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A fundamentalalgorithmicproblemin computergraphicsis thatof computinga suc-
cinct encodingof a triangulationof a polygonalsurfacemodelin orderto beableto trans-
mit andrenderit efficiently. The goal is to take a givenpolygonalsurfacemodel,whose
facetsaregivenby (possiblymultiply-connected)polygons,triangulateits facets,andthen
decomposethetriangulationinto a smallnumberof “tristrips,” eachof which hasits con-
nectivity storedimplicitly in theorderingof thedatapoints. We developmethodsthatare
effective in solving the stripificationproblem,both in theory(provably goodencodings)
andin practice. Our methodsarebasedon carefully constructedsearchtreesin the dual
graph,followedby algorithmsto decomposedual treesinto tristrips. Onedecomposition
algorithmis provably optimal (basedon dynamicprogramming),allowing usa soundba-
sisof comparisonamongour other(heuristic)algorithms.We demonstratethespeedand
effectivenessof our algorithmsthrougha batteryof experiments.In comparisonwith the
recentlyreleasedSTRIPE systemfor stripification,we find thatour stripifier, FTSG, pro-
ducescomparableor betterqualityencodings,while requiringsignificantlylesscomputing
timeona largevarietyof datasets.Further, FTSG is carefullyengineeredandimplemented
to be robust, even in the faceof highly degenerateandcorruptedreal-world data. In ad-
dition to fastandeffective practicalalgorithms,we alsodevelop optimizationalgorithms
to extracta minimumnumberof tristrips from a givenmesh,usingboth integerprogram-
ming andbranch-and-boundmethods.We areable to find optimal solutionsfor models
containingseveraltensof trianglesin a few minutes.Wealsoincorporateouroptimization
algorithmsinto FTSG to provide theusertheoptionof spendingmoreCPUtime to obtain
fewer tristrips.Furthermore,westudytheeffectof allowing asmallon-boardvertex cache
oncomputingasuccinctencodingof a triangulation.Methodsof maximizingcacheutility
aredevelopedin anattemptto minimizetheencodingcost.

Keywords: triangulation,trianglemesh,tristrips,connectivity compression.
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Chapter 1

Intr oduction

We considera problemof importancein graphicsandvisualization:computinga succinct
encodingof a triangulationof apolyhedralmodelin orderto beableto transmitandrender
it efficiently.

CAD/CAM andvirtualenvironmentsapplicationsoftenrequirethatverycomplex datasets
bevisualizedatreal-timerates.Current3Dgraphicsrenderinghardwareoftenfacesamem-
ory bus bandwidthbottleneckin the processor-to-graphicspipeline. Onenaturallywants
to avoid renderingunnecessarytriangles(e.g.,throughvisibility culling). Also, it is com-
mon to simplify andapproximatecomplex models. But it is alsoimportantto minimize
the time neededto transmit � trianglesthat areto be rendered,e.g.,by compressingthe
geometricandtopologicalinformationin a model,transmittingthecompresseddata,and
decompressingat therenderingstage,hopefullyusingaverysmallon-chipcache.

1.1 Strip Encoding

Traditionalencodingof � trianglesin a surfacetriangulation(or trianglemesh)specifies
threeverticesfor eachtriangle.As neighboringtrianglessharecommonedgesandvertices,
suchanencodingmayspecifya vertex multiple times. Accordingto theEuler’s formula,
in a typical mesh,the numberof trianglesis abouttwice the numberof vertices. Thus
traditionalencodingspecifieseachvertex about

�
timesonaverage.

Stripencodingis basedon trianglestrips(or simply“tristrips”). A tristrip is anordered
sequence(with repetitions)of vertices,
"!�# � ����� � !%$ � , whichencodesasetof  '&(� triangles.
A sequentialtristrip encodesthe set of triangles )�
"!+* � !%*-,.# � !%*/,10 �32 , � �546�7 8&9� ; a
fan tristrip encodesthe set )�
"!�# � !+*-,.# � !+*-,10 ��2 , all of which contain !�# . Figure1.1 givesa
sequentialtristrip encodingof 12 triangles.

In an ideal encoding,by a singletristrip, only �;:<� (ratherthan
	 � ) verticeswould

have to be transmittedfor a triangulationwith � triangles. In general,if we areable to
decomposeasurfacetriangulationinto � tristrips,wewill needonly �=:6��� vertices.When

1
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Figure1.1: Thetriangulationis encodedusingonetristrip: (1,2,3,4,1,5,6,7,8,9,6,10,1,2).

� is smallcomparedwith � , roughly
�

vertex specifies
�

triangleonaverage,soeachvertex
showsup approximatelytwice in theencoding.

Therenderingof tristrips is supportedby thewidely usedOpenGL standard.Thus,it
is of practicalimportanceto find a small (ideally minimal) numberof tristrips to cover a
givenmesh.

In orderto reducefurtherthevertex dataneededto encodeatrianglemesh,Deering[9]
introducedanew encodingmethodusing“generalized”tristripsanda � -entryvertex cache,
namely, the meshbuffer, to storeusedverticesso that they canbe reusedin the future.
Ideally, givena largeenoughmeshbuffer, eachdistinctivevertex in a “generalized”tristrip
encodingneedsto bespecifiedonly oncewhenit first appearsandis storedin thebuffer.
Thelateroccurrencesof thesamevertex areencodedasreferencesto theonestoredin the
cache.Givenameshbuffer of � (practicallysmall)entries,notall verticescanbestoredin
thecacheat thesametime. It is importantto studyhow to maximizereferencesto a small
cacheandthereforeminimizethenumberof realverticesencoded.

1.2 Our Contrib utions

Fastand effectivestripification of polygonal surfacemodels

Our resultsinclude:

(1) An efficient(provablylinear-time)robustalgorithmfor decomposingapolygonalmodel
into asmallnumberof tristrips.Thestripificationalgorithmis athree-phasemethod,
basedon (i) computinga spanningtreeof the dual graphof a triangulation,using
variantsof breadth-firstanddepth-firstsearching,(ii) partitioningatreeinto tristrips,
and(iii) performingaconcatenationphase,to join smallstripsinto largerstrips.

(2) A linear-time algorithm, basedon dynamic-programming,for optimally performing
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phase(ii), extractingtheminimumnumberof sequentialtristripsfrom a givenspan-
ning tree.

(3) A theoreticalanalysisof thenumberof verticesrequired,in theworstcase,to encode
a triangulationusingtristrips.

(4) Experimentalanalysisof ouralgorithmsonawidevarietyof sampledatasets,showing
thatourmethodscomparequitefavorablywith aleadingpublicly availablestripifica-
tion system(STRIPE) [15]. Usingoursystem,FTSG, weobtainordersof magnitude
of speed-upover thepublishedversionof STRIPE, andour algorithmsremainsig-
nificantly fasterthan the newly released(unpublished)STRIPE 2.0. In termsof
compression,our methodsalsoimprove uponSTRIPE, decreasing,on average,the
numberof verticesrequiredto encodea triangulation. We alsocomparefavorably
with the“tomesh” utility providedby SGI.Furthermore,our algorithmis robust in
its ability to handlea widevarietyof real-world datasets.

(5) Our resultsarethe first to studysystematicallythe effect of allowing both sequential
andfantristrips.

Optimal sequentialstripification of triangle meshes

Our resultsinclude:

(1) An integerprogrammingformulationfor theproblemof optimally decomposinga tri-
anglemeshinto aminimumnumberof tristrips.Thispermitsusto useacommercial
IP solver, suchasCPLEX, to obtainoptimalstripencodingsof trianglemeshes.

(2) A branch-and-boundalgorithmwehavedevisedandimplementedto computeanopti-
maldecompositioninto theminimumnumberof tristripsfrom agiventrianglemesh.

(3) An experimentalstudyof apatchoptimizationalgorithm,built ontopof ourFTSG sys-
temandtheexactoptimizationalgorithms((1) and(2) above),which tradesrunning
timefor fewerstrips:Themoretimeauserwishesto spend,thefewerstripsonemay
obtain.

Strip encodingusingon-board vertex cache

We studythe problemof computinga succinctencodingof trianglemeshesusing“gen-
eralized”tristripsanda small vertex cache.Methodsof maximizingcachereferencesare
developedsoasto attemptto minimizetheencodingcost.
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1.3 ThesisOverview

We start in Chapter2 to introducemost terminologiesthat will be usedthroughoutthe
thesis.Thenwereview therelatedresearchwork in Chapter3.

Chapter4 presentsour fast and effective stripification algorithm. Basedon this al-
gorithm, we designedandimplementedFTSG, the FastTriangleStrip Generator, to find
effective strip encodingsof trianglemeshes.Both theoreticalanalysison encodingcost
andexperimentalresultsareprovided.

Chapter5 discusseshow to find anoptimal tristrip encodingof a giventrianglemesh.
We studyboth the integer programmingmethodandthe branch-and-boundmethod. We
alsodiscusshow to usetheoptimizationalgorithmsto enhanceFTSG.

Chapter6 addressesthe cachingproblem: Given a small vertex cachestoring up to� vertices,how doesone encodea set of “generalized”tristrips so as to maximizethe
referencesto thecache?We alsolook at someheuristicsto generatetristrips thathelp to
increasecachereferences.

Finally, weconcludeourwork in Chapter7 andgivesuggestionsfor futureresearch.



Chapter 2

Preliminaries

2.1 PolygonalSurfaceModels

We begin with somebasicdefinitions.A polygonalsurfacemodel, > , is asetof polygonal
facesthat representthe boundaryof a polyhedralobjectin 3-space.Eachpolygonalface
is representedby a circular list of verticesthat describethe outer boundaryof the face,
followed by a possiblyempty list of holes. A polygonal facewith no holes is said to
be simply connected, while a facewith oneor more holesis multiply connected. Each
polygonalfaceis usuallyexpectedto lie in a planeandeachhasan associatedoutward
surfacenormal.Note,however, thatreal-world datawill oftenhavenon-coplanarvertices.

Theinputto ouralgorithmsis ageneralpolygonalsurfacemodel > . Weuseanenhance-
mentof FIST [21] to triangulate(robustly) eachfaceof > . FIST is carefullydesignedto
beableto handlearbitrarily non-planaror corruptedpolygonaldatain a reasonableman-
ner. Thus,for mostof our discussion,we will assumethat > is a triangulatedmodel(or a
triangulation, or a trianglemesh), meaningthateveryoneof its facesis simplya triangle.

In general,> mayconsistof severalconnectedcomponents;our analysiswill applyto
eachcomponentseparately, sowecanassumethat > is connectedfrom now on.

A manifoldedgeis anedgecontainedin exactlytwo incidenttriangles,whicharecalled
adjacent, while a non-manifoldedgeis containedin morethantwo incidenttriangles.A
boundaryedgeonly belongsto onetriangle. In our implementation,a non-manifoldedge
will besplit andits incidenttrianglesarepairedanddistributedsuchthateachinstanceof
the edgebecomeseithera manifoldedgeor a boundaryedge. We definethe adjacency
graph, ? , of a triangulatedmodel > thatcontainsno non-manifoldedges,to be thegraph
whosenodesarethe faces(triangles)of > andwhoseedgeslink pairsof adjacentfaces.
We seethat thedegreeof eachnodeof ? is at mostthree. If > is a 2-manifold, meaning
thatevery point of thesurfacehasa neighborhoodhomeomorphicto a 2-disk,then ? is a
3-regular graph(eachnodehasdegreeexactly three).

5
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2.2 Tristrips

Weadoptsomeof thedefinitionsfrom Arkin et al.[2].
A triangulation> is Hamiltonianif thegraph ? hasa Hamiltonianpath,meaningthat

thereexistsa pathin ? thatvisitseachnode(triangleof > ) exactly once.
A triangulation> is sequentialif thegraph? hasaHamiltonianpathsuchthatno three

consecutive edgescrossedby the path are incident on a commonvertex. Equivalently,> is sequentialif thereexists a vertex sequence,@BA 
"!�# � !%0 � ���C� � !+D�,10 � , possiblywith
repetitions,suchthat the � trianglesof > areexactly given by the triples of consecutive
verticesin thelisting: 
E!�# � !�0 � ! � � , 
"!%0 � ! � � !+F � , ����� � 
"!+D � !%D�,.# � !+D�,10 � . Thevertex sequence@
is calledasequentialtrianglestrip (or sequentialtristrip).

A triangulation> is fan if thegraph? hasaHamiltonianpathsuchthatall edgescrossed
by thepathareincidentonacommonvertex. Similarly, for a fan triangulation> , therealso
existsa fan tristrip @GAH
"!�# � !�0 � ����� � !%D�,10 � , suchthat the � trianglesin > areexactly given
by thetriples 
"!�# � !%0 � ! � � , 
E!�# � ! � � !%F � , ����� � 
"!�# � !+D�,.# � !%D�,10 � , eachof which contains!�# .

With aslightabuseof notation,wereferbothto thevertex sequenceandto theencoded
setof trianglesasthe“tristrip” (or simplystrip).

In somecases(e.g.,Iris GL), it is usefulto definea moregeneralnotion of “sequen-
tial”, in which we permitswaps, specialmarks(bits) within a vertex sequenceto indicate
an exchangeof the two cachevertices. Alternatively (e.g.,OpenGL),a swap canbe ef-
fectedby sendinga zero-areatriangle (transmittingan extra “swap” vertex insteadof a
“swap” bit). For example, 
 ��� � ��	��3I�J=K�LM� 
 � � � yieldstriangles 
N
 ��� � ��	�� , 
 	O� � � 
 � , 
P� � 
 � � �N� ,
which also result from the sequence
 ��� � �Q	O� � � 
 � � � (having zero-areatriangle 
�� ��	�� � � ).
Anotherway to achieve this resultis to allow duplicatetrianglesto beencodedin thestrip:
 ��� � ��	O� 
 � � � � � , whichrepeatsthetriangle 
�� ��	�� 
 � (as 
 	O� 
 � � � ). A sequentialtristrip is pure
if thesequencecontainsno zero-areaor duplicatedtriangles.On theotherhand,a Hamil-
toniantriangulationcanbeencodedby a sequentialtristrip thatmaycontainzero-areaor
duplicatedtriangles.

We are interestedin partitioning > into a small number, � , of tristrips, )+@R# � �C��� � @TS 2 ,
whichencode> . Associatedwith suchapartitioningof > into tristripsthereis anencoding
cost. Typically, wetaketheencodingcostto bethenumberof verticesin theencoding(i.e.,
thesumof thelengthsof thetristrips).

2.3 GeneralizedTristrip Encoding

Encodinga trianglemeshusingtristripspotentiallyresultsin specifyingeachvertex twice,
on average.Deering[9] introducedthegeneralizedtriangle mesh, which adoptsa � -entry
vertex FIFO (First In First Out) cache(alsocalleda “meshbuffer”) to facilitateencoding
a trianglemesh.Figure2.1shows suchanencoding,which hasthepotentialof specifying
eachvertex only once,astherepeatedoccurrencesareencodedasreferencesto thebuffer.
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Wealsocall thisstrip-basedencodingmethodageneralizedtristrip encodingusingavertex
cache.

2
3 41

5679

10

11 12 13 14 15

16
171819

8

M18,M-1,O-2,M17,O-3,O-4,

Generalized Tristrip Encoding:
R9p,O1,O8p,O2,O3,M7p,O6,M4,
O5,M15p,M14p,M13p,M-4,
O12p,O-6,O11,O-7,O10,M19,

Legend:
R=Restart, O=Replace Oldest,
M=Replace Middle,

-Number is buffer reference.M16.

p=push into mesh buffer.
Numer represents Vertex.

Figure2.1: Exampleof ageneralizedtristrip encoding.

In a generalizedtristrip encoding,asshown in Figure2.1,eachvertex or buffer refer-
ence(specifiedby

�
identity bit) is prefixedby � bits to indicatehow it is usedto specify

triangle.Eachbuffer referenceusesa UWVYX�Z 0 ��[ -bit index to look into a � -entrymeshbuffer.
Typically, when �\A ���

, a 
 -bit index is usedfor eachreference.A pushbit pervertex is
alsousedto specifyexplicitly whetheror not this vertex is buffered.

Fetchingavertex dueto acachereferenceresultsin acachereadwhile readingavertex
from outsidecacheresultsin a cache miss. As the encodingcostof a cachereferenceis
usuallymuchsmallerthanthat of vertex data,onewishesto maximizecache readsand
therebyminimizecachemisses. We definethecachemissrate, ] , asthenumberof cache
missesdividedby thenumberof trianglesin themesh.As thenumberof verticesis no less
thantwice thenumberof trianglesin a mesh,] is boundedbelow by

� �^� .
2.4 Connectivity Compression

Givena setof points(or vertices)in 3D, how they areconnectedto form trianglemeshes
is determinedby the so-calledconnectivityinformation. Apparently, theconnectivityhas
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to beencodedin additionto thevertex data,andtheencodingsizeis usuallymeasuredby
averagebits pervertex (bpv).

