; thus,

d eZh i ���%�nKpo .
Further,

dqe ��C0�jKsr and
d fe ��C0�jKut .

Proof.
H

musthave thestructureof either(b) or (c) in Fig. 2. One
(case(b)) canbeencodedsequentially, andtheother(case(c)) can
beencodedasa fan strip. Thus,

dYeZh i ���%�vKso . If wemustusepurely
sequentialstrips,thenin case(c) we areforcedto have two strips,
resultingin anencodingcostof 8 (insteadof 6, for case(a)). If we
allow zero-areatriangles,thencase(c) resultsin anencodingusing
only 7 vertices: (2,3,1,4,1,5,6).(Alternatively, onecanencodeit
with 6 verticesanda swap: �[!0� 5 �M'	��CY�ZR�SwT2VW��@0��o\� .) lm

Considernow a triangulation
H

, having � triangles, that is
Hamiltonian,with Hamiltonianpath x . We can find the longest

(a) (b) (c)
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Figure2: Hamiltoniantriangulationsof length
5

and C .

prefix subpath,x f , of x for which the correspondingsetof trian-
glesis sequential;this is readilydonein time ya��z x f z � , in thesame
mannerthatonetestsfor a triangulationbeingsequential([2]). By
Lemma1, we know that z x f z|{ 5 . Thus,usinga simplegreedy
algorithm,in whichweiteratively selectthelongestprefixof x that
is sequential,andthenremove it, we seethat the result is a setof
at most }~�%� 5A� sequentialtristrips that partition

H
. (This boundis

tight: considera fantriangulation.)Similarly, if we allow bothse-
quentialandfantristrips,we will needat most }~�%�2C � tristrips(and
onecanagainshow that the boundis tight). The result is the fol-
lowing lemma:

Lemma 3 Using only (pure) sequential tristrips, a Hamiltonian
triangulation has encoding cost at most �|3^!
}~�%� 5A� (u�[@A��3�C0��� 5 .
Using both sequential and fan tristrips, the encoding cost is at most�^3s!
}~�%�2C � (�� 5 ��3 5 ���	! . Such encodings can be computed inya���%� time.

Now consideranarbitraryconnectedtriangulation,
H

, with each
edgebelongingto at mosttwo triangles.Let � denotea spanning
treeof theadjacency graphI for

H
. Then,sinceeachnodeof I has

degreeat most three,we know that we canroot � in sucha way
that it is a (rooted)binary tree,simply by rooting it at any nodeof
degreeat mosttwo.

Lemma 4 Any rooted binary tree can be partitioned in linear time
into a set of paths, such that every path in the partition, except for
at most one, consists of at least three nodes.

Proof. We give a constructive proof,basedon thefollowing

Path Peeling Algorithm:

(1) Let � beanodeof maximumdepthamongnodesthathave two
childrenin thetree.If no such� exists,go to step(3).

Then,thesubtreerootedat � mustconsistof a path, xc� ; oth-
erwise,thereexistsanodeof greaterdepththan � thathastwo
children,contradictingthechoiceof � . Further, x � hasatleast
threenodes.

(2) Remove x � from thetree.If thetreeis emptynow, stop;other-
wise,go to step(1).

(3) (No nodeof thetreehastwo children.) In this case,thetreeis
alreadyapath(possiblyconsistingof only oneor two nodes),
sowe reportit andstop.

Thealgorithmcanbe implementedin linear time, sinceeachnode
canbelabeledwith its depthanddegreeandeachpaththatis peeled
off canbechargedto thenodesof thepath. lm

Theorem 5 For any connected triangulation
H

of � triangles, one
can compute in ya���%� time a pure sequential encoding of

H
with

at most !A��3]' vertices. In the case of sequential strips allowing
zero-area triangles (resp., sequential and fan strips), one obtains a
bound of }��[t��2C0�X� � 3"' (resp., '	� rA��3-'�� ! ).



