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A fundamentahlgorithmicproblemin computergraphicsis that of computinga suc-
cinctencodingof atriangulationof a polygonalsurfacemodelin orderto beableto trans-
mit andrenderit efficiently. The goalis to take a given polygonalsurfacemodel,whose
facetsaregivenby (possiblymultiply-connectedpolygons triangulateits facets andthen
decomposéehe triangulationinto a small numberof “tristrips,” eachof which hasits con-
nectvity storedimplicitly in the orderingof the datapoints. We develop methodghatare
effective in solving the stripification problem,both in theory (provably good encodings)
andin practice. Our methodsare basedon carefully constructedsearchtreesin the dual
graph,followed by algorithmsto decomposelual treesinto tristrips. Onedecomposition
algorithmis provably optimal (basedon dynamicprogramming) allowing us a soundba-
sis of comparisoramongour other(heuristic)algorithms. We demonstratéhe speedand
effectivenessf our algorithmsthrougha batteryof experiments.In comparisorwith the
recentlyreleasedSTRI PE systemfor stripification,we find thatour stripifier, FTSG, pro-
ducescomparabler betterquality encodingswhile requiringsignificantlylesscomputing
time on alargevariety of datasetskFurthey FTSGis carefullyengineereéndimplemented
to be robust, evenin the faceof highly degenerateand corruptedreal-world data. In ad-
dition to fastand effective practicalalgorithms,we alsodevelop optimizationalgorithms
to extracta minimum numberof tristrips from a given mesh,usingbothinteger program-
ming and branch-and-boundethods. We are ableto find optimal solutionsfor models
containingseveraltensof trianglesin afew minutes.We alsoincorporateour optimization
algorithmsinto FTSGto provide the userthe option of spendingnore CPU time to obtain
fewer tristrips. Furthermoreye studythe effect of allowing a smallon-boardvertex cache
on computinga succinctencodingof a triangulation.Methodsof maximizingcacheutility
aredevelopedin anattemptto minimizetheencodingcost.

Keywords: triangulation trianglemesh tristrips,connectity compression.
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Chapter 1

Intr oduction

We considera problemof importancen graphicsandvisualization:computinga succinct
encodingof atriangulationof a polyhedralmodelin orderto beableto transmitandrender
it efficiently.

CAD/CAM andvirtual erwvironmentsapplicationoftenrequirethatverycomplex datasets
bevisualizedatreal-timerates.Current3D graphicgenderinghardwareoftenfacesamem-
ory bus bandwidthbottleneckin the processoto-graphicspipeline. One naturallywants
to avoid renderingunnecessartriangles(e.g.,throughvisibility culling). Also, it is com-
mon to simplify andapproximatecomplex models. But it is alsoimportantto minimize
the time neededo transmitn trianglesthat areto be renderedg.g.,by compressinghe
geometricandtopologicalinformationin a model,transmittingthe compressedlata,and
decompressingttherenderingstage hopefullyusinga very smallon-chipcache.

1.1 Strip Encoding

Traditionalencodingof n trianglesin a surfacetriangulation(or triangle mesh)specifies
threeverticesfor eachtriangle. As neighboringrianglessharecommonedgesandvertices,
suchan encodingmay specifya vertex multiple times. Accordingto the Euler’s formula,
in a typical mesh,the numberof trianglesis abouttwice the numberof vertices. Thus
traditionalencodingspecifieseachvertex about6 timeson average.

Stripencodings basedntriangle strips (or simply “tristrips”). A tristrip isanordered
sequencéwith repetitionsf vertices (v, . . ., v, ), whichencodes setof m —2 triangles.
A sequentialtristrip encodeghe set of triangles{(v;, v;11,v42)}, 1 < i < m —2; a
fan tristrip encodeghe set{ (v, v;11,vi12)}, all of which containv;. Figurel.1 givesa
sequentiatristrip encodingof 12 triangles.

In anideal encoding,by a singletristrip, only n + 2 (ratherthan3n) verticeswould
have to be transmittedfor a triangulationwith n triangles. In general,if we areableto
decomposea surfacetriangulationinto & tristrips,we will needonly n + 2k vertices.When
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Figurel.l: Thetriangulationis encodedisingonetristrip: (1,2,3,4,1,5,6,7,8,9,6,10,1,2).

k is smallcomparedvith n, roughly1 vertex specifiedl triangleon average soeachvertex
shawvs up approximatelytwice in theencoding.

Therenderingof tristripsis supportedoy the widely usedOpenGL standard.Thus, it
is of practicalimportanceto find a small (ideally minimal) numberof tristrips to cover a
givenmesh.

In orderto reducefurtherthevertex dataneededo encodeatrianglemesh,Deering[9]
introducedanew encodingmethodusing“generalized’tristripsanda k-entryvertex cache,
namely the meshbuffer, to storeusedverticesso thatthey canbe reusedin the future.
Ideally, givenalarge enoughmeshbuffer, eachdistinctive vertex in a“generalized'tristrip
encodingneedgo be specifiedonly oncewhenit first appearsandis storedin the buffer.
Thelateroccurrencesf the samevertex areencodedasreferenceso the onestoredin the
cache.Givenameshbuffer of k£ (practicallysmall) entries,notall verticescanbe storedin
the cacheatthe sametime. It is importantto studyhow to maximizereferences$o asmall
cacheandthereforeminimize the numberof realverticesencoded.