Traditionally, eachtrianglein atriangulationis specifiedby threevertices,andtherefore
eachvertex is specified

�
timesonaverage.Assumingthateachvertex datais

� � bytes(for	
positioncoordinatesonly), thentheconnectivity is encodedusing 
�� � bpv.

Using tristrips to encodea triangulationpotentiallyrepeatseachvertex twice on aver-
age,andthusresultsin _ � bpv for connectivity.

Deering’s generalizedtriangle meshencodinghasthepotentialto encodeeachvertex
only once. Theconnectivity is encodedusingroughly

���
bpv, i.e.

� :`� bits per triangle
and

� :a
 bits pervertex data.
Thereexist otherencodingmethods(Section3.2) thatarenot strip-based.While they

cancompressconnectivity usinga few bits per vertex, the compressedmeshusuallyre-
quiresa largevertex cachefor efficient rendering.



Chapter 3

RelatedWork

3.1 Computing Tristrips

Therehave beenseveralworkson constructingtristrips. Arkin et al. [2] studysequential
triangulationsof point setsandpolygons.They show that testingwhethera giventriangu-
lation of a point setor polygonis sequentialcanbedonein linear time. They alsoprove
thatcertainnon-degeneratepoint setsin theplanedo not admita sequentialtriangulation,
and that the relatedproblemof computinga Hamiltoniantriangulationis bdc -hard for
polygonswith holes.

A programdevelopedat SGI ([1]) producestristrips allowing “swaps”. Its heuristic
tendsto createstripsthatbegin andendon faceswith the fewestnumberof neighborsin
the triangulation,so as to reducethe numberof isolatedtriangles. Startingfrom oneof
the triangleswith fewestneighbors,a greedyalgorithmchooses,from its neighbors,the
triangle with the fewest numberof neighborsas the next triangle. If thereis a tie, the
programlooksaheadonestepto checktheneighbor’s neighborsfor thefewestnumberof
neighbors.If a tie occursagain,thestripcontinuesin anarbitraryvalid way.

Anotherrecentlyimplementedstripifieris “STRIPE” [14]. It adoptsSGI’sheuristicde-
scribedaboveasits localalgorithm.However, for datathatcontainsquadrangles,STRIPE
usesa global approach(“patchification”) to constructlong strips from large patchesof
quadrangles.Their implementationclaimsto handlemodelscontainingconvex polygonal
faces.

Otherstripifiersincludethe tristrip generationfunction in theGNU TriangulatedSur-
faceLibrary (GTS) [19] andGrantham[18]’s meshifier. GTS combinesa set of useful
library functionsto handletrianglemeshesin onepackage.However, both of the above
stripificationmethodsaresimilar to SGI’s greedyalgorithm.

Our methodis perhapsmostcloselyrelatedto thatof SpeckmannandSnoeyink [30],
who implementedan algorithm speciallydesignedfor TIN (TriangulatedIrregular Net-
work) terrainmodels.They employ a uniquetraversalalgorithmto find thespanningtrees

9
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of the dual graphsof TIN models. The spanningtreesneednever be explicitly deter-
mined,but aretraversedin thegreedyprocessof finding sequentialstrips.They alsohave
a “cleanup”phasein which leftoversingletrianglesarecombinedwith longertristrips.

SGI’s tomesh wasinitially designedto constructtristrips allowing “swaps”. It does
nothesitateto use“swaps”to makelongerstrips.Thecostis onebit per“swap” in Irix GL,
but is onevertex per “swap” in OpenGL.As a result,a tristrip allowing “swap” vertices
containing� trianglesmaybeencodedwith farmorethan �e:f� vertices.STRIPE inherits
thesamefeature.SpeckmannandSnoeyink’simplementationis fastandmemory-efficient;
however, it is designedfor TIN models,andit usuallytransmits

	 &g��h moreverticesthan
STRIPE does,sinceit producesa largernumberof strips[30].

3.2 Connectivity Compression

Therehasbeenrecentwork leadingto impressive resultson thecompressionof bothcon-
nectivity andgeometryof manifoldtriangularmeshes;see,e.g.,Taubinetal. [31,32]. Their
compressionis not basedon stripification,sodoesnot producethetristripsthatwe desire;
however, their “TopologicalSurgery” technique,whichemploysaspanningtreeof thever-
tices,leadsto connectivity compressionsapproachinglessthan � bits per triangle.Touma
andGotsman[33] developedanothermethodthatachievesa substantialimprovement,us-
ing lessthan

� �i� bits pervertex, on average,for connectivity compression.Rossignac[28]
alsodevelopsan “Edgebreaker” compressionschemethat theoreticallyguaranteesa 
 -bit
per vertex encoding.The corresponding3D compressionsoftwareis availableon the in-
ternet[12]. King andRossignac[26] further improve the boundto

	 � � � bits per vertex.
Isenburg [24] alsoconsiderscompressingtristrip informationwith meshconnectivity, us-
ing about 
 bits pervertex. We notethatthesenon-tristripmethodsof compressiondo not
havethefeaturethat,onaverage,eachvertex is transmittedtwice,aswehavewith tristrips:
evenif a triangulationcanbeencodedwith asingletristrip (onevertex pertriangle),it will
requireroughly ��� verticesin theencoding,assumingthateverytrianglehas3 neighboring
triangles,sincethereare �%�j&'
 trianglesin a triangulatedplanargraphon � vertices.

Deering[9] considersgeneralizedtriangle meshes, having a FIFO cachefor storing �
vertices,to facilitategeometrycompression;particularlyefficient algorithmsfor obtaining
suchcompressionsaregivenby Chow [7]. Theirapproachexplicitly managesthecacheby
specifyingwhichverticesarebufferedandwhichbufferedverticesarefetched.Hoppe[23]
developsa methodto optimizefaceorderingin a tristrip encoding,assuminga hardware-
managedcache.Thesemethodsgeneratestrip-basedencodingsthatresultin similarcache
missrates. Bar-Yehudaand Gotsman[6] useplanarseparatortheoremsto show that a
vertex cacheof size kl
nm � � is sufficient andsometimesnecessaryto attainoptimal trans-
mission(eachvertex transmittedonly once). GumholdandStraßer[20] also develop a
connectivity compression/decompressionmethod,usinga cachethat permitseachvertex
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to betransmittedonly once.
Denny and Sohler[10] considera relatedproblemof encodinga triangulationby a

permutationof its vertex set,by meansof constructinga hierarchicalfamily of decimated
triangulations,with theorderof theverticesdeterminingthereconstructionof thetriangu-
lation; theirgoal,however, wasnot to obtaintristrips.



Chapter 4

Stripification of PolygonalSurface
Models

In this chapter, we studya challengingandpratically importantproblem:computingeffi-
cientlyasuccinctencodingof a triangulationusingtristrips(astripification).

4.1 Intr oduction

As describedin Section3.1,previousstripificationmethodsmostlyusegreedyalgorithms.
The global patchificationalgorithm in STRIPE [14] works only for quads,and Speck-
mannet al.’s spanningtreealgorithm[30] is designedfor TIN models.As of our knowl-
edge,thereareno theoreticalboundsprovidedin previousworks.

In thischapter, wedevelopmethodsthatfirst generateaspanningtreeof agivensurface
triangulation,andthenapplyeithera pathpeelingalgorithmor dynamicprogrammingto
“optimally” extractasetof tristrips.Theoreticalanalysisis alsoprovidedto ensurethatour
methodsgeneratestripificationswith guaranteedquality.

In Section4.2 we prove our main theorem,giving a tight upperboundon thenumber
of verticesrequiredto encodea given triangulation. In Section4.3, we presentour main
algorithmin detail,anddiscussvariationsof it. Section4.4discusseshow we improveour
heuristicalgorithms.We giveour experimentalresultsin Section4.5,andfinally conclude
with asummaryanddirectionsfor futureresearchin Section4.6.

4.2 Theoretical Analysis

Our goal in this sectionis to give guaranteedboundson the function oTpq
"� � , which gives
the worst-caseencodingcost for puresequentialstripsasa function of the number � of
trianglesin a triangulation> . We definethecost oRrp 
"� � similarly for sequentialstripsthat

12
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allow zero-areatriangles,and oTpns t�
"� � for encodingsusingboth sequentialandfan strips.
Using our standarddefinition of encodingcost in termsof the total numberof vertices,
we seethat we need �\:u���Ov verticesfor a given triangulation > , where �Ov denotesthe
minimumnumberof tristripsin any partitioningof > into (pure)sequentialtristrips.

Lemma 1 Any(connected)triangulation > consistingof exactlythreetrianglesis sequen-
tial; thus, oTpq
 	�� Aw� .
Proof. Clearly, if > is connectedandhasexactly threetriangles,it is Hamiltonianandis
topologicallyequivalentto theconfigurationshown in Figure4.1(a),whichcanbeencoded
with thesinglesequentialstrip 
 ��� � �Q	O� 
 � � � . xy
Lemma 2 Let > be a Hamiltoniantriangulation consistingof four triangles. Then > is
eithersequentialor fan; thus, oTpns t�
"� � A � . Further, o1pC
E
 � Ad� and o rp 
E
 � Aw� .
Proof. > must have the structureof either (b) or (c) in Figure4.1. One (case(b)) can
be encodedsequentially, and the other (case(c)) can be encodedas a fan strip. Thus,o1pzs t�
"� � A �

. If wemustusepurelysequentialstrips,thenin case(c) weareforcedto have
two strips,resultingin anencodingcostof 8 (insteadof 6, for case(a)). If we allow zero-
areatriangles,thencase(c) resultsin an encodingusingonly 7 vertices: (2,3,1,4,1,5,6).
(Alternatively, onecanencodeit with 6 verticesandaswap: 
P� ��	O�C��� 
 �3I�J{K�L|� � ����� .) xy

(a) (b) (c)

1
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4

5
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2

4

5

6

11

2

3

4

5

Figure4.1: Hamiltoniantriangulationsof length
	

and 
 .
Considernow a triangulation> , having � triangles,thatis Hamiltonian,with Hamilto-

nianpath} . Wecanfind thelongestprefixsubpath,} r , of } for whichthecorrespondingset
of trianglesis sequential;this is readilydonein time ~�
3� } r � � , in thesamemannerthatone
testsfor a triangulationbeingsequential([2]). By Lemma1, we know that � }|rP�O� 	 . Thus,
usinga simplegreedyalgorithm,in which we iteratively selectthelongestprefix of } that
is sequential,andthenremove it, we seethattheresultis a setof at most UW�M� 	 [ sequential
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tristripsthatpartition > . (Thisboundis tight: considera fantriangulation.)Similarly, if we
allow both sequentialandfan tristrips,we will needat most U��M��
�[ tristrips (andonecan
againshow thattheboundis tight). Theresultis thefollowing lemma:

Lemma 3 Usingonly (pure) sequentialtristrips, a Hamiltoniantriangulationhasencod-
ing costat most ��:d��UW�|� 	 [\��
��%��:`
 � � 	 . Using both sequentialand fan tristrips, the
encodingcostis at most ��:d��U��M��
�[���
 	 ��: 	�� ��� . Such encodingscanbecomputedin~�
E� � time.

Now consideranarbitraryconnectedtriangulation,> , with eachedgebelongingto at
mosttwo triangles.Let � denotea spanningtreeof the adjacency graph ? for > . Then,
sinceeachnodeof ? hasdegreeat mostthree,we know thatwe canroot � in sucha way
thatit is a (rooted)binarytree,simplyby rootingit at any nodeof degreeat mosttwo.

Lemma 4 Anyrootedbinary treecanbepartitionedin linear timeinto a setof paths,such
thateverypathin thepartition, exceptfor at mostone, consistsof at leastthreenodes.

Proof. Wegivea constructiveproof,basedon thefollowing

Path PeelingAlgorithm :

(1) Let ! bea nodeof maximumdepthamongnodesthathave two childrenin thetree. If
nosuch! exists,go to step(3).

Then,thesubtreerootedat ! mustconsistof apath, }T� ; otherwise,thereexistsanode
of greaterdepththan ! thathastwo children,contradictingthechoiceof ! . Further,}T� hasat leastthreenodes.

(2) Remove }T� from thetree.If thetreeis emptynow, stop;otherwise,go to step(1).

(3) (No nodeof thetreehastwo children.)In this case,thetreeis alreadyapath(possibly
consistingof only oneor two nodes),sowereportit andstop.

The algorithm can be implementedin linear time, sinceeachnodecan be labeledwith
its depthanddegreeandeachpaththat is peeledoff canbe charged to the nodesof the
path. xy
Corollary 5 ThePath PeelingAlgorithm , asintroducedabove, generatesaminimalnum-
ber of pathsfroma givenspanningtree. Andtheminimalnumberequalshalf thenumber
of nodesof odddegree.
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Proof. Given a spanningtree, � , any pathin it consumesat most � nodesof degree
�
.

For eachnodeof degree
	

thepathconsumes,it generatesat least
�

nodeof degree
�

in the
remainingtree(orforest).Thusby removing any pathfrom � , thenumberof nodesof odd
degreedecreasesby atmosttwo. In Path PeelingAlgorithm , thedecrementis exactly two
for eachpathremoved. xy
Theorem 6 For any connectedtriangulation > of � triangles,onecan computein ~�
"� �
timea puresequentialencodingof > with at most���e: � vertices.In thecaseof sequential
stripsallowing zero-areatriangles(resp.,sequentialandfan strips),oneobtainsa bound
of U�
����%
 � ��[�: � (resp.,

� ������: � �i� ).
Proof. We let � beany spanningtree(e.g.,a depth-firstsearchtree,which is computable
in linear time) for thedualgraph ? of > . We thenapply the“PathPeelingAlgorithm” of
Lemma4 to decompose� into pathseachof length3 or more(except,possibly, for one
path). Now consideronesuchpath } , andlet 4 bethenumberof its triangles.Obviously,
thecostsare3, 4, and5 for pathsof length 4�A ��� � � and3. By Lemma3 we geta costof
��%4�:�
 � � 	 �`��4 for 4���
 . Summingoverall thepathsyieldstheclaim. (Notethatonepath
maybeof length 4�A �

, requiring ��4.: � vertices.)
A similaranalysiscanbeappliedto thecasein whichweallow bothsequentialandfan

tristrips,or in whichweallow zero-areatrianglesin thesequentialstrips. xy
Corollary 7
���� 	�� �6��o1pC
E� � �`����: � �
���� 	�� �6��o|rp 
E� � ��U�
�����
 � ��[�: � �oTpns t�
"� � � � �i����: � �i���
Proof. Theupperboundscomedirectly from thetheoremabove. Thelower boundscome
from a family of examples,oneof which is shown in Figure4.2. The dual tree for the
triangulationcanbe partitionedinto �|��
 pathseachhaving four nodes,asshown in the
middle figure; this is the resultproducedby our Path PeelingAlgorithm. Onecanargue
that theoptimalpartitioning,however, is obtainedby breakingthetreeinto pairsof paths
consistingof a5-nodepathandasingleton,asshown on theright. xy

Theabovecorollarysaysthattheworst-casenumberof verticespertriangleis between
5/3and2 for puresequentialstrips,between5/3and7/4for sequentialstripsallowing zero-
areatriangles,andat most1.8for mixedstrips.In Section4.5,weseethat,in practice,our
heuristicsdo betterthantheseworst-casebounds,with our bestmethodaveragingabout
1.21verticespertriangle(allowing zero-areatrianglesin sequentialstrips).
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Figure4.2: Exampleof a triangulationandits dual treefor which thealgorithmresultsin
anencodingcostof ��� . Right: An alternative breakinginto sequentialstripsyieldsa cost
of 
P��� 	�� �
4.3 Stripification Algorithm

Our stripificationalgorithmconsistsof fivesteps:

(1) computinga triangulationof facesof themodelthatarenotalreadytriangles;

(2) constructinga spanningtree, � , in thedualgraph ? of thetriangulation;

(3) partitioning � into asetof paths,correspondingto Hamiltoniantriangulations;

(4) greedilydecomposingthecorrespondingHamiltonianstripsintosequentialor fantristrips;
and

(5) concatenatingshorttristripsinto longertristrips,usingasetof postprocessingheuristics
appliedto theresultof Step(4); seeSection4.4.3.

For (1), we have integratedandenhancedtheFIST [21] system,which robustly tri-
angulatespolygonalmodels,even if highly degenerateor corrupted.Our modificationof
FIST enablesusto outputtriangulationsof convex facesthatarepuretri-strips,or to leave
convex facesuntriangulated(andtriangulateonly all concave faces).

For Step(2), we have implementedstandarddepth-firstsearch(DFS)andbreadth-first
search(BFS),andwe have alsodeviseda hybrid variantthatdoesDFS,but returnsto the
highestlevel nodenotyet fully explored.