Proof. Welet � beany spanningtree(e.g.,adepth-firstsearchtree,
which is computablein lineartime) for thedualgraph I of

H
. We

thenapplythe“PathPeelingAlgorithm” of Lemma4 to decompose� into pathseachof length 3 or more (except, possibly, for one
path). Now consideronesuchpath x , andlet * be the numberof
its triangles.Obviously, thecostsare3, 4, and5 for pathsof length*,K�'��Q!0� and3. By Lemma3 we geta costof �[@A*g3�C0��� 5 (s!2* for*�{9C . Summingover all thepathsyieldstheclaim. (Notethatone
pathmaybeof length *�K�' , requiring !A*g3"' vertices.)

A similar analysiscanbeappliedto thecasein which we allow
both sequentialand fan tristrips, or in which we allow zero-area
trianglesin thesequentialstrips. lm

Corollary 6�[@	� 5 �X�D( dqe ���%��(-!2��3-'���[@	� 5 �X�D( d fe ���%��(�}��[t	�AC\�X� � 3"'��d eZh i ���%��(k'�� rA��3s'	� !$�
Proof. The upperboundscomedirectly from the theoremabove.
The lower boundscomefrom a family of examples,oneof which
is shown in Fig. 3. Thedual treefor the triangulationcanbe par-
titioned into �%�AC pathseachhaving four nodes,as shown in the
middle figure; this is the resultproducedby our Path PeelingAl-
gorithm. Onecanarguethat the optimal partitioning,however, is
obtainedby breakingthe treeinto pairsof pathsconsistingof a 5-
nodepathanda singleton,asshown on theright. lm

Theabove corollarysaysthattheworst-casenumberof vertices
pertriangleis between5/3and2 for puresequentialstrips,between
5/3 and7/4 for sequentialstripsallowing zero-areatriangles,and
at most1.8 for mixedstrips. In Section6, we seethat, in practice,
ourheuristicsdobetterthantheseworst-casebounds,with ourbest
methodaveragingabout1.21verticesper triangle(allowing zero-
areatrianglesin sequentialstrips).
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Figure3: Lower-boundexamplefor theCorollary.

4 Stripification Algorithm

Our stripificationalgorithmconsistsof five steps:

(1) computinga triangulationof facesof the model that are not
alreadytriangles;

(2) constructinga spanningtree, � , in thedualgraph I of thetri-
angulation;

(3) partitioning� intoasetof paths,correspondingto Hamiltonian
triangulations;

(4) greedily decomposingthe correspondingHamiltonian strips
into sequentialor fantristrips;and

(5) concatenatingshorttristripsinto longertristrips,usinga setof
postprocessingheuristicsappliedto theresultof Step(4); see
Section5.

For (1), we have integratedandenhancedthe FIST [10] sys-
tem,which robustly triangulatespolygonalmodels,even if highly
degenerateor corrupted.Our modificationof FIST enablesus to
outputtriangulationsof convex facesthat arepuretri-strips, or to
leaveconvex facesuntriangulated(andtriangulateonly all concave
faces).

For Step(2), we have implementedstandarddepth-firstsearch
(DFS) andbreadth-firstsearch(BFS),andwe have alsodeviseda
hybrid variantthatdoesDFS,but returnsto thehighest level node
notyet fully explored.

For (3), weapplyour “bottomup” PathPeelingAlgorithm, from
Lemma4 of thelastsection.Thisguaranteesthateachpath(Hamil-
tonianstrip), exceptpossiblyfor one,will have at leastthreetri-
angles.We alsodevisedan optimal algorithm,basedon dynamic
programming,to partition � into a minimumnumberof sequential
tristrips;seeSection5.

The overall goal in Step(2) is to build a spanningtree � of I
thathasa smallnumberof nodesof degreetwo, asthis will result
in a smallnumberof pathsgeneratedin Step(3) of thealgorithm.
BFS tendsto generatetreesthat resemblebalancedbinary trees.
Therefore,the numberof nodesin a BFS-treethat have two chil-
drenmaybe large. DFSandthehybrid searchboth tendto gener-
atemoredegree-onenodesthanBFS,thusreducingthenumberof
pathsgeneratedin Step(3).

s

BFS

s

DFS

s

Hybrid

Figure4: Threegraphsearchingalgorithms.