1.2 Our Contrib utions

Fastand effective stripification of polygonal surface models

Ourresultsinclude:

(1) An efficient(provablylineartime)robustalgorithmfor decomposingpolygonalmodel
into asmallnumberof tristrips. Thestripificationalgorithmis athree-phasenethod,
basedon (i) computinga spanningtree of the dual graphof a triangulation,using
variantsof breadth-firsanddepth-firstsearching(ii) partitioningatreeinto tristrips,
and(iii) performinga concatenatiophaseto join smallstripsinto largerstrips.

(2) A lineartime algorithm, basedon dynamic-programmingfor optimally performing
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phasq(ii), extractingthe minimumnumberof sequentiatristripsfrom a givenspan-
ningtree.

(3) A theoreticalanalysisof the numberof verticesrequired,in theworstcaseto encode
atriangulationusingtristrips.

(4) Experimentabhnalysisof our algorithmson awide varietyof sampledatasetsshaving
thatour methodscomparequitefavorablywith aleadingpublicly availablestripifica-
tion system(STRI PE) [15]. UsingoursystemFTSG, we obtainordersof magnitude
of speed-upver the publishedversionof STRI PE, andour algorithmsremainsig-
nificantly fasterthan the newly releasedunpublished)STRI PE 2.0. In termsof
compressionpur methodsalsoimprove uponSTRI PE, decreasingpn average the
numberof verticesrequiredto encodea triangulation. We also comparefavorably
with the*t omesh” utility providedby SGI. Furthermorepur algorithmis robustin
its ability to handlea wide variety of real-world datasets.

(5) Ourresultsarethefirst to study systematicallythe effect of allowing both sequential
andfantristrips.

Optimal sequentialstripification of triangle meshes

Ourresultsinclude:

(1) An integerprogrammingormulationfor the problemof optimally decomposing tri-
anglemeshinto a minimumnumberof tristrips. This permitsusto usea commercial
IP solver, suchasCPLEX, to obtainoptimalstrip encodingof trianglemeshes.

(2) A branch-and-boundlgorithmwe have devisedandimplementedo computeanopti-
mal decompositionnto theminimumnumberof tristripsfrom a giventrianglemesh.

(3) An experimentaktudyof a patchoptimizationalgorithm,built ontop of our FTSGsys-
temandthe exactoptimizationalgorithms((1) and(2) above), which tradesrunning
timefor fewer strips: Themoretime auserwishesto spendthefewer stripsonemay
obtain.

Strip encodingusing on-board vertex cache

We studythe problemof computinga succinctencodingof triangle mesheausing “gen-
eralized”tristrips anda small vertex cache.Methodsof maximizingcachereferencesre
developedsoasto attemptto minimizethe encodingcost.
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1.3 ThesisOverview

We startin Chapter2 to introducemostterminologiesthat will be usedthroughoutthe
thesis.Thenwe review therelatedresearctwork in Chapter3.

Chapter4 presentsour fast and effective stripification algorithm. Basedon this al-
gorithm, we designedandimplementedTSG, the Fast Triangle Strip Generatarto find
effective strip encodingsof triangle meshes.Both theoreticalanalysison encodingcost
andexperimentakesultsareprovided.

Chapters discusse$iow to find an optimaltristrip encodingof a giventrianglemesh.
We study both the integer programmingmethodandthe branch-and-boundhethod. We
alsodiscusshow to usethe optimizationalgorithmsto enhancd=TSG.

Chapter6 addresseshe cachingproblem: Given a small vertex cachestoringup to
k vertices,how doesone encodea set of “generalized”tristrips so asto maximizethe
referencedo the cache?We alsolook at someheuristicsto generatdristrips thathelpto
increasecachereferences.

Finally, we concludeourwork in Chapter7 andgive suggestion$or futureresearch.



Chapter 2

Preliminaries

2.1 Polygonal Surface Models

We begin with somebasicdefinitions.A polygonalsurfacemode] S, is a setof polygonal
facesthatrepresenthe boundaryof a polyhedralobjectin 3-space.Eachpolygonalface
is representedby a circular list of verticesthat describethe outer boundaryof the face,
followed by a possiblyempty list of holes A polygonalfacewith no holesis saidto
be simply connectedwhile a facewith one or more holesis multiply connected Each
polygonalfaceis usually expectedto lie in a planeand eachhasan associatedutward
surfacenormal.Note, however, thatreal-world datawill oftenhave non-coplanavertices.

Theinputto ouralgorithmsis agenerapolygonalsurfacemodelS. We useanenhance-
mentof FI ST [21] to triangulate(robustly) eachfaceof S. FI ST is carefullydesignedo
be ableto handlearbitrarily non-planaror corruptedpolygonaldatain a reasonablenan-
ner. Thus,for mostof our discussionwe will assumehat .S is atriangulatedmodel(or a
triangulation, or atriangle mesh, meaningthatevery oneof its facess simply atriangle.