For (3), we applyour “bottom up” PathPeelingAlgorithm, from Lemma4 of the last
section.This guaranteesthateachpath(Hamiltonianstrip), exceptpossiblyfor one,will
haveat leastthreetriangles.Wealsodevisedanoptimalalgorithm,basedon dynamicpro-
gramming,to partition � into aminimumnumberof sequentialtristrips;seeSection4.4.2.
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Theoverallgoalin Step(2) is to build aspanningtree � of ? thathasasmallnumberof
nodesof degreetwo, asthis will resultin a smallnumberof pathsgeneratedin Step(3) of
thealgorithm.BFStendsto generatetreesthatresemblebalancedbinarytrees.Therefore,
thenumberof nodesin aBFS-treethathavetwo childrenmaybelarge.DFSandthehybrid
searchboth tendto generatemoredegree-onenodesthanBFS,thusreducingthenumber
of pathsgeneratedin Step(3).

s

BFS

s

DFS

s

Hybrid

Figure4.3: Threegraphsearchingalgorithms.

Thereis achoiceof which triangleto visit next duringtheconstructionof � whenever
thegraphsearchhasentereda trianglewith two unvisitedneighbors.Obviously, onecan
simply performrandommarching andpick thenext trianglerandomly. Oneheuristicfor
picking a “good” next trianglehasbeenimplementedby SGI in tomesh: this heuristic
picks the triangle with the leastnumberof unvisited neighbors. Using this heuristicin
Figure4.3(b)will find onesinglepaththatcovers > . Anotherheuristicis to keeptrackof
thesideon which thecurrenttrianglehasbeenenteredfrom theprevious triangle,andto
choosethenext trianglesuchthatonealternatestheturn. Thisalternate-turnmarchingcan
beexpectedto helpto getlongerandthereforefewersequentialstrips.

Weimplementandtestall threegraphsearchalgorithms,BFS,DFS,andhybridsearch.
For eachsearchalgorithm,wegeneratethefollowing threetypesof strips:

(1) sequentialstripsonly,
(2) fanstripsonly,
(3) bothsequentialandfanstrips.

If both sequentialandfan stripsaregenerated,we favor sequentialstrips. That is, a fan
strip will startonly if the greedydecompositionin Step(4) encountersfour consecutive
trianglesthatcannotbeencodedwith asequentialstrip.

Ouralgorithmrunsin overall linear timein theworstcase,aftertriangulation(Step(1)).
In practice,FIST hasbeenshown to takeonly lineartime for Step(1), see[21], especially
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sincemostfacestendto betriangles,quadrilaterals,or low-cardinalitypolygons.(In the-
ory, triangulationcan be donein worst-caselinear time for faceswithout holes,and in~�
E��VYX�Z�� � in general.)

4.4 Impr ovedStripification Algorithm

4.4.1 Taking Careof Orientations

In computingtristrips, we take careto respectthe orientationof the leadingtriangle in
eachtristrip, asthis givesthe renderercrucial informationaboutthe sign (orientation)of
thenormalvector. Following theconventionthatnormalvectorspoint to theoutsideof the
object,this meansthattheverticesof thefirst trianglehave to appearin counter-clockwise
(CCW)orientationwhenviewedfrom theoutside.

Taking careof the orientationof the first triangle is no problemfor a tristrip of odd
length,aswecansimplyspecifyits verticesin reverseorder. However, it createsaproblem
for tristripsof evenlength,if their original vertex orderis inappropriate.For instance,the
first triangleof the tristrip in Figure4.1(a)is orientedCW, but specifyingthe verticesin
reverseorder, (5,4,3,2,1),changestheorientationof thefirst triangleto CCW. However, a
reversalof thevertex orderdoesnot curetheproblemfor thetristrip in Figure4.1(b).One
mayeitherbreakit up or add“swap” verticesto make it a strip of odd length,depending
on whetheror not swapsarepermitted.

Therearemodelsin which neighboringtriangleshave differentorientations.To avoid
generatinga tristrip thatcoversthemboth,weneedto identify “hardedges”whenbuilding
adjacency information amongtriangles. A hard edge is a manifold edgeacrosswhich
triangleorientationflips. Thetwo trianglesincidenton ahardedgeshallnotbelabelledas
neighbors.In doingso,we guaranteethatonly trianglesof thesameorientationcanbein
thesameconnectedcomponent.

4.4.2 Dynamic Programming Optimization

Thegoalof our DynamicProgramming(DP) algorithmis to minimize thenumberof se-
quentialstripsneededto cover a givenspanningtree � . We engineeredour algorithmto
ensurecorrectorientationsof the tristrips, provided that the input model hasconsistent
orientationsfor all thetriangularfaces.

For eachnode !���� , we definethe objective function ��
E! � 4 � to be the minimum
numberof sequentialstripsthatcanbederivedfrom thesubtreerootedat ! , in “mode 4 ”,
where“mode 4 ” hasthefollowing meanings,for 4�A ������� � �Q	O� 
 :

0: no sequentialstripenters! ;
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1: a stripenters! with a left turnandanevenparity;

2: a stripenters! with a right turn andanevenparity;

3: a stripenters! with a left turnandanoddparity;

4: a stripenters! with a right turn andanoddparity.

Here,we saya triangleis enteredwith a left turn by strip
I

if its vertex encodingin
I

complieswith its orientation.Otherwise,wesayit is enteredwith a right turn. Wealsosay
that a triangleis enteredby strip

I
with an even parity if it is an even-numberedtriangle

within
I
; otherwise,it is enteredwith anoddparity. Note that ��
E! � 4 � doesnot includein

its countthestrip (if any) thatentersnode! .
Assumethat ! hastwo children,“left” and“right”, which aredenotedby � and ] . Then

wecanestablishthefollowing recursiverelations.(Wenotethatthisalsoworksfor models
thatdo nothaveconsistentorientations.)For 4�A � :��
"! ����� A � �¢¡�) � :£��
P� ����� :¤��
"] �����¥�� :a���Y¡.)���
P� ���+�3� ��
P� � � �32 :£��
"] �����3�� :a���Y¡.)���
"] ���+�3� ��
"] � � �32 :£��
P� �����3�� :w
���
P� ��	�� or ��
"� � 
 �N� :d
���
E] ��	�� or ��
E] � 
 �N��2 ���
E! �Q��� is computedby optimizingoverall possiblecases:

1. thenodeconsistsof a singletonstrip;
2. a stripstartsfrom ! andentersits left child with a left (resp.,right) turnandaneven

parity;
3. astripstartsfrom ! andentersits right child with a left (resp.,right) turnandaneven

parity;
4. astrippassesthrough! , andentersits left child with eithera left or right turnandits

right child with eithera left or right turn,bothwith anoddparity.
Similarly, wecanestablishthefollowing recursive relations.For 4�A �

and 4�Aw� :��
"! � 4 � A ���Y¡¦)���
P� ����� :¤��
"] �����¥���
"� �Q	�� or ��
P� � 
 � :£��
E] �����¥� or��
E] �Q	�� or ��
"] � 
 � :£��
"� �����32 �
For 4�A 	 and 4�A`
 : ��
"! � 4 � A ���Y¡¦)���
P� ����� :¤��
"] �����¥���
"� �C�+� or ��
P� � � � :£��
E] �����¥� or��
E] �C�+� or ��
"] � � � :£��
"� �����32 �
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If ��
E! ���+� A§��
P� ����� :���
E] ����� , i.e., if theoptimalvalueis achievedwhenthestrip stops
at ! with an even parity andwith a left turn, thenits orientationcould not be corrected.
Thus,in this caseweset ��
"! ���+� to ¨ .

For a leaf node ! , the boundaryconditionsare ��
E! �Q��� A �
, ��
"! ���+� A�¨ , ��
"! � � � A��
E! �Q	�� A<��
E! � 
 � A � .

The optimal value is given by ��
"!+© ����� , where !+© is the root of � . To actuallybuild
sequentialstrips,onehasto storeinformationabouttheoptimumdecompositionat every
node.

Thecomputationcanbedonein lineartime,by traversingthetreein abottom-upfash-
ion. Thereareonly a constantnumberof casespernodeandeachnodeis visitedexactly
once.

Theorem 8 In ~�
E� � time, one can computean optimal decompositionof a tree into a
minimumnumberof puresequentialtristrips.

4.4.3 Strip Concatenation

In this section,we discusshow to concatenatetristrips in Step(5) of the Stripification
Algorithm in order to reduceboth the numberof verticesrenderedand the numberof
tristrips. We startwith explaininghow to concatenatesequentialtristrips if bothzero-area
andduplicatetrianglesareallowed. (The simplemodificationsfor usingonly zero-area
trianglesareomittedhere.)

Let @R#ªA«
"!�# � !%0 � ! � � ����� � !+D � !+D�,.# � !%D�,10 � and @T0�A«
"¬|# � ¬¦0 � ¬ � � ����� � ¬T$ � ¬¦$�,.# � ¬T$�,10 � be
two sequentialtristripsin thetriangulation> . Assumethateitherthefirst or lasttriangleof@R# is a neighborof thefirst or last triangleof @T0 . We will explain strip concatenationfor
thecasethat 
"!+D � !+D�,.# � !%D�,10 � and 
"¬|# � ¬¦0 � ¬ � � areneighbors.

The resultof strip concatenationshouldbe that threeconsecutive verticesin the new
stripspecifyeitheratrianglein > or anewly introduceddegeneratetriangle.Weuse“ : ” to
denotethebinaryoperationthatcombinestwo sequentialstrips.Wehave to considerthree
cases.

1
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Figure4.4: Concatenationthatreducestheencodingcostby two.
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If !%D�,.#�A`¬M# and !+D�,10�Ad¬¦0 then@R#­:®@T0�¯ 
"!�# ��°�°�°¥� !%D � ¬|# � ¬¦0 � ¬ � ��°�°�°C� ¬¦$�,10 � .
Thisfirst casecorrespondsto only oneconfiguration,asillustratedin Figure4.4.Wehave
 ��� � �Q	O� 
 � � � :w
E
 � � �Q�O� � � � � ¯ 
 ��� � �Q	O� 
 � � ���O� � � � � �
If !%D±A`¬�0 or !+D�,.#�Ad¬¦0 or !+D�,.#�A`¬ � , and !%D�,10²A³¬M# then@R#­:®@T0�¯ 
"!�# ��°�°�°¥� !%D � !+D�,.# � ¬M# � ¬¦0 � ¬ � ��°�°�°q� ¬T$�,10 � .
This secondcasebreaksdown into threeconfigurations,asillustratedin Figure4.5. The
concatenationscorrespondingto thethreeconfigurationsare
 ��� � ��	�� 
 � � � :w
P� � 
 ����� � � � � ¯ 
 ��� � �Q	O� 
 � � � 
 ���O� � � � �3�
 ��� � ��	�� 
 � � � :w
P� ���O� 
 � � � � � ¯ 
 ��� � �Q	O� 
 � � ���O� 
 � � � � �3�
 ��� � ��	�� 
 � � � :w
P� ��	O����� � � � � ¯ 
 ��� � �Q	O� 
 � � ��	O���O� � � � � �
Else@R#­:®@T0�¯ 
"!�# ��°�°�°¥� !%D � !+D�,.# � !%D�,10 � ¬|# � ¬¦0 � ¬ � ��°�°�°C� ¬T$�,10 � .
It canbe easilychecked that this third casecorrespondsto four otherconfigurations,in
whichtwo stripscanonly belinkedwithoutachieving areductionin thenumberof vertices.
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Figure4.5: Concatenationthatreducestheencodingcostby one.

The concatenationof two fan strips is simple. Similar to the discussionabove, let@R#²AB
E!�# �C°�°�°C� !+D�,.# � !%D�,10 � and @T0ªAB
"¬|# � ¬�0 � ¬ � ��°�°�°¥� ¬T$�,10 � betwo fan strips.Without loss
of generality, we assumethat the triangles 
"!�# � !+D�,.# � !+D�,10 � and 
E¬|# � ¬¦0 � ¬ � � areneighbors.
Then @R# and @T0 may be linked if andonly if !�#�A´¬|# and !%D�,10\A´¬�0 , and @R#�:<@T06A
"!�# ��°�°�°¥� !+D�,.# � !+D�,10 � ¬ � ��°�°�°¥� ¬T$�,10 � �

Tristrips of lengthone(i.e., singletriangles)arespecial. The vertex sequencein the
strip @9A 
E!�# � !�0 � ! � � canbe permutedin cyclic order. This introducesvariationsin the
basicalgorithmsfor strip concatenation.

Our concatenationalgorithmachievesonly the optimal concatenationfor onepair of
neighboringstrips @R# and @T0 . However, a strip of lengthonehasthreeneighboringstrips
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which maybecandidatesfor concatenation,anda strip of lengthgreaterthanonehastwo
terminaltriangles,i.e., two candidatesfor concatenation.Thus,theorderof concatenation
may matter. For a betterglobal optimization,threeconcatenationstagesareperformed,
eachof which constructsconcatenationsthat reducethe numberof verticesby � �C��� or

�
verticesperconcatenation.A directaddressingtablecanbeusedto store,for eachtriangle,
theindex of its incidentalstrip @ . Onepassthroughthetablecheckseachtrianglethathas
a valid strip index. Eachsuchtriangle’s neighboringtrianglesarelookedup in thetableto
find their incidentalstrips,which areneighborsof @ . Onesuchstrip is chosento belinked
to @ to reducethemostnumberof vertices.Theglobaloptimizationasmentionedabove
maybeachievedby multiplepassesthroughthetable.A hashtablemaybeusedto replace
thedirectaddressingtableto savememoryandcomputingtime,thoughourimplementation
choosesthe latter to easethe codingcomplicationandyet the memoryconsumptionand
theincreasein runningtime is negligible comparedto theotherpartsof theprogram.

In theory, two tristrips canpotentiallybe concatenatedin Step(5) by usingeithera
zero-areatriangleor a duplicatetriangle. In practice,renderingtrianglesrepeatedlymay
causevisual artifacts,dependingon how the graphicshardware treatsduplicates. With
our stripificationcodetheusercanspecifywhetherto allow no “swap” vertices,zero-area
triangles,or zero-areatrianglesandduplicatetriangles.

4.5 Results

4.5.1 Set-upof Experiments

Wehaveconductedexperimentsonvariousplatforms;herewereportonly ononerepresen-
tative platform: a SunUltra 30 with 512MB memory, runningSolaris2.6. TheCPU-time
consumptionof ourcode,andof theothercodes,wasobtainedby usingtheC systemfunc-
tion “getrusage()”.Wereportboththesystemandtheusertime. Of course,any file I/O and
similar pre-or postprocessingis not includedin the timings reported.All CPUtimesare
givenin milliseconds.All codeswerecompiledwith GNU’s gcc, usingtheoptimization
level “-O2”.

We comparedFTSG againstthe leadingpublicly availablesystem,STRIPE 2.0. (It
hasbeenreleasedrecently, andis ordersof magnitudefasterthanthepublished[15] ver-
sion,STRIPE 1.0.) All subsequentresultshave beenobtainedusingSTRIPE 2.0. For
comparisonpurposeswealsotestedSGI’stomesh.

MakingSTRIPE reportthesametypeof statisticsdataasFTSG andtomesh turned
out to be a cumbersometask. STRIPE hasmostI/O operationstightly interwoven with
its algorithm,andits accountingis not entirelyreliable.We modifiedSTRIPE in orderto
excludefile I/O from timing. Also, we decidedto parsetheoutputgeneratedby STRIPE
in orderto obtainthe statisticsdatareportedhere. (Of course,the reliability of STRIPE
wastestedby runningtheoriginal code.)
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Our datasetsincludedmany standardmodels[3] availableon theweb,with sizesrang-
ing from 32 verticesto 543,652vertices(1,087,716triangles).We testeda varietyof 107
models,including modelsof buildings andcrafts(designedon CAD systems),andmod-
elsof animalsandfictional charactersthatweretypically derivedfrom scanneddata. We
alsoincludeda few highly regularpolyhedralmodelsof machiningtools. Typically, those
modelsrequiredonly oneor averysmallnumberof sequentialstrips.

4.5.2 Statistics

We first tried to determineexperimentallywhich combinationsof heuristicsyielded the
bestresults.Parametersin our testsincludedµ searchingthedualgraphby meansof depth-first(-dfs),breadth-first(-bfs),or hybrid

search(-hyb);µ using randommarching(-rnd) or alternate-turnmarching(-alt) during the graph
search;µ enablingtheuseof zero-areatriangles(-zero)or duplicatetriangles(-dup)duringthe
stripconcatenation.µ generatingsequentialstrips(-seq),fanstrips(-fan),or bothsequentialandfanstrips
(-seq-fan).

In all our testsFTSG wasrequiredto generatetristripsthatareconsistentwith theorienta-
tion of thefacesof amodel(if sucha consistentorientationexisted).

The resultsof our testsare summarizedin Table 4.1, which lists, averagedover all
our models,the averagenumbersof verticesper triangleand the averageCPU time (in
milliseconds)per triangle. Thedifferentheuristicsarearrangedin sortedorderaccording
to their performance.