Thereis a choiceof which triangleto visit next duringthecon-
structionof � wheneverthegraphsearchhasenteredatrianglewith
two unvisited neighbors.Obviously, onecansimply performran-
dom marching andpick thenext trianglerandomly. Oneheuristic
for pickinga “good” next trianglehasbeenimplementedby SGI in
tomesh: this heuristicpicks thetrianglewith the leastnumberof
unvisitedneighbors.Using this heuristicin Fig. 4(b) will find one
singlepaththatcovers

H
. Anotherheuristicis to keeptrackof the

sideon which thecurrenttrianglehasbeenenteredfrom theprevi-
oustriangle,andto choosethenext trianglesuchthatonealternates
the turn. This alternate-turn marching canbe expectedto help to
getlongerandthereforefewer sequentialstrips.

We implementandtestall threegraphsearchalgorithms,BFS,
DFS, andhybrid search.For eachsearchalgorithm,we generate
thefollowing threetypesof strips:

(1) sequentialstripsonly,
(2) fanstripsonly,
(3) bothsequentialandfanstrips.

If bothsequentialandfanstripsaregenerated,we favor sequential
strips. That is, a fanstrip will startonly if thegreedydecomposi-
tion in Step(4) encountersfour consecutive trianglesthatcannotbe
encodedwith a sequentialstrip.

Our algorithmrunsin overall linear time in theworstcase,after
triangulation(Step(1)). In practice,FIST hasbeenshown to take
only linear time for Step(1), see[10], especiallysincemostfaces



tendto betriangles,quadrilaterals,or low-cardinalitypolygons.(In
theory, triangulationcanbedonein worst-caselineartimefor faces
withoutholes,andin ya���)�����v�W� in general.)

5 Impr oved Stripification Algorithm

Taking Care of Orientations

In computingtristrips,wetakecareto respecttheorientation of the
leadingtriangle in eachtristrip, as this gives the renderercrucial
informationaboutthesign(orientation)of thenormalvector. Fol-
lowing the convention that normalvectorspoint to the outsideof
the object,this meansthat theverticesof the first trianglehave to
appearin counter-clockwise(CCW) orientationwhenviewedfrom
theoutside.

Takingcareof theorientationof thefirst triangleis no problem
for a tristrip of oddlength,aswe cansimply specifyits verticesin
reverseorder. However, it createsa problemfor tristrips of even
length,if their original vertex orderis inappropriate.For instance,
thefirst triangleof thetristrip in Fig. 2(a)is orientedCW, but spec-
ifying theverticesin reverseorder, (5,4,3,2,1),changestheorienta-
tion of thefirst triangleto CCW. However, a reversalof thevertex
orderdoesnot curethe problemfor the tristrip in Fig. 2(b). One
mayeitherbreakit up or add“swap” verticesto make it a strip of
oddlength,dependingonwhetheror not swapsarepermitted.

Dynamic Programming Optimization

Thegoalof our DynamicProgramming(DP) algorithmis to mini-
mizethenumberof sequentialstripsneededto cover a givenspan-
ning tree � . We engineeredour algorithmto ensurecorrectorien-
tationsof thetristrips,providedthattheinput modelhasconsistent
orientationsfor all thetriangularfaces.

For eachnode �/�-� , we definethe objective function �W������*>�
to betheminimumnumberof sequentialstripsthatcanbederived
from thesubtreerootedat � , in “mode * ”, where“mode * ” hasthe
following meanings,for *�Ks�1��'	�Z!$� 5 ��C :

0: nosequentialstripenters� ;
1: a stripenters� with a left turnandanevenparity;
2: a stripenters� with a right turnandanevenparity;
3: a stripenters� with a left turnandanoddparity;
4: a stripenters� with a right turnandanoddparity.

Here,we saya triangle is entered with a left turn by strip R if its
vertex encodingin R complieswith its orientation.Otherwise,we
say it is entered with a right turn. We alsosay that a triangle is
enteredby strip R with an even parity if it is an even-numbered
trianglewithin R ; otherwise,it is enteredwith anoddparity. Note
that �W������*>� doesnot includein its countthestrip(if any) thatenters
node� .