Usingthealternate-turnheuristicfor depth-firstsearchandallowing zero-areatriangles
for concatenatingpurelysequentialtristripsyieldedthebestresults,with anaverageof 1.23
verticespertriangle.(Theuseof duplicatetrianglesfurtherdecreasesthisnumberby about
1%, but duplicatetriangleshave beenruledout sincethey might causevisualartifactson
somegraphicshardwares.) In general,depth-firstsearchwith the alternate-turnheuristic
yieldedslightly betterresultsthanthehybridsearch,andbothperformedby farbetterthan
breadth-firstsearch.

It is interestingto seethat usingfan strips in conjunctionwith sequentialstripsdoes
not helpto decreasethevertex count.This observationis alsoconfirmedby Figure4.6. It
shows the percentageof the modelsthe second-to-fourthbestheuristicsproducedresults
thatwereat least � timestheresultsachievedby using“-dfs -alt -seq-zero”, or at most �
timestheresultsfor “-dfs -alt -seq-zero” (for �j� �

). Thecombination“-dfs -alt -seq-fan
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method avg. V/T CPU(ms)

-dfs -alt -seq -zero 1.23 0.009
-dfs -alt -seq -fan -zero 1.24 0.010
-hyb -alt -seq -zero 1.25 0.013
-hyb -alt -seq -fan -zero 1.27 0.013
-hyb -rnd -seq -zero 1.28 0.012
-dfs -alt -seq 1.29 0.009
-dfs -rnd -seq -zero 1.29 0.011
-hyb -alt -seq 1.32 0.012
-hyb -alt -seq -fan 1.33 0.011
-bfs -alt -seq -zero 1.33 0.010
-hyb -rnd -seq 1.36 0.010
-dfs -rnd -seq 1.38 0.009
-dfs -alt -fan 1.57 0.010
-hyb -alt -fan 1.58 0.014
-hyb -alt -fan -zero 1.58 0.013

Table4.1: Performanceof differentheuristicsimplementedin FTSG: averageverticesper
triangle(“V/T”) andCPUtime (in ms).

-zero” is nearlyidentical(but slightly worse)than“-dfs - alt -seq-zero”. We concludethat
usingfanstripsdoesnotseemto payoff.

Wealsodeterminedthebestcombinationof heuristicsfor theDPalgorithm.Theresults
of our testsaresummarizedin Table4.2. As above,depth-firstsearchusingalternate-turn
marchingyieldedthebestresult:onaverage,it needs1.21verticespertriangle(if concate-
nationby meansof zero-areatrianglesis allowed),andconsumesabout0.014milliseconds
pertriangle.Whenusingpuresequentialstripstheaveragevertex countgoesup to 1.24.

We comparedFTSG againstSTRIPE 2.0. SinceSTRIPE cannothandlemodelswith
non-convex polygonalfaces,which amountedto about50%of our models,weusedFIST
to generatetriangulationsof our models. (STRIPE crashesor producesgarbagewhen
appliedto concavefaces.)In oneseriesof tests,all convex faceswereleft untriangulatedin
orderto allow STRIPE to triangulatethemaccordingto its own heuristics.STRIPE turned
out to beunreliableat times,andwehadto restrictour teststo those88(outof 107)models
thatSTRIPE couldhandle.(FTSG hasnoproblemhandlingany form of polyhedralmodel
asit alwaysusesFIST asapreprocessingtool for triangulatingpolyhedralfaces.Notetoo
thatSTRIPE becomesmorereliablewhenusingFIST asa front end.) For comparison
purposeswealsotestedSGI’stomesh.
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Figure4.6: Encodingquality of heuristicsof FTSG relative to using“-dfs -alt -seq-zero”

method avg. V/T CPU(ms)

-dfs -alt -DP -zero 1.21 0.014
-hyb -alt -DP -zero 1.22 0.016
-dfs -alt -DP 1.24 0.013
-hyb -rnd -DP -zero 1.25 0.016
-hyb -alt -DP 1.26 0.015
-dfs -rnd -DP -zero 1.26 0.014
-hyb -rnd -DP 1.30 0.015
-dfs -rnd -DP 1.31 0.013

Table4.2: Performanceof differentheuristicsfor theDPalgorithmimplementedin FTSG:
averageverticespertriangle(“V/T”) andCPUtime (in ms).

method avg. V/T CPU(ms)

-dfs -alt -DP -zero 1.21 0.014
-dfs -alt -seq -zero 1.23 0.009
-dfs -alt -DP 1.24 0.013

tomesh 1.36 0.027
STRIPE (convex faces) 1.36 0.263

STRIPE (fully triangulated) 1.39 0.071

Table4.3: Performanceof the differentstripificationcodes:averageverticesper triangle
(“V/T”) andCPUtime (in ms).
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The resultsaresummarizedin Table4.3, andin Figure4.7 andFigure4.8. (We used
FTSG’s heuristics“-dfs -alt -DP -zero” for thesecomparisons.)The plots show the per-
centageof the modelsin which theothertwo codesproducedresultsthatwereat least �
timestheresultsof FTSG, or at most � timestheresultsfor FTSG (for �j� �

).
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Figure 4.7: CPU-timecomparisonof the stripification codesw.r.t. FTSG “-dfs -alt -DP
-zero”
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Figure4.8: Encodingquality of thestripificationcodesw.r.t. FTSG “-dfs -alt -DP-zero”

FTSG wasalwaysfasterthanSTRIPE or tomesh. On average,FTSG needs0.014
milliseconds(ms)perinputtriangle,tomesh needs0.027ms,andSTRIPE needs0.071ms
for fully triangulatedfacesrespectively 0.263msfor non-triangulatedconvex faces. For
20%of themodels,tomesh neededat leasttwice asmuchCPUtime asFTSG. STRIPE
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neededat leasttwice asmuchCPU time asFTSG for all models. For fully triangulated
modelsit wasat leastfive timesasslow asFTSG for 18%of the models,andat least10
timesasslow for 6% of themodels.For modelswith convex facesleft untriangulated,it
wasat leastfive timesasslow asFTSG for 45%of themodels,10 timesasslow for 33%,
and20 timesasslow for 22%of themodels.

On average,FTSG needs1.21verticesperinput triangle,tomesh needs1.36vertices,
andSTRIPE needs1.39 verticesfor fully triangulatedfacesand 1.36 verticesfor non-
triangulatedconvex faces.1 For 80%of themodelsFTSG performedbetterthanSTRIPE
(if convex facesareleft untriangulated).For fully triangulatedmodelsthispercentagegoes
up to 93% for tomesh and89% for STRIPE. For 38% respectively 55% of the models
STRIPE neededat least10%moreverticesthanFTSG. (Fortomesh, thispercentagewas
53%.) While tomesh hardly ever generatedencodingswith fewer verticesthanFTSG,
STRIPE wasbetterfor 11%of themodels,if convex facesareleft untriangulated.As we
have seen,this win for 11%of our modelscomesat thepriceof a CPUconsumptionthat
is drasticallyworsethanFTSG’s CPUconsumption.NotethatFTSGperformsbetterthan
STRIPE or tomesh evenwhenit doesnot useswapvertices,seetheentry for “-dfs -alt
-DP” in Table4.3.

STRIPE generatessignificantly fewer stripsthanFTSG, but still usesmorevertices.
We notethat the objective of the currentDP algorithmis to minimize the numberof se-
quentialtristrips.Sometimesthis comesat theexpenseof quitea few singletonstrips(i.e.,
stripsof lengthone).Wehavestartedto experimentwith modifiedobjective functionsthat
allow usto minimize thenumberof stripswhile avoiding thegenerationof too many sin-
gletonstrips. We expect that a judiciously modifiedobjective function will decreasethe
numberof verticespertriangle.

FTSG showsnosignificantvariationof themainperformanceparameters.Its cpu-time
consumption(per triangle)variesvery little, asdoesthe numberof verticesper triangle.
Summarizing,FTSG is ordersof magnitudefasterthan the publishedSTRIPE 1.0, and
performsmuchmore predictably(and typically better)thanSTRIPE 2.0 andtomesh,
while beingsubstantiallyfasteron average.

At last, we show tristrips generatedby FTSG on two modelsin Figure4.9 andFig-
ure4.10.

1Therearesomecasesin which our resultsfor STRIPE differ from what is reportedin [15]. Thereare
two reasonsfor this: (1). STRIPE doesnot handleconcave polygonalfaces(thus,we pre-triangulatedall
concavefacesprior to applyingSTRIPE); and(2). therearesomeerrorsandinconsistenciesin how STRIPE
countsvertices.Thus,our resultsarebasedon a carefulparsingof theoutputsetof tristrips from STRIPE
(runwith its defaultoptions).
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4.6 Conclusion

We have presenteda detailedstudyof methodsfor efficiently encodingthe (triangulated)
surfaceof polyhedralmodelsassequentialor fantristrips.Theoverallwinnerasfar asthe
compactnessof the encodingis concernedis a methodbasedon dynamicprogramming.
It needsslightly fewer verticeswhile consumingslightly moreCPU time thana method
basedonscanningadepth-firstspanningtreeof thedualgraphaccordingto thealternating-
turn heuristic. In general,both methodsneedlessCPU time andproducemorecompact
encodingsthanthebestpublishedprior art,STRIPE 2.0,andthey alsocomparefavorably
with SGI’stomesh.

We anticipatethat an improved objective function for the DP approachwill help to
improveour resultsevenfurther. We alsoplanto optimizeoverall spanningtrees,e.g.,by
branchandboundor by randomization.This will give theoptimum(minimum)encoding
of amodel,andwill allow usto compareour heuristicsto theoptimum.
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Figure4.9: Resultsof FTSGstripificationof thecow. Left: Stripifiedcow, with different
stripshaving differentcolors;Right: A zoomedview, with spanningtreeedgeshighlighted
on thecow’shead.

Figure4.10:Resultsof FTSGstripificationof theshark.Left: Stripifiedshark,with differ-
ent stripshaving differentcolors;Right: A zoomedview, with spanningtreeedgeshigh-
lighted.



Chapter 5

Optimal SequentialStripification

In this chapter, we considertheproblemof finding a minimumnumberof puresequential
strips to partition a given trianglemesh. It hasbeenshown by Estkowski [13] that this
problemis NP-hard. Therefore,a polynomial-timealgorithmis lesslikely to exist. We
will, however, explore someoptimizationalgorithmsthat run in exponentialtime in the
worstcase.

5.1 Intr oduction

We have establisheda fastandeffective stripificationalgorithm,namely, thepath-peeling
algorithm,basedon a numberof intuitive heuristics.We alsobuilt a linear-time dynamic
programmingalgorithmthatfindsaminimumnumberof puresequentialstripsto partitiona
spanningtreeof theoriginaltrianglemesh.Experimentsshow thatthesealgorithmsrunfast
andfind goodstripifications.However, it is unknown how thequality of thestripifications
canbecomparedwith theoptimal.Ontheotherhand,usersareoftenwilling to spendmore
timeoff-line to obtainbetterstripifications,whichcanbecompactlystored,alongwith the
compressedoriginalmesh,for repeateduses[24].

Thecriteriafor optimalstripificationmaydiffer from applicationto application.Some
interestingcriteria areminimumnumberof tristrips, minimumnumberof renderingver-
tices, and minimumnumberof short strips. In this chapter, however, we focus on the
following optimizationproblem.

The Minimum SequentialStripification Problem Givena2-manifoldtrianglemesh,find
aminimumnumberof puresequentialstripsthatsubdivides(partitions)it.

In Section5.2, we reformulatethis probleminto an integer programmingproblem.
Thenin Section5.3weexploreabranchandboundapproachto solvethisproblemdirectly.
In Section5.4weapplyouroptimizationalgorithmsto improvethepath-peelingalgorithm.
Someotherissuesarediscussedin Section5.5.Weconcludeour work in Section5.6.

30
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5.2 Integer Programming

In this section,we convert theminimumsequentialstripificationproblemto anequivalent
0-1 IntegerProgram(IP).

Givena surfacetriangulation,or trianglemesh,� , assumethat it is a 2-manifold;then
eachedgein � belongsto at mosttwo triangles.An edgeis calledan internal edgeif it
is sharedby exactly two triangles.Otherwise,it is a boundaryedge.Theadjacency graph? of � consistsof nodesthat representtrianglesin � and edgesthat connectadjacent
triangles(nodes).Theseedgesin ? arecalleddual edges. Obviously, thereis aone-to-one
correspondencebetweenedgesin ? andinternaledgesin � . Let ·e
"? �¥�N¸ 
P? � bethevertex
setandedgesetof ? respectively.

A sequentialstripificationof � , denotedby ¹ , is a setof disjoint sequentialstripsthat
subdivides(partitions) � . Eachsequentialstrip correspondsto a simplepathin ? . These
disjoint pathsform asubgraph?�r of ? suchthat ·e
"?�r � Ad·e
"? � and

¸ 
P?�r ��º³¸ 
P? � .
Let usassigna 0-1 integervariable»¦¼ to eachedge½ in ? suchthat»¦¼¾A ¿ �

if ½e� ¸ 
P?�r ��
otherwise

A costfunctionfor thesequentialstripification ¹ is thendefinedasfollows,À 
E¹ � A Á¼�ÂqÃ�ÄiÅ%Æ »¦¼ �
which is simply thecardinalityof

¸ 
P? ��Ç�¸ 
P? r � . Now weshow thefollowing theorem.

Theorem 9 A sequentialstripification of � that minimizesthe cost function
À

defined
aboveconsistsof theminimumnumberof sequentialstrips.

Proof. Let � be the numberof trianglesin � , and È be the numberof boundaryedges.
Givena sequentialstripification ¹ of � , let  f
E¹ � bethenumberof stripsin ¹ . For a stripI ��¹ , let ��
 I+� be the numberof trianglesit covers. The numberof edges(repetitions
countedseparately)that “wrap” aroundthe boundaryof the strip is ��
 I+� :u� . This can
simplybeshown by induction.If wesumoverall thestrips,wehaveÁpzÂqÉ 
E��
 I+� :¤� � A`��:£�% f
E¹ � �

On the other hand,each“wrapping” edgethat is internal is countedtwice andeach
boundaryedgeis countedonce. Further, the countedinternal edgeshave a one-to-one
correspondencewith theedgesin

¸ 
P? ��Ç�¸ 
P?�r � . Thus,ÁpnÂCÉ 
"��
 I+� :£� � A<� À 
W¹ � :aÈ �
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andtherefore � À 
W¹ � :aÈ�A`� :£�% f
E¹ �¥�À 
W¹ � Ad f
W¹ � :w
E�j&®È � ���eAd f
W¹ � :¤Ê¥Ë+� ICÌ�K � Ì � xy
5.2.1 IP Formulation

By Theorem9, our IP problemis to minimize Í ¼�ÂqÃ�ÄiÅ�Æ »¦¼ undertheconstraintsthatthe0-1
assignmentsto the »T* ’s correspondto a legalsequentialstripificationof � .

x1

x4 x5

x2 x3

Figure5.1: A local configurationof a trianglemeshandits dual.

The constraintscanbe categorizedinto local andglobal ones. The local constraints
areillustratedin Figure5.1. Thedashedline segmentsarethedualedgesin theadjacency
graph. Assumethat » ��� ».� � » 	O� »¦
 � ».� are the 0-1 integer variablesassignedto the dual
edgesin thefigure,they mustsatisfythefollowing inequalities,

» � :'».�Î:®» 	 � ���» � :'»¦
ª:®».�Ï� ���».�ª:'» � :®»¦
�� ���» 	 :'» � :®».�Ï� � �
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Thefirst two local constraintsensurethat thedualof a strip is a path,andthelast two
ensurethatastrip follows thealternatingturn patternin orderto besequential.

2

4

5

6

7

8

1 3

Figure5.2: A sequentialcycleandits dual.

Therearealsoglobalconstraintsto ensurethatany sequentialstriphastwo “ends”. It is
this factthatweusedin theproofof Theorem9 to show thatany sequentialstripcontaining� triangleshas �j:�� boundingedges.Suchconstraintshave to beimposedon sequential
cycles, which areself-loopingsequentialstrips.An exampleof sucha strip andits dual is
shown in Figure5.2. Thestrip hasthecodingsequenceof 
 ��� � �Q	O� 
 � � ���O� � � � � . In general,
given any sequentialcycle of � triangles,let »|# � »¦0 �C°�°�°C� »¦S be the 0-1 integer variables
assignedto theedgesin thedualof thecycle, they mustsatisfy

»|#M:®»¦0�: °�°�° :'»¦SÐ� � �
Wepresentanexampleto indicatethattheglobalconstraintsarenecessaryfor obtaining

anoptimalsolution.As shown in Figure5.3,we triangulatea
	
x 
 regulargrid, andfold it

to form a “prism”. It canbeverifiedthatoneor two sequentialstripsarenot sufficient to
partitionthewholemesh.However, wecancovereachsideof the“prism” byonesequential
strip sothat threedisjoint stripssuffice to cover themesh.Thecostfunctionhasvalue

� � .
We canalsostripify themodelby usingfour sequentialcyclesthat circle aroundtheside
of the “prism”. Without specifyingtheglobalconstraints,thecostfunctionhasa smaller
valueof _ . It contradictsTheorem9. By applyingtheglobalconstraints,thecostfunction
hasagreatervalueof

��	
.
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Figure5.3: Folding a regularly triangulated“grid” into a “prism”.