Assumethat � hastwo children, “left” and “right”, which are
denotedby � and � . Thenwe canestablishthefollowing recursive
relations.(Wenotethatthis alsoworksfor modelsthatdonothave
consistentorientations.)For *?Ks� :
�W�������\��K �4����#0'�39�W���[�Q�\�
39�W���A���\�Z�'�3��4����#	�W���[�M'2�Z�Q�W���>�Z!	��&�39�W���A���\�Z�'�3��4����#	�W���A��'2�Z���W���	�Q!	��&|3+�W���>�����Z�'�3s�[�W���>� 5 � or �W���[��C0���
3k�[�W���A� 5 � or �W���A��C0����&\�

�W��������� is computedby optimizingover all possiblecases:
1. thenodeconsistsof a singletonstrip;
2. a strip startsfrom � andentersits left child with a left (resp.,

right) turnandanevenparity;
3. astripstartsfrom � andentersits right child with a left (resp.,

right) turnandanevenparity;
4. a strip passesthrough� , andentersits left child with eithera

left or right turn andits right child with eithera left or right turn,
bothwith anoddparity.

Similarly, wecanestablishthefollowing recursive relations.For*WK�' and *�Kk! :
�W������*>��K �4����#	�W���[�Q�\�
39�W���A���\�Z��W���>� 5 � or �W���[��C0�
39�W���A���\�Z� or�W���	� 5 � or �W���	��C\�%3+�W���>������&0�

For *�K 5 and *?K"C :
�W������*>��K �4����#	�W���[�Q�\�
39�W���A���\�Z��W���>�M'2� or �W���[�Z!��
39�W���A���\�Z� or�W���	��'M� or �W���	�Q!	�%3+�W���>������&0�

If �W�����M'2�uK��W���>���\�)3��W���A���\� , i.e., if the optimal value is
achieved when the strip stopsat � with an even parity and with
a left turn, thenits orientationcouldnot becorrected.Thus,in this
casewe set �W�����M'M� to   .

For a leaf node � , the boundaryconditionsare �W�������\�LK¡' ,�W������'M�vKk  , �W�����Q!	�vKk�W����� 5 �vKk�W������C\�vKs� .
Theoptimal valueis given by �W���	¢����\� , where ��¢ is the root of� . To actuallybuild sequentialstrips,onehasto storeinformation

abouttheoptimumdecompositionatevery node.
The computationcanbe donein linear time, by traversingthe

treein a bottom-upfashion. Thereareonly a constantnumberof
casespernodeandeachnodeis visitedexactlyonce.

Theorem 7 In ya���%� time, one can compute an optimal decompo-
sition of a tree into a minimum number of pure sequential tristrips.

Strip Concatenation

In this section,we discusshow to concatenatetristrips in Step(5)
of theStripificationAlgorithm in orderto reduceboth thenumber
of verticesrenderedandthenumberof tristrips. We startwith ex-
plaining how to concatenatesequentialtristrips if both zero-area
andduplicatetrianglesareallowed. (Thesimplemodificationsfor
usingonly zero-areatrianglesareomittedhere.)

Let JW� K ���$�M�����	��� O ����������� N ��� N 
��M��� N 
%�M� and Jg� K��£W����£g�	��£ O �������M��£ � ��£ � 
?�M��£ � 

�M� be two sequentialtristrips in
thetriangulation

H
. Assumethateitherthefirst or lasttriangleof J �

is aneighborof thefirst or lasttriangleof Jg� . Wewill explainstrip
concatenationfor the casethat ����Ng����N 
�� ����N 
%� � and ��£ � ��£ � ��£cO2�
areneighbors.

Theresultof stripconcatenationshouldbethatthreeconsecutive
verticesin the new strip specifyeithera triangle in

H
or a newly

introduceddegeneratetriangle. We use“ 3 ” to denotethe binary
operationthatcombinestwo sequentialstrips.We have to consider
threecases.
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Figure5: Concatenationthatreducestheencodingcostby two.

If �	N 
?� K"£ � and ��N 
%� Ks£ � thenJ%�?3�Jg�|¤¥���$�M��¦�¦�¦���� N ��£W�M��£g�	��£ O ��¦�¦�¦���£ � 

��� .
This first casecorrespondsto only oneconfiguration,asillustrated
in Fig. 5. Wehave

��'��Z!0� 5 ��C1�Q@��%3s��C1�Z@$��o$�Zt$��r��v¤§��'��Z!0� 5 ��C1�Q@$�Qo$�Qt$�Qr��Z�
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Figure6: Concatenationthatreducestheencodingcostby one.

If �	N�K"£ � or �	N 
?� Ks£ � or ��N 
�� K"£cO , and �	N 

� Ks£ � thenJ%��3/Jg�|¤¥���$�M��¦�¦M¦���� N ��� N 
?�M��£W����£g�2��£ O ��¦M¦�¦���£ � 

�M� .
This secondcasebreaksdown into threeconfigurations,as illus-
tratedin Fig. 6. Theconcatenationscorrespondingto thethreecon-
figurationsare

��'��Q!0� 5 ��C1�Z@��
3k�[@0��CY��o$�Zt$��r��v¤§��'��Q!0� 5 ��C1�Z@$��C1�Qo1�Qt0�Qr\�Z���'��Q!0� 5 ��C1�Z@��
3k�[@0�Qo1��C1�Zt$��r��v¤§��'��Q!0� 5 ��C1�Z@$��o$��CY�Qt0�Qr\�Z���'��Q!0� 5 ��C1�Z@��
3k�[@0� 5 ��o$�Zt$��r��v¤§��'��Q!0� 5 ��C1�Z@$� 5 �Qo1�Qt0�Qr\�Z�
ElseJ � 3/J � ¤¥��� � ��¦�¦M¦�����Ng���	N 
?� ����N 
%� ��£ � ��£ � ��£cO���¦�¦M¦���£c� 

� � .
It can be easily checked that this third casecorrespondsto four
otherconfigurations,in whichtwo stripscanonly belinkedwithout
achieving a reductionin thenumberof vertices.

The concatenationof two fan strips is simple. Similar to the
discussionabove, let J � K¨��� � ��¦�¦M¦�����N 
�� ���	N 

� � and J � K��£W�M��£c�	��£ O �M¦�¦�¦���£ � 

�M� be two fan strips. Without loss of
generality, we assumethat the triangles ���1�M��� N 
?�M��� N 

�M� and��£ � ��£ � ��£cOM� are neighbors. Then J � and J � may be linked if
and only if �1�©K¨£W� and � N 
%�ªK«£g� , and JW��3¬Jg�ªK��� � ��¦�¦�¦�����N 
�� ���	N 

� ��£cO���¦�¦�¦M��£c� 
%� �Z�

Tristrips of length one (i.e., single triangles)are special. The
vertex sequencein the strip JuK­���1�M���\�	��� O � canbe permutedin
cyclic order. This introducesvariationsin thebasicalgorithmsfor
strip concatenation.

Our concatenationalgorithmachievesonly theoptimalconcate-
nationfor onepairof neighboringstripsJW� andJg� . However, astrip
of lengthonehasthreeneighboringstripswhichmaybecandidates
for concatenation,and a strip of length greaterthan onehastwo
terminaltriangles,i.e., two candidatesfor concatenation.Thus,the
orderof concatenationmaymatter. For abetterglobaloptimization,
threeconcatenationstagesareperformed,eachof whichconstructs
concatenationsthatreducethenumberof verticesby !0�M'�� or � ver-
ticesper concatenation.A direct addressingtablecanbe usedto
store,for eachtriangle,theindex of its incidentalstrip J . Onepass
throughthe tablecheckseachtrianglethathasa valid strip index.
Eachsuchtriangle’s neighboringtrianglesarelooked up in the ta-
ble to find their incidentalstrips,which areneighborsof J . One
suchstrip is chosento be linked to J to reducethe mostnumber
of vertices. The global optimizationasmentionedabove may be
achievedby multiplepassesthroughthetable.A hashtablemaybe
usedto replacethedirectaddressingtableto savememoryandcom-
puting time, thoughour implementationchoosesthe latter to ease
thecodingcomplicationandyet thememoryconsumptionandthe
increasein runningtime is negligible comparedto the otherparts
of theprogram.

In theory, two tristripscanpotentiallybeconcatenatedin Step(5)
by usingeithera zero-areatriangleor a duplicatetriangle.In prac-
tice, renderingtrianglesrepeatedlymay causevisual artifacts,de-
pendingon how thegraphicshardwaretreatsduplicates.With our
stripificationcodetheusercanspecifywhetherto allow no“swap”
vertices,zero-areatriangles,or zero-areatrianglesandduplicatetri-
angles.