Theorem 10 In theIP formulationindicatedabove, thenumberof local constraints,global
constraints, total constraints and the numberof occurrencesof integer variablesin all
constraintsis kl
E� � in theworst case. Furthermore, all constraintscanbefoundin linear
time.

Proof. Without causingconfusion,we use »T* to denoteboth the 0-1 integer variable
assignedto anedgein ? andtheedgeitself.

As shown in Figure5.1, in thefour local constraintsthatareprimarily associatedwith
edge»|# , aslistedabove,thefirst two canbeseenasdeterminedby thetwo endpointsof the
edge,while theothertwo bondwith theedgeitself. Sothetotalnumberof localconstraints
is no morethantwice thenumberof edges,plusthenumberof verticesin ? . It is kl
"� � in
theworstcase.They cancertainlybeestablishedin lineartime.

Ontheotherhand,edge»|# mayappearin atmosttwo sequentialcycles,passingtriples
E»¦0 � »|# � »¦Ñ � and 
E» � � »|# � »TF � , respectively. Thuseachedgein ? contributesto at mosttwo
globalconstraints.Thatimpliesthatthetotal numberof globalconstraintsis also ~�
E� � , as
is thenumberof occurrencesof theintegervariablesin theconstraints.

Therearecasesin which thenumberof global constraintscanbe Òe
"� � . An example,
similar to the oneshown in Figure5.3, caneasilybe constructedby folding a regularly
triangulated

	
x � grid into a “prism”. Thereare � sequentialcyclesthat circle aroundthe

sideof it.
To find global constraintsavoiding redundancy, we assigneachdual edgetwo flags,

onefor eachpatternthata sequentialstrip mayuseto passtheedge.Initially, all flagsare
markedasunused. As a flag is unused, we useit to generatea sequentialstrip. All edges
alongthestrip areupdatedwith theproperflags. A globalconstraintis found if thestrip
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turnsoutto beacycle. As eachedgeflagis checkedandupdatedonly once,andthenumber
of global constraintsandthe integervariablesthey containis ~�
"� � , all global constraints
canbebuilt in lineartime. xy
5.2.2 Reducibility to Set-Covering Problem

Theintegerprogramestablishedabovecanreadilybetransformedinto aset-coveringprob-
lemdescribedbelow.

The Set-Covering Problem Givena collection o of subsetsof a finite set ¹ , find a sub-
collection o r of o with minimumcardinality, suchthateachelementin ¹ belongsto
at leastonememberin o r .

Let ¹ bethesetof all constraints.Weobserve thatoneconstraintis satisfiedif any one
of thevariablesit containsequalsone. Therefore,we canassociateeachvariable »T* with
a subsetof ¹ , namely Ól* , that consistsof all the constraintscontaining »T* . If »T* equals
one,all theconstraintsin Ól* aresatisfied.Then o¤AH)�Ól* 2 is a collectionof subsetsof ¹
suchthat Ô�Ól*�Õ`¹ . Thustheproblemof minimizing Í ¼�ÂqÃ�ÄiÅ%Æ »¦¼ sothatall constraintsare
satisfiedturnsout to be equivalentto finding a minimum numberof membersfrom o to
cover ¹ .

The reductionprocedurecanbecarriedout asfollows. We initialize anemptysetfor
eachinteger variablein the IP formulation shown above. Examinethe constraintsone
by onein order, andput them(aselements)in thesetsassociatedwith thevariablesthey
contain. As the numberof occurrencesof all of the variablesis ~�
"� � , the processtakes
linear time. By inspectingFigure5.1, we alsoobserve that each0-1 integer variable »T*
existsin atmost8 localconstraintsand2 globalconstraints.Therefore,eachcorresponding
set Ól* containsat most10 elements.Thuswe endup with a variationof theset-covering
problem,theMinimum 10-SetCover, in which thecardinalityof eachsetin o is bounded
from aboveby

���
. In summary, wehave thefollowing theorem.

Theorem 11 The minimum sequentialstripification problem canbereduced,in linear
time, to theproblemMinimum 10-SetCover.

5.2.3 Solvingwith CPLEX

ILOG CPLEX [8] is a dedicatedcommercialoptimizationsoftwarethat cansolve mixed
integerprograms.We have its version6.0 installedon a Sun4cwith

	 � MB memory, run-
ning SunOS4.1.3U1. Basedon the reductionproceduredescribedin Section5.2.1,we
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Figure5.4: A smalltrianglemeshandits dual.

wroteaprogramto convert theminimumsequentialstripificationproblemsinto 0-1 integer
programs.

As anexample,let usrevisit thesmallmeshshown in Figure5.2. We redraw themesh
in Figure5.4andlabelthedualedgesin theway thatour IP converterinterpretsthem.The
generatedoptimizationproblemsarestoredin standardMPSformat. We thenrun CPLEX
to readin theproblem,which is displayedasfollows.

Minimize
obj: x1 + x2 + x3 + x4 + x5 + x6 + x7 + x8 + x9 + x10 +

x11 + x12 + x13
Subject To
c1: x1 + x2 + x5 >= 1
c2: x1 + x3 + x4 >= 1
c3: x1 + x3 + x5 >= 1
c4: x1 + x4 + x5 >= 1
c5: x2 + x5 + x9 >= 1
c6: x2 + x5 + x13 >= 1
c7: x2 + x12 + x13 >= 1
c8: x3 + x4 + x5 >= 1
c9: x3 + x4 + x6 >= 1
c10: x4 + x5 + x9 >= 1
c11: x4 + x6 + x7 >= 1
c12: x4 + x6 + x9 >= 1
c13: x4 + x8 + x9 >= 1
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c14: x5 + x9 + x12 >= 1
c15: x6 + x7 + x8 >= 1
c16: x7 + x8 + x9 >= 1
c17: x7 + x8 + x10 >= 1
c18: x8 + x9 + x12 >= 1
c19: x8 + x10 + x11 >= 1
c20: x8 + x10 + x12 >= 1
c21: x8 + x11 + x12 >= 1
c22: x9 + x12 + x13 >= 1
c23: x10 + x11 + x12 >= 1
c24: x11 + x12 + x13 >= 1
c25: x1 + x2 + x3 + x6 + x7 + x10 + x11 + x13 >= 1

Bounds
0 <= x1 <= 1
0 <= x2 <= 1
0 <= x3 <= 1
0 <= x4 <= 1
0 <= x5 <= 1
0 <= x6 <= 1
0 <= x7 <= 1
0 <= x8 <= 1
0 <= x9 <= 1
0 <= x10 <= 1
0 <= x11 <= 1
0 <= x12 <= 1
0 <= x13 <= 1

Binaries
x1 x2 x3 x4 x5 x6 x7 x8 x9 x10 x11 x12 x13

In the ��� constraintsshown above, ��
 arelocal onesandthelastoneis global.CPLEX
solvesthis IP problemin

� � ��	 secondsandreturnsanoptimalsolutionwith objectivebeing
equalto 5. Thevariables»|# � »TF � »¦Ñ � »¦Ö � »|#"0 equal

�
andall othersequal

�
. By removing the

dualedgescorrespondingto the 1-valuedvariables,we endup with two sequentialstrips
whosedualpathsareshown in Figure5.5.

As a well-establishedoptimizationsoftware,CPLEXcanbeexpectedto performrea-
sonablywell over generalIP problems. However, we wish to develop independentpro-
gramsthatdirectlysolvetheminimumstripificationproblem.By doingso,wealsoexplore
potentialspecialstructurein our specificproblemsandhopefullyderive moreefficient al-
gorithms.
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Figure5.5: Thedualgraphof asequentialstripification.

5.2.4 Implicit Enumeration

Implicit enumerationis a commonlyusedbranch-and-boundmethodthat solves0-1 IPs.
Eachbranchof the tree,asshown in Figure5.6, will specify, for someedgenode 4 , that»T*|A � or »T*|A �

. At eachnode,afterbranching,theboundingschemewill thendetermine
whetherit is feasibleandif feasible,whetherthebestcompletionof thecurrentnode(not
necessarilyfeasible)beatsthe bestavailablesolution. Branchingright is alwaysfeasible
andincreasesthecostfunctionby one,while branchingleft doesnot increasecost,but can
beinfeasible.

Theactualtraversalof thetreecanbecarriedoutby usingeitherthebreadth-firstsearch
(BFS) or the depth-firstsearch(DFS) protocol. All the treenodes,exceptthe leaves,are
called “incomplete” nodes,as they containunspecifiededges. By usingBFS, onemay
needto maintaina priority queuefor the incompletenodesdiscoveredin thesearch.The
queuesizecangrow exponentially. In a typical trianglemesh,the numberof edges,and
thereforethecorrespondingdualedgesor variables,is about� � h morethanthenumberof
triangles.Thus,systemmemorycaneasilyrun out for modelswith over � � triangles.On
thecontrary, usingDFSrequiresonly linearworking space.Thesearchalwaysendsup in
a completenode(a “leaf”) beforeit jumps. The “leaf” providesa new feasiblesolution,
whichcanbecomparedwith thecurrentbestsolution.Thus,no intermediatenodeneedsto
bestored.However, it is lessefficient in runningtime. A mixtureof bothsearchschemes
mayprovideabalancedperformance.

WeimplementedtheDFSversionof themethod.Ourprogramcanbedirectlyappliedto
trianglemeshesfor optimalstripification.No constraintsneedto beexplicitly established.
However, we suspectthatCPLEX, asa moresophisticatedIP solver, may run fasterthan
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Figure5.6: Thebinarydecisiontree.

our simpleapproach.
For comparison,we run testson

���
randomly-generated“grid” models,eachof which

contains
	 � triangles. (Section5.3.2will explain how they aregenerated.)The platform

is a Sun4cwith
	 � MB memoryrunningSunOS4.1.3U1. We observe thatbothmethods

outputthesameoptimalobjective valuefor eachtestedmodel,asindeedthey should.By
usingCPLEX, we recoredanaveragerunningtime of

� �^��� secondspermodel,while im-
plicit enumerationmethodconsumesan averageof ���O� � � secondsper model. Note that
theCPLEX runningtimedoesnot includethetime neededto constructtheIP formulation.
(It is doneby a separateconversionprogramasdescribedbefore.) However, the linear
conversiontime is negligible.

Thus,our simpleimplicit enumerationapproachis about � ordersof magnitudeslower
thanusingCPLEX. In the next section,we will try anotherapproachusinga branchand
boundalgorithm.

5.3 Branch and Bound

Insteadof convertingtheminimal sequentialstripificationprobleminto a 0-1 integerpro-
gramasdescribedabove, in this section,we applya branchandboundmethoddirectly to
theoriginalproblem.

5.3.1 Branch-and-BoundScheme

First of all, wedescribeour procedureof enumeratingall of thestripifications.
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At any stageof the procedure,whena setof sequentialstripshasbeenrecoveredto
“consume”part of a trianglemesh,choosea “free” trianglethat is not “covered” by any
strip in theset.

Lemma 12 There are ~�
"� 0 � sequentialstrips that can passthroughthis triangle in the
remainingmesh.

Proof. As shown in Figure5.7, therearethreedifferentwaysin which a sequentialstrip
can“passthrough”atriangle.For eachof thethreeways,asequentialstripcan“extend” in
two directionsfrom thetriangle.Thereareat most ~�
E� � trianglesin eachdirection.Thus,
thereareatmost ~�
E� 0 � differentsequentialstripspassingthroughthetriangle. xy

Figure5.7: A sequentialstrip canpassthrougha trianglein threedifferentways.

Therearemany ways to enumeratethesestrips. In our implementation,we adopta
methodthattendsto processthelongerstripsfirst. For eachoneof three“ways” in which
a strip cangrow, we startonefrom thetrianglein oneof thetwo directions,say, the“left”
direction,until it “hits” eithertheboundaryof themeshor the strip itself. This extremal
“left hand” strip canthenbe shortenedonetriangleat a time. For eachfixed “left hand”
strip, we can extend it in the other direction from the triangleuntil it can no longer be
grown. Thenthis “right hand”strip canbeshortenedonetriangleat a time. Thus,we can
enumerateall sequentialstripsthatpassthroughagiventriangle.

For eachsuchobtainedstrip, we add it to the partial solution. If the whole meshis
covered,wehave reacheda solution;otherwise,wecontinuetheaboveprocess.

Theenumerationprocedureabovecanbeseenastraversinga branchandbound(or, in
short,B&B) treeof ~�
"� � height,eachnodeof which hasdegree ~�
"� 0 � . Next we describe
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how to establishsomelowerboundingschemesto fathomasmany nodesof theB&B tree
aspossible.

Considera vertex, ! , of the trianglemesh.It hasmany trianglesincidenton it. Some
have been“used” within strips (at somestageof the algorithm),andother trianglesare
unused(or “uncovered”),sofar.

The unusedtriangles,in general,form a setof “sectors”consistingof connectedfan
stripsaround! . Let ussaythey havecardinalities]�# � ]�0 � �×�¢�×�
Lemma 13 A sequentialtristrip can “consume” (“cover”, or “use”) locally at most3
trianglesincidenton ! . Further, if it consumeslessthan3 triangles,thenoneof thestrip’s
“end triangles” is incidenton ! .
Proof. Theproof is basedon asimplelocal investigationof thecasesin theneighborhood
of ! . xy

Thus,each“sector”on ! will contributeto the“end triangles”of at leastonesequential
strip if its cardinalityis not

� ��X�Ø 	 . LetI *RA ¿ �
if ]q*|A � ��X�Ø 	�
otherwise

Thenwehave,

Lemma 14 In any completionof the partial stripification, there mustbe at least Í * I *
tristrips thathaveanendtriangleincidenton ! , with ! incidentonat most2 of thetriangles
in thestrip.

Now, look at a sequentialtristrip. It hastwo “end triangles”(only oneif it is a trivial
strip of only 1 triangle).Look at theverticesincidenton these2 endtriangles.Thereare6
of them,in general.However, weclaimthatatmost4 of themareverticesthatareincident
onat mosttwo of thetrianglesof thestrip. (In thecaseof a1-trianglestrip,thetotalnumber
of suchverticesis simply3.)

Lemma 15 At most4 verticesof a tristrip are incidenton �`� trianglesof thestrip.

Let us say that ! receivesa “charge” from a strip > if ! is incidenton at most2 of
thetrianglesin > . (Necessarilythesetriangleswill beendtrianglesof > ). Then,we have
shown that ! is chargedat leastanamount

À ��A<Í * I * , sothetotalamountof chargesover
all verticesis at least Í � À � . On theotherhand,eachstrip canresultin at most4 charges,
sothetotal chargeis at most 
��RÙ (where �RÙ is thenumberof stripsin a completionof the
stripification).

Thus, �|Ù �§
 � ��
 � Í � À � .
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If we keeptrackof thequantities
À � , for eachvertex ! , aswe proceed,thenany time

we get to a “node” in theB&B treewhere 
 � ��
 � Í � À � , plus thecurrentnumberof strips
(the onesthat arealreadypart of the partial solution),is no lessthanthe best(complete)
stripificationfoundsofar, weknow thatwedonothaveto exploretheB&B treebelow this
node– wearedoomedto obtaina resultthatis nobetterthanthebestsolutionfoundsofar.

Initially, weusethesequentialstripificationgeneratedby theDPalgorithmin FTSG as
the bestcompletestripificationfound so far. If it is closeto the optimal solution,it may
helpto speedup theoptimizationprocess.

Implementation Issues

A key issuein implementingthe algorithmis to efficiently updatethe strip lower bound
whenvisiting new nodes. From the analysispresentedabove, onecanupdatethe lower
bound“locally” by recalculating

À � for thoseverticeswhoseincidentfaceshavechanged.
The computingtime at eachof thoseverticesis expectedto be constant. Note that the
new lower boundis establishedas if the remainingtrianglemeshis still oneconnected
component.It is certainlybetterto computelower boundscomponentwiseandsumming
themup. However, maintainingconnectedcomponentsrequireshighercost.

Therearecasesfor which the above boundingschemeresultsin trivial lower bounds
(
�

or
�
). Figure5.8 shows suchanexamplefor which our fathomingrule impliesa lower

boundof
�
. (It actually requires

	
disjoint sequentialstrips to cover the example.) To

improve the lower bound,onemay further conducta “one-strip” test(in linear time [2])
to determinewhetherone sequentialstrip can cover the whole mesh. If so, no further
fathomingis neededon thatcomponent.If not,a lowerboundof 2 stripsis obtained.