6 Results

We have conductedexperimentson various platforms; here we
report only on one representative platform: a Sun Ultra 30 with
512MB memory, runningSolaris2.6. TheCPU-timeconsumption
of our code,andof the othercodes,wasobtainedby usingthe C
systemfunction “getrusage()”.We reportboth thesystemandthe
usertime. Of course,any file I/O andsimilarpre-or postprocessing
is not includedin thetimingsreported.All CPUtimesaregivenin
milliseconds.All codeswerecompiledwith GNU’s gcc, usingthe
optimizationlevel “-O2”.

We comparedFTSG againstthe leadingpublicly availablesys-
tem, STRIPE 2.0. (STRIPE 2.0 has been releasedrecently;
it is ordersof magnitudefaster than the published[8] version,
STRIPE 1.0.) All subsequentresults have been obtainedus-
ing STRIPE 2.0. For comparisonpurposeswe also testedSGI’s
tomesh.

MakingSTRIPE reportthesametypeof statisticsdataasFTSG
andtomesh turnedout to be a cumbersometask. STRIPE has
most I/O operationstightly interwoven with its algorithm,andits
accountingis not entirely reliable. We modifiedSTRIPE in order
toexcludefile I/O from timing. Also,wedecidedto parsetheoutput
generatedby STRIPE in orderto obtainthestatisticsdatareported
here.(Of course,thereliability of STRIPE wastestedby running
theoriginal code.)

Our datasetsincludedmany standardmodelsavailable on the
web, with sizes ranging from 32 vertices to 543,652 vertices
(1,087,716triangles). We testeda variety of 107 models,includ-
ing modelsof buildingsandcrafts(designedonCAD systems),and
modelsof animalsandfictional charactersthat weretypically de-
rived from scanneddata. We also includeda few highly regular
polyhedralmodelsof machiningtools. Typically, thosemodelsre-
quiredonly oneor a verysmallnumberof sequentialstrips.

Wefirst triedtodetermineexperimentallywhichcombinationsof
heuristicsyieldedthebestresults.Parametersin our testsincluded

® searchingthe dual graph by meansof depth-first (-dfs),
breadth-first(-bfs),or hybridsearch(-hyb);

® using randommarching(-rnd) or alternate-turnmarching(-
alt) duringthegraphsearch;

® enablingtheuseof zero-areatriangles(-zero)or duplicatetri-
angles(-dup)duringthestrip concatenation.

® generatingsequentialstrips (-seq), fan strips (-fan), or both
sequentialandfanstrips(-seq-fan).

In all our testsFTSG wasrequiredto generatetristripsthatarecon-
sistentwith theorientationof thefacesof amodel(if suchaconsis-
tentorientationexisted).

The resultsof our testsaresummarizedin Table1, which lists,
averagedover all our models,theaveragenumbersof verticesper
triangleand the averageCPU time (in milliseconds)per triangle.
The differentheuristicsarearrangedin sortedorderaccordingto
theirperformance.

Using the alternate-turnheuristic for depth-first searchand
allowing zero-areatriangles for concatenatingpurely sequential
tristripsyieldedthebestresults,with anaverageof 1.23verticesper
triangle.(Theuseof duplicatetrianglesfurtherdecreasesthisnum-
berby about1%, but duplicatetriangleshave beenruledout since
they might causevisual artifactson somegraphicshardwares.) In
general,depth-firstsearchwith thealternate-turnheuristicyielded
slightly betterresultsthanthehybridsearch,andbothperformedby
farbetterthanbreadth-firstsearch.