Weimplementedall of theschemesdiscussedabove. Experimentalresultsaredisplayed
in 5.3.2. However, unlessexplicitly indicated,only the “local” algorithm is appliedto
updatelowerboundsfor its simplicity andefficiency, aswill bedemonstratedbelow.

5.3.2 Experiments

To testour branch-and-boundmethod,we generatesomesmallrandom“grid” modelsand
“sphere”models.The “grid” modelsaregeneratedby randomlytriangulatingevery rect-
angle(by randomlypicking oneof the two diagonals)in an � x � regular grid. To build
“sphere”models,we first usethe sphere program[27] by O’Rourke andXu to generate
randompointson or neara sphere,andthenapply the qhull program[5] of Barberand
Huhdanpaato obtainthetriangulatedconvex hulls.

Comparison with CPLEX

As before,we run comparisontestson a Sun4cwith
	 � MB memoryrunning SunOS

4.1.3U1.
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Figure5.8: For thesmall trianglemeshshown above,we obtaina lower boundof
�

using
our fathomingrule. By applyingtheone-striptest,weobtainabetterboundof � .

By testingthe branch-and-boundmethodon the same
���

“grid” modelsusedin Sec-
tion 5.2.4,we recordanaveragerunningtime of

� ��_�
 seconds,which is ����h slower than
usingCPLEX but is muchfasterthanusingimplicit enumeration.

We alsorun testson somelarger models:
���

“grid” onesand
���

“sphere”ones,each
containing��� triangles.For eachof these,weverify thatbothCPLEX andthebranch-and-
boundmethodgeneratethesameoptimalnumberof sequentialstrips.Theaveragerunning
timeson thetwo setsof modelsarelistedin Table5.1. NotethattheCPLEX runningtime
doesnot includethetime requiredto obtaintheIP formulation.

Method Time(s)
Grid Sphere

B&B 4182 901
CPLEX 57 2625

Table5.1: TheaveragerunningtimesusingbothCPLEX andthebranch-and-boundmethod
on
���

“grid” modelsand“10” spheremodels,eachcontaining��� triangles.

It is interestingto noticethatour B&B methodrunsfasteron “sphere”modelsthanon
“grid” models,andCPLEX behavescontrarily. Indeed,theB&B methodis roughly

	
times

fasterthanCPLEX on “sphere”models.However, it is � 	 timessloweron “grid” models.
We noticethat the IP formulationsof these“sphere”modelscontains

	 _�h morecon-
straintsthanthatof “grid” modelsin average( ��� � vs. � � � ). ThismayexplainwhyCPLEX
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No. of triangles 69 49 37 55 61 72 75 58
No. of constraints 124 122 86 65 65 189 182 131
Running CPLEX 0.83 0.32 0.82 0.25 0.12 3.42 1.45 0.35
Time(s) B&B 1.06 48.60 0.69 0.18 0.06 0.86 67.22 0.75

Table 5.2: The running times using both CPLEX and the B&B methodon somesmall
trianglemeshes.

runssloweron the“sphere”models.Ontheotherhand,fewerstripsarerequiredto covera
“sphere”modelthana“grid” model(Table5.3).ThatprobablyimpliesasmallerB&B tree
for a“sphere”modelthanfor a“grid” model.Thismayexplainwhy thebranch-and-bound
methodrunsfasteron “sphere”models.

We alsorun bothmethodson somesmall trianglemeshesobtainedfrom “real-world”
models,by groupingshortstrips(obtainedusingFTSG) into connectedcomponents.Ta-
ble 5.2shows therunningtimes.

Both methodsseemto run fasteron thesesmall meshes.However, the B&B method
exhibitsmorevariationin runningtime. We will investigatethis issuelater.

Optimization versusDynamic Programming

Wenow show how theoptimalnumberof sequentialstripscompareswith whatis generated
by dynamicprogramming(DP). The following experimentsarerun on a SunsparcUltra-
30, running SunOS5.6 with 512MB memory. Table5.3 lists the numberof sequential
stripsgeneratedby thebranch-and-boundalgorithmandDP, respectively, on the

���
“grid”

modelsand
���

“sphere”modelstestedabove. Theoptionsusedfor DPare“-dfs -alt -DP”.
Also listedin thetablearethepercentagesby whichDPincreasesthenumberof sequential
stripsover theoptimalsolutions.

To investigatetheaverageperformanceof ourbranch-and-boundapproach,wegenerate_ groupsof random“sphere”models.Eachgroupcontains
���

modelsof thesamesize.The
modelsizesfor differentgroupsrangefrom

���
to _ � . The averagerunningtime (in mil-

liseconds)for eachgroupis computedandis drawn in Figure5.9.Notethatthe Ú -axis(for
the runningtime) is log-scaled.Thosedatapointsarewell fitted by the line whosefunc-
tion is obtainedusinga least-squaresmethod.Thefitting function Ú�A<Û3ÜOÝ�
 � � � ��»�&¤��� � � �
is exponential.Onemayuseit to estimatetheexpectedrunningtime of our optimization
algorithmon a “sphere”model. For example,optimizinga meshcontaining

�����
triangles

canbeexpectedto take two anda half hours.For comparison,theDP algorithmof FTSG
runsin a few milliseconds.

We alsoshow in Figure5.10how theB&B methodgeneratesfewer stripsastimegoes
by, on a “sphere” model of _ � triangles. The B&B methodstartswith a stripification
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Grid Sphere
OPT DP % OPT DP %
12 14 16.7 7 11 57.1
11 15 36.4 9 11 22.2
11 13 18.2 9 12 33.3
13 14 7.7 7 10 42.9
12 13 8.3 8 10 25
12 15 25 7 11 57.1
12 14 16.7 8 12 50
11 14 27.3 8 9 12.5
12 15 25 7 12 71.4
13 14 7.7 7 12 71.4

Table5.3: The numberof stripsgeneratedby optimizationandDP on
���

“grid” models
and

���
“sphere”models,eachcontaining��� triangles.
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obtainedby DP, containing
� � strips, and eventually finds an optimal solution with

���
strips.
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Figure5.10: The numberof sequentialstripsobtainedby the branch-and-boundmethod
decreasesasrunningtime increases.

Practically, onemaywishto spendareasonableamountof timerunningthebranch-and-
boundmethod,andreturnthebestobtainedsolutionat theendof theallocatedtime. We
investigatethis issueby runningthefollowing experimentsonour full suiteof

� � 	 models.
For eachmodel,we run theB&B methodfor a time equalto � timestheDP runningtime,
where �lA<� � 
 � � � ����� ����� �%
 , thenwerecordthenumberof sequentialstripsobtainedat the
endof eachtimeperiod.Theresultsshow thatfor �lA ��� �%
 , weobtainimprovementsover
DP on

��� h (
� _ ) of themodels.Table5.4shows how thenumberof stripschangeswith �

for a few models.Thecolumnfor ��A � shows thenumberof stripsobtainedby DP.
Later, in Section5.4,we introducea moreeffective approach,namelypatchoptimiza-

tion, to improvestripificationsobtainedby DP.
We show both optimal andDP-generatedstripificationson two small modelsin Fig-

ure5.19andFigure5.20.

Efficacy of Fathoming Rule

As demonstratedabove, our branch-and-boundmethodis exponential.However, we will
show that it is still a big improvementover bruteforce. No fathomingrule otherthanthe
trivial one(

�
strip for theremainingmesh)is appliedin thebruteforcemethod.Bothmeth-

odswererun on
���

random“sphere”models,eachcontaining
	��

triangles. The running
time in millisecondsandthenumberof treenodesvisitedarelistedin Table5.5.
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Model Verts Tris k
0 2 4 8 16 32 64 128 256 512 1024

compdesk 136 204 51 50 49 48 46 43 40 35 34 (opt)
doors 280 488 54 54 54 54 54 53 53 53 52 51 51
extrude 64 124 8 8 7 7 7 7 7 7 7 7 7
pilot 586 1012 65 55 55 55 55 55 55 55 54 54 54
roadarm 72 132 8 8 8 7 7 7 6 (opt)
tool-1.2 1052 2096 5 5 5 5 5 5 5 4 3 (opt)

Table5.4: Thenumberof stripsobtainedby the“truncated”branch-and-boundmethodat
theendof timeperiodequalto � timestheDP runningtime.

Model RunningTime(ms) Nodesvisited
B&B BruteForce B&B BruteForce

1 17 3916 1126 2006216
2 87 7093 6246 3401612
3 33 595 2486 307933
4 7 754 388 402350
5 38 2143 2838 1081780
6 37 1361 2716 698584
7 36 1738 2587 884116
8 7 440 462 227251
9 8 967 475 562687
10 46 1506 3358 716184

Table5.5: The running time and the numberof nodesvisited by the branch-and-bound
methodandthebrute-forcemethodon

���
“sphere”models,eachcontaining

	��
triangles.
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The effectivenessof the fathomingrule is apparent,asour branch-and-boundmethod
visits � to

	
ordersof magnitudefewer nodesandrunsabout � ordersof magnitudefaster

thanthebruteforce.

Mor e fathoming

In theaboveexperiments,weapplyonly the“local” algorithmto updatethelowerboundin
thebranch-and-boundmethod,asdescribedat theendof Section5.3.1. We now compare
this simpleapproachwith theschemethatcomputeslowerboundscomponentwise.

At eachnew nodein the B&B tree,we usea breadth-firstresearchto determinethe
connectedcomponentsin theremainingmesh.We calculatea lower boundfor eachcom-
ponentandsumthemup. Further, for eachcomponentfor which weobtaina trivial bound
(
�

or
�
), wecanapplythe“one-strip” test,asdescribedin theendof Section5.3.1.

In Table5.6,we show the runningtime in millisecondsandthenumberof treenodes
visitedby usingvariousboundingschemes.

Model RunningTime(ms) Nodesvisited
Local Component One-striptest Local Component One-striptest

1 17 116 117 1126 1103 1076
2 87 597 621 6246 5968 5940
3 33 217 213 2486 2162 1958
4 7 41 41 388 388 363
5 38 184 193 2838 1841 1590
6 37 234 220 2716 2541 2254
7 36 231 179 2587 2247 1631
8 7 47 45 462 462 419
9 8 49 56 475 460 460
10 46 280 255 3358 3030 2660

Table5.6: The runningtime andthe numberof nodesvisited by usingvariousbounding
schemeson

���
“sphere”models,eachcontaining

	��
triangles.

It showsthat,by computinga lowerboundcomponentwise,wegenerallyobtaintighter
lower boundsandthusscreenout morenodesthanusingthe “local” scheme.However,
dueto the highercost for deriving componentinformation, the runningtime goesup by
roughlyoneorderof magnitude.By furtherapplyinga “one-strip” test,morenodesmay
be fathomed.However, the effectivenessof the testvariesfrom model to model. As an
example,for model

�
, weobtaintrivial lowerboundsfor ��_�h of componentsencountered,

andonly
� ��
�h of thosearenot one-stripcoverable. For model

���
, however, ��
�h of the

componentshavea trivial lowerboundand
� 
�h arenotone-stripcoverable.
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Randomization

Figure5.9shows theaverageperformanceof our optimizationalgorithm.However, when
inspectingthe individual runningtime of thebranch-and-boundmethodon modelsof the
samesize,we noticea variationof up to threeordersof magnitude.In Table5.7, we list
therunningtimeson these“grid” and“sphere”modelsusedfor establishingTable5.3. It
indicatesthattheperformanceof ouralgorithmis highly dependenton inputmodels.More
likely, it dependson thestructureof theB&B treegeneratedfor theinputmodels.

1. If anoptimalor near-optimalsolutionis foundearlierin thesearch(in thecasethata
“lucky” B&B treeis used),it will helpgreatlyto speedup theenumeration.

2. The structureof the B&B treeusedmay alsoaffect the effectivenessof the lower
boundingschemeasintroducedin theprevioussubsection.

Grid(s) 179.1 22.9 448.7 18.3 207.1 342.8 318.1 117.4 10.1 1899.4
Sphere(s) 12.8 148.3 265.3 29.6 26.7 0.2 3.5 38.3 136.6 7.0

Table5.7: The runningtime of the optimizationalgorithmon
���

“grid” and
���

“sphere”
models.

To investigatefurtherhow theperformanceof ouroptimizationalgorithmcanvarywith
the B&B treeused,we incorporaterandomizationinto the algorithm. At the startof the
branch-and-boundprocedure,all trianglesarerandomlypermuted.Also for eachtriangle,
thestarting“way” to grow a sequentialstrip passingthat triangleis alsorandomlydeter-
mined. We pick the third “sphere”modelin Table5.7 to testour randomizedalgorithm.
Therunningtimesfor

���
consecutiverunsarelistedin Table5.8.

Run 1 2 3 4 5 6 7 8 9 10
Time(s) 67.4 9.8 34.7 34.6 160.5 2627.5 18.0 30.2 90.9 51.8

Table5.8: The runningtime of the “randomized”optimizationalgorithmon
���

runsof a
“sphere”model.

It showsthatrandomizationcancausedramaticchangein therunningtimeondifferent
runsof thesamemodel. Thebestandworst runningtimescandiffer by severalordersof
magnitude.To seethedistribution of therunningtime,we madea total of

�����
runson the

samemodel.Thehistogramis shown in Figure5.11.
While the averagerunningtime over

�����
runsis

��	 � seconds,the histogramshows a
highprobabilitythatthealgorithmcanfinishin amuchshortertime. Therefore,wedecided
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Figure5.11:Thehistogramof runningtime with stepsize � .
to testtheideaof making � “parallel” runsof our randomizedalgorithmon a givenmodel
in a round-robinfashion.Theprogramstopswhensomerun successfullyfindsanoptimal
solution. In sucha way, we hopeto reducethe expectedrunningtime. To simplify the
analysis,we ignoretheschedulingtime for arranging� “parallel” runs.

Let
Ì * be the running time for the 4 -th run, and ß.S be the running time of the � -run
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Using the histogramshown in Figure5.11,we numericallyevaluated

ç

Eß.S � for �'A��� � ��°�°�°q� � . Thedatais drawn in Figure5.12.It shows thatthe � -runapproachmayindeed

reducetheexpectedrunningtime to find anoptimalsolution. When ��A 	
,

ç

Eß.S � attains

theminimum.
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Figure5.12: The expectedrunning time varieswith the numberof “parallel” runson a
“sphere”model.

We alsoobserve a similar behavior on a “grid” modelof ��� triangles,for which the

ç

WßRS �îí � graphis shown in Figure5.13.

ç

Eß.S � reachestheminimumat ��A 	

, whereas
theseexpectedvaluesareclose.

5.4 Patch Optimization

Therunningtimesof theoptimizationalgorithmsdiscussedabovegrow exponentiallywith
themodelsize.Practicallythesealgorithmscanonly beusedto handlemodelscontaining
severaltensof triangles.

5.4.1 Algorithm

In thissection,however, weinvestigateanapproachthatincorporatestheoptimizationalgo-
rithmswith thepath-peelingalgorithm.In suchaway, wehopeto find betterstripifications
by consuminga reasonableamountof CPUtime. Thenew approach,which we call patch
optimization, is describedasfollows.

Givena trianglemesh,we first apply thepath-peelingalgorithmto obtaina setof se-
quentialstrips. Then,accordingto a pre-specifiedcut-off size,we categorizethosestrips
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Figure5.13: The expectedrunning time varieswith the numberof “parallel” runson a
“grid” model.

into two groups.Onecontainsthestripsof lengthno lessthanthecut-off size,andanother
containstheremaining“short” strips,whichwill befurtherprocessed.

Thetrianglesin these“short” stripscanbegroupedby edgeconnectivity into connected
components,or “patches”. We definethe patchsizeto be the numberof trianglesin the
patch. Ideally, we wish to optimizeall of the resultingtrianglepatches.However, some
patchesmaycontaina largenumberof triangles,andour optimizationalgorithmcanonly
handlecomponentsof small sizepractically. Thus,we have to breaklarge patchesinto
smalleronesof boundedsize. In other words, “short” strips are only groupedto form
patchesof boundedsize.Eventually, thesetrianglepatchesareoptimally stripified.

In FTSG, we alreadyimplementedanoptimalpath-peelingalgorithm,usingDP, to de-
composeaspanningtreeof a trianglemeshinto aminimumnumberof sequentialstrips.It
canbe seenasa global optimizationon a “reduced”mesh,assomeoriginal connectivity
informationmaybeignoredin thespanningtree.By furtherapplyingthepatchoptimiza-
tion algorithmasdescribedabove, somepreviously ignoredconnectivity informationcan
beutilizedto regroupthe“short” stripsinto smallpatchesthatareto beoptimized.Wethus
improveupontheglobaloptimalityby somelocal optimality.

Thecrucialpartin thisalgorithmisgrouping“short” stripsintosmallpatchesof bounded
size. We saythat two stripsareadjacentif onecontainsa trianglethat is adjacentto a tri-
anglein theother. Weexperimentedwith two differentapproachesto groupstrips.

Thefirst approachis asimplegreedymethod.Startingfrom astrip,weinitiateatriangle
patchto includeall of the trianglesin thestrip. We thencheckall of its adjacentstripsin
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a breadth-firstmanner, andadda strip to the patchif its new sizedoesnot exceeda pre-
specifiedbound.

We alsotried a prioritized approach.In the beginning, all candidatestripsaresorted
accordingto their lengths.During theprocesswhensomepatchesmayalreadybeestab-
lishedandtherearestill leftover strips,a strip of shortestlength is chosento initialize a
new trianglepatch. We adda new strip to the patchif andonly if it is the shortestone
amongall thestripsadjacentto thepatchandthenew sizeof thepatchdoesnotexceedthe
pre-specifiedbound.

In patchoptimization,therearetwo adjustableparameters,thestripcut-off sizeandthe
patchsizebound.Theformershallnot exceedthelatterasstripsof lengthno lessthanthe
latterarealreadyoptimal.Asymptotically, wecanexpectthatthelargerthetwo parameters
are,the betterthe quality of the resultingstripificationgetsandthe slower the algorithm
runs.

5.4.2 Experiments

Our testsarecarriedouton thesameSunsparcUltra-30asbefore.
We run experimentson a suiteof

� � 	 polygonalmodelsthat aremostly downloaded
fromtheweb,especiallyfromViewpoint’sAvalon3DDataRepository[3], Geo-metricks[16]
andDIGIGRAPH [11]. Thesemodelsarefirst triangulatedby Martin Held’s FIST [22]
programbeforebeingstripifiedby ourprogram.Thestripconcatenationoptionis disabled
for now soasto exclusively discovertheeffectivenessof thepatch optimizationalgorithm.

We first setthepatchsizeboundto
	��

, andmeasuretheaveragenumberof sequential
stripsobtainedusingvariousstrip cut-off sizes. The FTSGoptionsusedare“-dfs -alt -
DP -patch”,with the“-patch” optionto enablethepatchoptimizationalgorithm.Both the
greedypatchingmethodandtheprioritizedmethodaretestedandcompared.

Figure5.14shows how the averagenumberof stripsvarieswith the strip cut-off size
for thetwo differentpatchgrowing methods.It clearlyindicatesthattheprioritizedmethod
hasthe advantageover the greedymethod. For the former method,the averagenumber
of stripsdecreasesmonotonicallyasthestrip cut-off sizeincreases.Whenthecut-off size
reaches

	��
, we obtainthe bestaveragenumberof 1000.7,which is

� �i��h fewer thanthat
obtainedby DP. Note that thereis virtually no discernibleimprovementafter the cut-off
sizebecomeslargerthan � � .

However, for the prioritized method,the averagerunningtime increasesfrom � � 
 to
�� � secondspermillion triangleswhenthestrip cut-off sizeincreasesfrom � to
	��

. This
canbeexpected,sincemorestripsareprocessed.Nevertheless,thebestandworstaverage
running times arestill of the sameorder. That makes it reasonableto set the strip cut-
off sizeequalto the patchsizeboundin the future experiments.Next, we show how the
performanceof our algorithmchangeswith thepatchsizebound.

We run experimentsfor variousboundsranginguniformly from � � to 
�� . The strip



CHAPTER5. OPTIMAL SEQUENTIAL STRIPIFICATION 54

1000

1010

1020

1030

1040

1050

1060

5 10 15 20 25 30

A
ve

ra
ge

 n
um

be
r 

of
 s

tr
ip

sï

Strip cut-off size

Greedy

Prioritized

Figure5.14:Theaveragenumberof stripsvarieswith thestripcut-off size.

Patchsize VPT Strips Time(s)
DP 1.2487 1072.7 14.3
20 1.2339 1019.2 255.7
25 1.2316 1009.3 274.7
30 1.2299 1000.7 419.6
35 1.2282 994.3 1115.8
40 1.2273 988.9 8402.5
45 1.2262 984.0 69777.1

Table5.9: Theperformanceof thepatchoptimizationusingdifferentpatchsizebounds.



CHAPTER5. OPTIMAL SEQUENTIAL STRIPIFICATION 55

concatenationoption is alsodisabled.The first two columnsin Table5.9 list theaverage
vertex pertriangleratio (VPT) andtheaveragenumberof sequentialstrips,bothof which
decreaseasthe patchsizeincreases.The secondrow in the tablelists the resultsfor the
original DP. In Figure5.15we show how the averagenumberof stripschangeswith the
patchsize.
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Figure5.15:Thenumberof stripsdecreasesasthepatchsizeboundincreases.

Thethird columnin Table5.9 lists therunningtime of eachrun in secondspermillion
triangles.Thedatapointsaredrawn in Figure5.16andconnectedby line segments.Note
that the running time ( Ú -axis) is log-scaled. We can seethat, as the patchsize bound
increases,therunningtimecangrow exponentially.

We show triangle patchesgeneratedby our prioritized method,as well as the final
stripificationonacow modelin Figure5.21.

5.5 Other Issues

5.5.1 Orientation

In theabovediscussionsof theoptimizationalgorithms,theorientationsof themeshtrian-
glesarenot consideredin generatingstrips.Therefore,theleadingtrianglein a sequential
strip mayhave “flipped” orientation.Oneextra bit perstrip is neededto specifywhether
sucha “flip” occursor not.

However, if wetaketheorientationissueinto accountin ouralgorithms,wecanprevent
suchimproperly orientedstrips from being generated.It is practically importantas the
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Figure5.16:Therunningtimegrowsexponentiallywith thepatchsizebound.

widely usedOpenGL requiresthat a trianglestrip respectsthe original orientationof the
initial triangle.

First of all, we discusshow to modify the integer programmingformulation in order
to respectorientations.While all of theconstraintswe describedin Section5.2.1arekept
intact,new constraintsareneededto prohibitsuchimproperlyorientedstrips.As discussed
in Section4.4 of Chapter4, only stripsof even lengthhave to be considered.Note also
thata strip containingtwo trianglescanalwaysbefixedby rearrangingthevertex orderto
respectthe orientationof the initial triangle. Thus,we only considerstripswhoselength
is even andno lessthan 4. Figure5.17 shows sucha sequentialstrip and its dual. All
trianglesareorientedCCW. However thevertex orderin thestrip flips theinitial triangle’s
orientationto CW.

Sucha strip cannotbeallowed;on theotherhand,it canbepartof a longerstrip that
respectstheoriginalorientationof theinitial triangle.Thus,wecomeupwith theconstraint»|#M:®»¦0�:®» � ��» ê »TF+�

If both » ê and »TF equal
�
, i.e., thecorrespondingdualedgesareabsentfrom thedualof

thestripification,theconstraintbecomes»|#�:¤»¦0�:¤» � � �
. It ensuresthatthedualedges

correspondingto »|# � »¦0 � » � cannotall exist in thestripificationdual. However, if either » ê
or »TF equals

�
, thentheaboveconstraintbecomes»|#.:G»¦0�:G» � � � , whichallows thefour

trianglesin Figure5.17to bepartof a longerstrip.
Edges
 ����	�� and 
�� ����� canbeboundaryedges,andtherefore» ê or »TF maynotexist. In

suchcases,themissingvariablesarereplacedby theconstant
�
.

Thus, for eachimproperlyorientedsequentialstrip of even length ( ��
 ), we have a
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Figure5.17: In thestrip 
 ����	O� � � 
 � � �Q��� , the initial vertex orderchangestheorientationof
theleadingtrianglefrom CCW to CW.

constraintlike the oneshown above. Therecanbe ~�
"� � suchstrips startingfrom each
triangle,andthereforetherecanbe ~�
"� 0 � suchconstraintsin total.

Thenew IP formulationis morecomplicateddueto thequadraticnumberof constraints
andnon-linearterms.Next, wewill show thatit is ratherconvenientandstraightforwardto
modify thebranch-and-boundmethodto handletheorientationissues.

Duringtheenumerationprocess,whenasetof sequentialstripsis alreadyfoundto cover
partof themesh,thereareuncoveredtrianglesin theremainingmesh.FromFigure5.7,we
know thata sequentialstrip canstartfrom anuncoveredtrianglein threedifferent“ways”
to respectthe triangle’s orientation,andthereare ~�
"� � suchstrips. Enumeratingover all
the triangles,we will find ~�
"� 0 � suchstripsin total. Eachof thesestripsis addedin turn
to theexistingpartialsolution.If therearestill uncoveredtriangles,wecontinuetheabove
procedure.Thesamefathomingrule asintroducedin Section5.3.1canalsobeappliedin
this modifiedenumerationprocess.

5.5.2 “Maximal” SequentialStrips

So far, we have consideredtheproblemof partitioninga given triangulationinto a setof
sequentialtristripsso thatno triangleis specifiedmorethanonce. It is alsointerestingto
studytheproblemin which we allow multiply specifiedtriangles.Not only do we permit
two sequentialstripsto “cross” eachother, but alsowe allow a sequentialstrip to “self-
cross”,asshown in Figure5.18.

Let ð beatriangulationcontainingñ triangles.For any triangle
Ì

in ð , weuse ò Ì3óQôáónõ1ö
to denotea“passing”patternin whichasequentialstripcan“pass”throughtriangle

Ì
using

the
ô
th and

õ
th edgeof

Ì
, where

ôNónõ(÷�ø�ó3ù�óQú
and

ô�û'õ
. Apparently, thereareexactly three

“passing”patternsfor eachtriangle.
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Figure5.18: Left: two sequentialstrips“crossing”eachother. Right: one“self-crossing”
sequentialstrip.

Let ü be the setof all “passing”patternsin ð , and ý be a relationon ü suchthatò Ì3ø�óQôáø�ónõTø�ö ýþò Ìáù�óQônù�óÿõ�ù�ö if thereis a sequentialstrip connectingthem.It is easyto verify
that ý is anequivalencerelation. Therefore,all of thederivedequivalenceclassesform a
partitionof ü . We call eachsuchequivalenceclassin ü a maximal(sequential)strip onð . Note thatmaximalstrip(s)canoverlap. Also notethata maximalstrip eitherforms a
self-loopor hastwo “hard” endson theboundary.

Wedenotethesetof all maximalstripson ð by � . A subset� of � is calledamaximal-
stripcoverof ð if eachtrianglein ð is coveredby astripin � . It is easyto seethatany � has
complexity ���"ñ�� sinceit specifiesat most

ú ñ triangles.As ananalogyto thetraditional
setproblems,wecanalsopostthefollowing optimizationproblems.

Minimum Maximal-Strip Cover: find asubset� of � with minimumcardinality.

Minimum Exact Cover: find a subset� of � suchthat thesumof thecardinalitiesof all
setsin � is minimum.

Thereexist approximationalgorithmsto theaboveproblemsthatobtainsolutionswith
objectivebeingwithin � ø��
	���
 ñ�� timestheoptimality [25].

We show in Figure5.22a maximalsequentialstrip thatalmostcoversthewholetrian-
gulatedsurfacemodel.
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5.6 Conclusion

We have devisedan integerprogrammingformulationfor the problemof finding a mini-
mumnumberof (disjoint)sequentialstripsto coveragiventriangulation.Wethensolvethe
IP usingCPLEX. We alsodevelopabranch-and-boundmethodto solve this problem.Fur-
ther, we incorporatetheoptimizationalgorithmsinto thepathpeelingalgorithmandobtain
improved stripificationson a large variety of 3D models,while consuminga reasonable
amountof CPUtime.
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Figure5.19: Sequentialstripificationsof a “grid” modelcontaining ��� triangles. Left: �
stripsareobtainedusingbranch-and-boundmethodin

ù����
seconds.Right:

ø�ø
stripsare

obtainedusingoptions“-dfs -alt -DP” in
ø ����� seconds.

Figure5.20: Sequentialstripificationsof a “sphere”modelcontaining ��� triangles.Left:�
stripsareobtainedusingbranch-and-boundmethodin

ú�� � seconds.Right:
ø�ø

stripsare
obtainedusingoptions“-dfs -alt -DP” in

ø � ��� seconds.
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Figure5.21: Left: patchesobtainedby groupingsequentialstrips (generatedby DP) of
length

ûwø � intoconnectedcomponentsof size � ú � . Right: thefinal stripificationobtained
afteroptimally decomposingeachpatchinto aminimumnumberof sequentialstrips.

Figure5.22:Onemaximalsequentialstrip thatalmostcoversthewholecow model,except
for afew triangles(in white). Subsequenttrianglesin thestripareshadeddarkeranddarker.



Chapter 6

Strip EncodingUsing On-board Vertex
Cache

In this chapter, we discusshow to computea tristrip-basedencodingof a trianglemesh
usinganon-board� -entryvertex cache.Thegoal is to minimizethetotal bits transmitted
to thegraphicsboard.

6.1 Overview

Meshcompressiontechniqueshave beenwidely studiedin recentyears. Many methods
developedcancompressthemeshconnectivity usingonly a few bits pertriangle[20] [32]
[33] [24]. However, the hardware-assistedrenderingof thesecompressedmeshesoften
requiresa large on-the-graphics-boardvertex cache(or buffer). It limits the useof com-
pressedgeometrieson thelow-endgraphicssystems.

Deering[9] pioneeredanovelcompressiontechniquebasedonusinggeneralizedtristrips
sothatonly asmallFIFOcachestoringupto

ø � verticesis neededto renderthecompressed
mesh.Chow [7] furtherextendedDeering’swork by providing apracticalimplementation.
Later, Hoppe[23] developedmethodsof generatingtristripsfor transparentvertex caching.
Theirstripencodingsachievesimilarcachemissratesin the � � ��� � � � rangefor themodels
selectedin their experiments.However, no optimalsolutionsareknown accordingto any
measure.As thecachemissratehasalowerboundof � � � , it appearsthereis moreroomfor
improvement.Basedon Deering’s framework, asintroducedin Section2.3, we poseand
studythefollowing optimizationproblem.

The CacheOptimization Problem Givenasetof tristripsthatsubdividesatrianglemesh
andis pre-orderedto form onevertex sequence! ÷ ò#"%$ ó "'& ó(�)�(�qó "+* ö with repeats,
andgivena � -entryvertex cache,how canweencode! by replacingrepeatedvertices
with cachereferencessoasto minimizethetotal numberof encodingbits?
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By assuminga small cache( � ÷�ø � ), eachcachereferencecostsonly
�

bits, whereas
vertex datarequires

ø+ù
bytesfor positions(

�
bytespercoordinate)only andrequiresmore

if normals,colors, and texture coordinatesare included. Thus, it is strongly desiredto
maximizethenumberof cachereferences(or minimizethecachemissrate).

We introducevertex cachingschemesin Section6.2. Thenin Section6.3,we discuss
variousalgorithmsto minimizecachemissrate.Experimentalresultsareprovidedin Sec-
tion 6.4.Weconcludeour work in Section6.5.

6.2 Vertex Caching

We startwith a brief introductionto thegraphics-relatedhardwarearchitecture.As shown
in Figure 6.1, the encodedtriangle meshes(in various formats)are storedin the main
memory, which is connectedto thehigh speedgraphicsprocessingunit by a local busof
limited bandwidth. On the graphicsboard,thereis a three-vertex registerfor processing
thecurrenttrianglefor renderinganda � -entryvertex cache.

system/video memory              graphics board

3-vertex register

vertex cache

bus

Va Vb Vc

v1
v2
v3..
..

vk

v1 v2 .. ..v3

"fat" vertex stream

vertex array indexed
tristripsv1

v2
v3..

..

1 2 5 3 4

7 6 8-1 3

Figure6.1: Graphicssystemarchitecture.

Deering’s generalizedtriangle meshencoding,asintroducedin 2.3, canbe seenasa
sequenceof “f at vertices”,eachof which consistsof vertex dataor cachereference(spec-
ified by anidentity bit), a

ù
-bit vertex replacementcode(or “vrc”, specifying“restartcw”,

“restartccw”, “replacetheoldest”vertex in theregister, or “replacethemiddle” vertex in
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the register),anda pushbit to specifywhetherthe vertex is cached.Ideally, eachvertex
dataappearsonly oncein theencodingandthereforeis transmittedonly once.

Hoppe[23] usesindexedtristrips to encodetriangulation.Onestoresanarrayof ver-
ticesandanindexedtristrip encodingin themainmemory, asshown in Figure6.1.Whenan
index in thetristrip is transmittedto requesta vertex, thegraphicsprocessorfirst searches
thevertex cachefor it. If found,no datatransmissionfrom mainmemoryis needed.Oth-
erwise,a new vertex is readfrom main memoryandbufferedin thecacheaccordingto a
pre-specifiedon-linestrategy (e.g.FIFO).Notethattheencodingsizeis not thesameasthe
sizetransmittedthroughthememorybus,whereasin Deering’s methodthey arethesame.

As ourprimaryconcernis to reducethetransmissionsize,weadoptDeering’sencoding
methodso that we have a commongroundfor comparison.We will considerthe cache
optimization problem underthe following cachingschemes.A

ø � -entryvertex cacheis
assumed.