It is interestingto seethat usingfan strips in conjunctionwith
sequentialstripsdoesnot help to decreasethe vertex count. This
observation is alsoconfirmedby Fig. 7. It shows the percentage



method avg. V/T CPU(ms)
-dfs -alt -seq -zero 1.23 0.009
-dfs -alt -seq -fan -zero 1.24 0.010
-hyb -alt -seq -zero 1.25 0.013
-hyb -alt -seq -fan -zero 1.27 0.013
-hyb -rnd -seq -zero 1.28 0.012
-dfs -alt -seq 1.29 0.009
-dfs -rnd -seq -zero 1.29 0.011
-hyb -alt -seq 1.32 0.012
-hyb -alt -seq -fan 1.33 0.011
-bfs -alt -seq -zero 1.33 0.010
-hyb -rnd -seq 1.36 0.010
-dfs -rnd -seq 1.38 0.009
-dfs -alt -fan 1.57 0.010
-hyb -alt -fan 1.58 0.014
-hyb -alt -fan -zero 1.58 0.013

Table1: Performanceof differentheuristicsimplementedin FTSG:
averageverticespertriangle(“V/T”) andCPUtime (in ms).

of themodelsthesecond-to-fourthbestheuristicsproducedresults
that wereat least 6 times the resultsachieved by using“-dfs -alt
-seq-zero”, or at most 6 timestheresultsfor “-dfs -alt -seq-zero”
(for 6/¯�' ). Thecombination“-dfs -alt -seq-fan -zero” is nearly
identical(but slightly worse)than“-dfs - alt -seq-zero”. We con-
cludethatusingfanstripsdoesnot seemto payoff.
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Figure7: Encodingquality of heuristicsof FTSG relative to using
“-dfs -alt -seq-zero”

We also determinedthe bestcombinationof heuristicsfor the
DP algorithm. The resultsof our testsaresummarizedin Table2.
As above, depth-firstsearchusingalternate-turnmarchingyielded
the bestresult: on average,it needs1.21 verticesper triangle (if
concatenationby meansof zero-areatrianglesis allowed),andcon-
sumesabout0.014millisecondsper triangle. Whenusingpurese-
quentialstripstheaveragevertex countgoesup to 1.24.

We comparedFTSG againstSTRIPE 2.0. Since STRIPE
cannot handlemodels with non-convex polygonal faces,which
amountedto about50% of our models,we usedFIST to gener-
ate triangulationsof our models. (STRIPE crashesor produces
garbagewhenappliedto concave faces.)In oneseriesof tests,all
convex faceswereleft untriangulatedin orderto allow STRIPE to
triangulatethemaccordingto its own heuristics.STRIPE turned
out to be unreliableat times, and we had to restrict our teststo

method avg. V/T CPU(ms)
-dfs -alt -DP -zero 1.21 0.014
-hyb -alt -DP -zero 1.22 0.016
-dfs -alt -DP 1.24 0.013
-hyb -rnd -DP -zero 1.25 0.016
-hyb -alt -DP 1.26 0.015
-dfs -rnd -DP -zero 1.26 0.014
-hyb -rnd -DP 1.30 0.015
-dfs -rnd -DP 1.31 0.013

Table2: Performanceof differentheuristicsfor the DP algorithm
implementedin FTSG: averageverticesper triangle (“V/T”) and
CPUtime(in ms).

method avg. V/T CPU(ms)
-dfs -alt -DP -zero 1.21 0.014
-dfs -alt -seq -zero 1.23 0.009
-dfs -alt -DP 1.24 0.013

tomesh 1.36 0.027
STRIPE (convex faces) 1.36 0.263

STRIPE (fully triangulated) 1.39 0.071

Table3: Performanceof thedifferentstripificationcodes:average
verticespertriangle(“V/T”) andCPUtime (in ms).

those88 (out of 107) modelsthatSTRIPE could handle. (FTSG
hasno problemhandlingany form of polyhedralmodel as it al-
waysusesFIST asa preprocessingtool for triangulatingpolyhe-
dral faces.Notetoo thatSTRIPE becomesmorereliablewhenus-
ing FIST asa front end.)For comparisonpurposeswe alsotested
SGI’stomesh.