1. Transparent caching. Eachvertex readfrom mainmemoryis cachedaccordingto a
pre-specifiedon-linestrategy, suchasFIFO.No pushbit is needed.This is Hoppe’s
cachingmethod.

2. Selective caching. A vertex readfrom main memoryis cachedonly if its pushbit
is set. If so,thevertex entersthecacheaccordingto a pre-specifiedon-linestrategy,
suchasFIFO.This is whatDeeringsuggests.

3. Full caching. Eachvertex readfrom main memoryis cached. It canoccupy any
cache“slot” specifiedby a

�
-bit cachereplacementcode(or “crc”). No extra push

bit is needed.

4. Managedcaching. A vertex readfrom mainmemoryis cachedonly if its pushbit is
set.If so,a

�
-bit crc determineswherethevertex goesin thecache.

Note that underdifferentcachingschemes,we have differentbit representationsfor
each“f atvertex” in thegeneralizedtrianglemeshencoding.Table6.1showsthedifference.
Whenusingthemanagedcachingscheme, a

�
-bit cachereplacementcodeis specifiedonly

if thepushbit is set.On theotherhand,eachvertex referenceis alwaysencodedby a
�
-bit

index into thecache.Therealsocomesa
ù
-bit vrc.

Givena cachingpolicy (exceptfor transparentcaching),in orderto minimizethetotal
bitsneededto representthemesh,wehaveto maximizethenumberof cachereferences.In
otherwords,we maximizecachereadsandthereforeminimizecachemisses, or thecache
missrate.
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CachingScheme identity bit
ù
-bit vrc pushbit

�
-bit crc

Transparent Yes Yes No No
Selective Yes Yes Yes No
Full Yes Yes No Yes
Managed Yes Yes Yes Depends

Table6.1: Extrabits requiredto encodeeachvertex datafor thefour cachingschemes.

6.3 Algorithms

6.3.1 CacheOptimization

Werealizethat,by cachingeachvertex datareadfrom mainmemory, ourcachingproblem,
asdescribedbelow, is similar to thetraditionalpagingproblem.

Wehaveasequenceof requests(with repeats)tovertices(pages) ò#"%$ ó "'& ó)�(�(�¥ó "+* ö
anda � -entryvertex (page)cache. If requestedvertex (page)is in thecache, do
nothing. Otherwise, issuea cachemiss(page fault), readin thevertex (page)
frommainmemoryandcacheit usingcertainstrategy. Thecostis thenumber
of cachemisses(page faults).

We adopta few definitionsfrom Sleatoret al. [29]. An off-line algorithmworks for
problemsfor which we know all thedataa priori . An on-linealgorithmassumesthatdata
emergesasweproceedratherthanexistsin advance.

Definition 1 Anon-linealgorithm , is - -competitiveif for all inputsequences! , .�/0�1!2�3�
-0.3465879�1!2� , where .�/:�;!<� is the costof the on-line strategy , for ! and .346587=�;!<� is the
costof theoptimaloff-line algorithmfor ! .

For our cachingproblem,LFD (longestforwarddistance)is anoff-line algorithmthat,
whenissuinga cachemiss,replacesthecachedvertex whosenext requestcomeslast. Be-
lady [4] showsthefollowing:

Theorem 16 LFD is an optimaloff-line algorithmfor caching.

Therearealsoon-linestrategies(e.g.FIFO,LIFO, LRU) for caching.It is shown [17]
that,

Theorem 17 Both FIFO and LRU are � -competitiveon-line algorithms,where � is the
cachesize. They are alsooptimal in the sensethat there existsan input sequence! such
that .�/0�1!<�?>@-A.3465B7C�1!2� , where , is eitherFIFO or LRU.
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We assumea FIFO cachefor transparent caching, asHoppesuggests.An encoding
is easilyconstructedfrom the sequenceof requestedverticesby replacingvertex already
cachedwith a

�
-bit index. By usingLFD, we canalsoobtainan encodingthat achieves

minimal cachemissratefor full caching. Eachvertex datain theencodingis appendedby
a
�
-bit cachereplacementcode(computedby LFD).
However, not every vertex needto becached.Figure6.1shows thateachvertex trans-

mittedfrom mainmemoryfirst entersthe3-vertex registerto form triangles.If this vertex
is no longerusedin thefuture,it neednotbecached.

Thus,wemodify LFD to compareanew vertex with cachedvertices.If thenext occur-
renceof thenew vertex comeslast, it will not replaceany vertex in thecache.Otherwise,
LFD applies.By usingaproof similar to Belady’s[4] for Theorem16,wehave

Theorem 18 ThemodifiedLFD is an optimaloff-line algorithmfor thecaching problem
thatdecideswhetherto cachedataafter thefirstuse.

At last,westudyhow to obtainencodingsfor selectivecaching, assumingaFIFOcache.
Our heuristicalgorithmusesthe following rulesto decidewhich verticesin thesequence
arechosento becached.

1. Let "D$ ó "+& be two verticesthat have appearedin the vertex sequence.If "%$ ’s next
occurrencecomesearlierthan "+& ’s, then "%$ hasthehigherpriority to becachedthan
"+& , andviceversa.

2. Eachcachedvertex hasto bereferencedat leastonce.

As an example,we show how to chooseverticesfor cachingin the following vertex
sequence,assuminga

�
-entryFIFO cache.

"D$ ó "+& ó " � ó "#E ó "+F ó "'G ó "+E ó "'& ó "�H ó "'G ó "'F ó "%$ ó " � ó "'H ó(�)�(�)�
By “scanning” the vertex sequencefrom left to right, we find that "+E hasthe earliest

re-occurrenceandthusdecidethat "+E would have beencached.Similarly, we candecide
that "+& ó "+G , and "'F would have beencached.Whenchecking"D$ , we noticethat if "D$ were
buffered,it wouldhavebeen“flushed”outof cachebeforeit couldbereferenced.Thus,by
rule 2, "D$ shouldnot have beenbuffered.We canalsodecidethat " � shouldnot have been
bufferedbecause,if so, "+& wouldhavebeen“flushed”beforebeingreused."'H , on theother
hand,canbebufferedfor reuse.Thus,wecomeup with thefollowing encoding:

"D$ ó "+&#I JLK ó " � ó "#E+I JMK ó "'F#I JMK ó "+G+I JMK ó � úOó � �1ó "'HNI JMK ó � ù�ó � úOó "%$ ó " � ó � ø�ó
whereJ in thesquarebracket meansthatthedatais cached.
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6.3.2 “Cache-friendly” Tristrips

Chow [7] andHoppe[23] eachdevelopsa methodto generatetristrip encodingsthat im-
provesvertex locality soasto reducethecachemissrate.Chow’smethodsimulatessweep-
ing a tristrip throughthemesh.Thesharedverticesbetween“adjacent”stripsarecached
for re-usage.Hoppeusesa greedyapproachwith a look-aheadschemethat determines
whento terminatethecurrentstripandrestartsothatcachedverticesgetreused.They both
generatestripsthatseemto be“parallel”.

Our heuristic, in contrast,is to generate“zigzag-shaped”strips, like the one shown
in Figure2.1. Ideally, startingfrom a triangle,we greedilygrow a tristrip andbuffer the
verticeson one“bank” of the strip until O new verticesentersthe cache.Thenwe turn
thestrip aroundso that it could reusethebufferedverticeswhile cachinganotherO new
verticeson the other“bank” of the strip, andso on. We restarta tristrip from a triangle
thathasthefewestnumberof neighbors.Whenmorethanonecandidateexists,wechoose
theonethathasaneighbor“consumed”mostrecentlyby astrip. Specialcareis alsotaken
to handlethe situationin which a strip turns “prematurely” (before O new verticesare
cached).Intuitively, we chooseO to behalf of thecachesize,which will be justifiedby
theexperimentalresultsshown in Section6.4.

6.4 Experiments

We useFTSG to generate(generalized)tristrips andline themup into a singlevertex se-
quence,andthensimulatethecachebehaviorsunderdifferentcachingschemes.A

ø � -entry
vertex cacheis assumed.Thetestsarerun on thesamesuiteof

ø � ú
modelsasbefore.Var-

iousFTSG optionsareusedto generatedifferentsetsof tristrips,e.g.,options“-hyb -sgi”
useshybridsearchandSGI’sheuristicto find aspanningtreeof agiventrianglemesh,from
which thepath-peelingalgorithmextractsa setof tristrips. The“zigzag-shaped”tristrips,
asdiscussedabove,areobtainedby usingoption“-zigzag”. Theaveragecachemissrates
arelistedin Table6.2.

The secondline in Table 6.2 shows the ideal cachemiss rate obtainedby dividing
the numberof meshverticesby the numberof triangles. It canbe achieved by usinga
sufficiently largecache(sothateachvertex causesexactly onemissandthenis cachedfor
reuse). The last line shows the cachemissratewhenno cacheis used,i.e., eachvertex
resultsin a miss.

As differentcachingschemesrequiredifferentencodingswith variousbit representa-
tions(Table6.1),wealsolist theaverageencodingsize(in bytes)pertriangleneededunder
eachcachingschemein Table6.3.Eachvertex datais assumedto have

ø+ù
bytes(

ú
position

coordinates).For comparisonpurposes,theentriesin the“Ideal” and“No cache”rowsare
obtainedby multiplying thecachemissratesin Table6.2by

ø+ù
.

Fromour experiments,weobserve that
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Cachingscheme -bfs -dfs -sgi -dfs -alt -hyb -sgi -hyb -alt -zigzag
Ideal(largecache) 0.628 0.628 0.628 0.628 0.628 0.628
Managed 0.824 0.756 0.864 0.752 0.825 0.706
Full 0.828 0.760 0.867 0.755 0.828 0.707
Selective 0.898 0.799 0.896 0.792 0.864 0.752
Transparent 1.003 0.910 0.979 0.900 0.933 0.844
No cache 1.247 1.082 1.144 1.082 1.140 1.117

Table6.2: Thecachemissratesfor differentcachingschemesusingtristripsgeneratedby
differentmethods.

Cachingscheme -bfs -dfs -sgi -dfs -alt -hyb -sgi -hyb -alt -zigzag
Ideal(largecache) 7.54 7.54 7.54 7.54 7.54 7.54
Managed 10.69 9.77 11.08 9.73 10.62 9.25
Full 10.87 9.94 11.27 9.88 10.79 9.33
Selective 11.38 10.09 11.28 10.02 10.90 9.58
Transparent 12.47 11.28 12.12 11.16 11.59 10.54
No cache 14.96 12.98 13.73 12.98 13.68 13.40

Table 6.3: Bytes per triangle for different cachingschemesusing tristrips generatedby
differentmethods.
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1. Using managedcachingachievesthe bestcachemissrateandencodingsize for a
giventristrip encoding.

2. For any givencachingscheme,using“zigzag” stripsresultsin a smallercachemiss
rateandencodingsizethanusingothermethods.

3. By using“zigzag” stripsandselectivecaching, weobtainanaveragecachemissrate
of � � � � ù . Notethattheaveragelowerboundis � � � ù � . Chow [7] reportedcachemiss
ratesin therangeof � � � ù �P� � � � on

ø�ø
selectedmodels.

4. By using“zigzag” stripsandtransparentcaching, we obtainanaveragecachemiss
rateof � � � ��� . Hoppe[23] reportedcachemissratesin therangeof � � � ø �Q� � � � (with
oneexceptionat � � ��� ) on R selectedmodels.

5. Among the
ø � ú

testedmodels,quite a few have high vertex per triangle ratios ( S
� � � ), while someothershave ratioslower than � � � (asthey arenon-manifolds).By
removing thesemodelsandcollectingstatisticsontheremaining

ø � � ones,werecord
anaveragecachemissrateof � � � � ú usingselectivecaching (

� ú
or
� �DT modelshave

cachemissratein therangeof � � ���6�U� � � � ) and � � � ��� usingtransparentcaching.

We show cachemissratesobtainedby using“zigzag” tristrips andselectiveor trans-
parentcachingon someselectedmodelsin Table6.4.

Model vertices triangles Cachemissrate
Ideal Selective Transparent No cache

57chevy.obj 16049 29304 0.548 0.703 0.825 1.077
a3dclock.obj 5630 11056 0.509 0.642 0.789 1.040
car4x401.obj 3628 3652 0.993 1.017 1.089 1.221
compdesk.obj 136 204 0.667 0.667 0.667 1.167
cow.obj 2903 5804 0.500 0.710 0.833 1.073
horse.obj 48485 96966 0.500 0.701 0.839 1.058
scale.obj 27328 53928 0.507 0.634 0.770 1.048
wdsship.obj 177039 349946 0.506 0.629 0.709 1.053

Table6.4: Cachemissrateson selectedmodelsobtainedby using“zigzag” tristrips.

In the previous experimentsthatuse“zigzag” tristrips, we chooseO (asdescribedin
Section6.3.2)to behalf of thecachesize,i.e. � . Wealsorun testsusingothervaluesof O .
Thevariationin averagecachemissrateasafunctionof O is shown in Figure6.2. It shows
thatwhen O equals

�
or � , we obtainthesmallestcachemissrates.(Thereis a negligible

difference.)It justifiesour choiceof O beingequalto half of thecachesize.
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Figure6.2: Thevariationof averagecachemissratewith thevalueof O .

6.5 Conclusion

For a given tristrip encoding,we studyhow to minimize cachemissrateusing four dif-
ferentcachingschemes.We alsocomeup with methodsthatgeneratetristripssuitablefor
caching.Ourcacheoptimizationalgorithmscanalsobeappliedto stripencodingsobtained
by othermethods(suchasChow’sandHoppe’s) to minimizecachemissrate.We havere-
portedexperimentalresultson a largevarietyof 3D modelsandobtaincomparablecache
missrates.



Chapter 7

Conclusion

We summarizethe main resultsof our work in Section7.1, and then addressissuesfor
futurework in Section7.2.

7.1 Main Results

In this thesis,we studyhow to computea succinctencoding(with possiblyan on-board
vertex cache)of agivenpolygonalsurfacemodelusingtristrips.Our mainresultsinclude:

1. anefficient (linear-time) andeasy-to-implementpathpeelingalgorithmthatdecom-
posesagivensurfacetriangulationinto asmallsetof tristripswith guaranteedquality
in termsof vertex pertriangleratio;

2. a linear-time dynamicprogrammingalgorithmthat extractsa minimum cardinality
setof sequentialstripsfrom aspanningtreeof a triangulation.

3. a robust implementation(FTSG) that experimentallyachieves
ø��iù�ø

verticesper tri-
angle,on average,using the dynamicprogrammingalgorithm, and achieves

ø��^ù�ú
verticespertriangle,on average,usingthepathpeelingalgorithm;

4. afavorableexperimentalcomparisonwith STRIPE 2.0 andTomesh in bothqual-
ity andspeed;

5. anintegerprogramming(IP) formulationfor theproblemof findingaminimumnum-
berof sequentialstripsthatcovera triangulation;

6. a linear-timealgorithmthatestablishestheabove IP formulation,allowing problems
to besolvedto optimality with a leadingoptimizationsoftwareCPLEX.

71
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7. abranch-and-boundmethodthatdirectlyextractsaminimumsetof sequentialstrips
from a triangulation;

8. incorporationof our optimizationalgorithmsinto FTSG sothat theuserhastheop-
tion of spendingmore CPU time in order to get closer to an optimal numberof
tristrips;

9. encodingmethodsfor
�

differentcachingschemes(assuminga � -entryvertex cache)
thatminimizescachemissratefor agivensetof tristrips;

10. anencodingmethodthatfinds“zigzag” tristripsandaselectionof verticesfor caching.
It achievesanaveragecachemissrateof � � � � on a largevarietyof 3D datasets,as-
suminga

ø � -entryFIFOcache.

7.2 Futur eWork

Wewish to explorefurtherthefollowing relatedproblems.

1. For a given triangulationwhoseadjacency graphis
ú
-regular, we suspectthereare

tighter boundsfor the encodingcostusingtristrips. A constructive proof of a new
boundmayresultin abetterstripificationalgorithm.

2. In our dynamicprogramming,the objective function is the numberof sequential
tristrips.Practically, theobjectivemaybeanamortizedcostthatdependson thedis-
tributionof strip lengths.Onepossiblywantsto minimizethenumberof “veryshort”
strips.It is thusinterestingto studydynamicprogrammingusingotherobjectives.

3. We wish to improve our branch-and-boundmethodfor the minimum stripification
problem,by addingmorefathomingrulesthattake into accountboundaryeffects.

4. It hasbeenshown [2] thatalinear-timealgorithmexiststo testwhetheronesequential
strip sufficesto cover a given triangulation. We wish to comeup with an efficient
(possiblylineartime)algorithmto testwhether� stripssuffice, for afixed � .

5. We would like to devisea provablygoodmeshificationalgorithmto extractgeneral-
izedtristripsthatimprovesvertex locality andthereforemaximizescacheutility.
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