Theresultsaresummarizedin Table3, andin Fig. 8 andFig. 9.
(WeusedFTSG’sheuristics“-dfs -alt -DP-zero” for thesecompar-
isons.) Theplots show thepercentageof themodelsin which the
othertwo codesproducedresultsthatwereat least 6 timesthere-
sultsof FTSG, or atmost 6 timestheresultsfor FTSG (for 6^¯k' ).
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Figure 8: CPU-timecomparisonof the stripification codesw.r.t.
FTSG “-dfs -alt -DP-zero”

FTSG wasalwaysfasterthanSTRIPE or tomesh. Onaverage,
FTSG needs0.014milliseconds(ms) per input triangle,tomesh
needs0.027ms,andSTRIPE needs0.071msfor fully triangulated
facesrespectively 0.263msfor non-triangulatedconvex faces.For
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Figure9: Encodingquality of the stripificationcodesw.r.t. FTSG
“-dfs -alt -DP-zero”

20% of the models,tomesh neededat leasttwice asmuchCPU
timeasFTSG. STRIPE neededat leasttwiceasmuchCPUtimeas
FTSG for all models.For fully triangulatedmodelsit wasat least
five timesasslow asFTSG for 18%of themodels,andat least10
timesasslow for 6% of themodels.For modelswith convex faces
left untriangulated,it wasat leastfive timesasslow asFTSG for
45%of themodels,10 timesasslow for 33%,and20 timesasslow
for 22%of themodels.

On average, FTSG needs 1.21 vertices per input triangle,
tomesh needs1.36vertices,andSTRIPE needs1.39verticesfor
fully triangulatedfacesand1.36verticesfor non-triangulatedcon-
vex faces.1 For 80% of the modelsFTSG performedbetterthan
STRIPE (if convex facesareleft untriangulated).For fully triangu-
latedmodelsthis percentagegoesupto 93%for tomesh and89%
for STRIPE. For 38% respectively 55% of the modelsSTRIPE
neededat least10% moreverticesthanFTSG. (For tomesh, this
percentagewas53%.) While tomesh hardly ever generateden-
codingswith fewer verticesthanFTSG, STRIPE was better for
11%of themodels,if convex facesareleft untriangulated.As we
have seen,this win for 11% of our modelscomesat the price of
a CPU consumptionthat is drastically worse than FTSG’s CPU
consumption. Note that FTSG performsbetter thanSTRIPE or
tomesh evenwhenit doesnot useswapvertices,seetheentryfor
“-dfs -alt -DP” in Table3.
STRIPE generatessignificantlyfewerstripsthanFTSG, but still

usesmorevertices. We note that the objective of the currentDP
algorithmis to minimizethenumberof sequentialtristrips. Some-
timesthis comesat theexpenseof quitea few singletonstrips(i.e.,
stripsof lengthone).We have startedto experimentwith modified
objective functionsthatallow us to minimize thenumberof strips
while avoiding thegenerationof too many singletonstrips.We ex-
pectthata judiciouslymodifiedobjectivefunctionwill decreasethe
numberof verticespertriangle.
FTSG shows no significantvariation of the main performance

parameters. Its cpu-time consumption(per triangle) varies very
little, as doesthe numberof verticesper triangle. Summarizing,
FTSG is ordersof magnitudefasterthanthepublishedSTRIPE 1.0,

1Therearesomecasesin whichourresultsfor STRIPE differ from what
is reportedin [8]. Therearetwo reasonsfor this: (1). STRIPE doesnot
handleconcave polygonalfaces(thus,wepre-triangulatedall concave faces
prior to applyingSTRIPE); and(2). therearesomeerrorsand inconsis-
tenciesin how STRIPE countsvertices. Thus,our resultsarebasedon a
carefulparsingof theoutput setof tristripsfrom STRIPE (run with its de-
fault options).

and performsmuch more predictably(and typically better) than
STRIPE 2.0 andtomesh, while beingsubstantiallyfasteron av-
erage.

7 Conc lusion

We have shown that our methods,implementedin FTSG, com-
parefavorably with prior methodsof stripification, both in terms
of speedandin termsof quality. We anticipatethat an improved
objective function for the DP approachwill help to improve our
resultseven further. We also plan to optimize over all spanning
trees,e.g., by branchandboundor by randomization. This will
give theoptimum(minimum)encodingof a model,andwill allow
usto compareour heuristicsto theoptimum.
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Figure10: Resultsof FTSGstripificationof thecow. Above: Strip-
ified cow, with differentstripshaving differentcolors; Below: A
zoomedview, with spanningtreeedgeshighlightedon the cow’s
head.

Figure 11: Resultsof FTSG stripification of the shark. Above:
Stripified shark,with differentstrips having different colors; Be-
low: A zoomedview, with spanningtreeedgeshighlighted.