In general,S may consistof severalconnectecomponentspur analysiswill applyto
eachcomponenseparatelysowe canassumehat .S is connectedrom now on.

A manifoldedgeis anedgecontainedn exactly two incidenttriangleswhicharecalled
adjacent while a non-manifoldedgeis containedn morethantwo incidenttriangles. A
boundaryedgeonly belongsto onetriangle. In our implementationa non-manifoldedge
will besplit andits incidenttrianglesare pairedanddistributedsuchthat eachinstanceof
the edgebecomesithera manifold edgeor a boundaryedge. We definethe adjacency
graph G, of atriangulatednodel S that containsno non-manifoldedgesto bethe graph
whosenodesare the faces(triangles)of S andwhoseedgedink pairsof adjacentfaces.
We seethatthe degreeof eachnodeof G is at mostthree. If S is a 2-manifold meaning
thatevery point of the surfacehasa neighborhoochomeomorphido a 2-disk,theng is a
3-regular graph(eachnodehasdegreeexactly three).
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2.2 Tristrips

We adoptsomeof the definitionsfrom Arkin etal.[2].

A triangulationS is Hamiltonianif the graphG hasa Hamiltonianpath,meaningthat
thereexistsa pathin G thatvisits eachnode(triangleof S) exactly once.

A triangulationS is sequentialf thegraphG hasa Hamiltonianpathsuchthatnothree
consecutire edgescrossedby the path are incidenton a commonvertex. Equivalently,
S is sequentialf thereexists a vertex sequenceg = (v1, vy, ..., Uy12), POSSiblywith
repetitions,suchthatthe n trianglesof S are exactly given by the triples of consecutre
verticesin thelisting: (v1, ve, v3), (V2, V3, v4), - - -, (Vn, Unt1, Uni2). Thevertex sequence
is calleda sequentiatriangle strip (or sequentiatristrip).

A triangulationS is fanif thegraphGg hasaHamiltonianpathsuchthatall edgesrossed
by the pathareincidentonacommonvertex. Similarly, for afantriangulationS, therealso
existsafantristrip o = (v, ve, ..., v,42), SUuchthatthen trianglesin S areexactly given
by thetriples (vy, va, v3), (v1, v3,v4), - - -, (V1, Uny1, Uns2), €acChof which contains; .

With asslightaluseof notation,we referbothto thevertex sequencandto theencoded
setof trianglesasthe “tristrip” (or simply strip).

In somecasege.g.,Iris GL), it is usefulto definea more generalnotion of “sequen-
tial”, in which we permitswaps specialmarks(bits) within a vertex sequenceo indicate
an exchangeof the two cachevertices. Alternatively (e.g., OpenGL),a swap canbe ef-
fectedby sendinga zero-aredriangle (transmittingan extra “swap” vertex insteadof a
“swap” bit). For example,(1, 2, 3, swap, 4, 5) yieldstriangles((1, 2, 3), (3, 2,4), (2,4, 5)),
which alsoresultfrom the sequencd1, 2, 3, 2,4, 5) (having zero-aredriangle (2, 3, 2)).
Anotherway to achieve thisresultis to allow duplicatetrianglesto beencodedn thestrip:
(1,2,3,4,2,5), whichrepeatshetriangle(2, 3, 4) (as(3, 4, 2)). A sequentiatristrip is pure
if the sequenceontainsno zero-arear duplicatediriangles.On the otherhand,a Hamil-
toniantriangulationcanbe encodedy a sequentiatristrip that may containzero-arear
duplicatedriangles.

We areinterestedn partitioning.S into a small number k&, of tristrips, {01, ..., 0%},
whichencodeS. Associatedvith sucha partitioningof S into tristripsthereis anencoding
cost Typically, we take theencodingcostto bethe numberof verticesin theencoding(i.e.,
the sumof thelengthsof thetristrips).

2.3 GeneralizedTristrip Encoding

Encodingatrianglemeshusingtristrips potentiallyresultsin specifyingeachvertex twice,
on average.Deering[9] introducedthe generlizedtriangle mesh which adoptsa k-entry
vertex FIFO (First In First Out) cache(alsocalleda “meshbuffer”) to facilitateencoding
atrianglemesh.Figure2.1 shavs suchanencodingwhich hasthe potentialof specifying
eachvertex only once,astherepeatesccurrenceareencodedsreferenceso the buffer.
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We alsocall this strip-base@ncodingnethodagenerlizedtristrip encodingusingavertex
cache.

Generalized Tristrip Encoding: Legend:
R9p,01,08p,02,03,M7p,06,M4, R=Restart, O=Replace Oldest,
05,M15p,M14p,M13p,M-4, M=Replace Middle,
012p,0-6,011,0-7,010,M19, p=push into mesh buffer.
M18,M-1,0-2,M17,0-3,0-4, Numer represents Vertex.
M16. -Number is buffer reference.

Figure2.1: Exampleof ageneralizedristrip encoding.

In ageneralizedristrip encoding,asshowvn in Figure2.1, eachvertex or buffer refer
ence(specifiedby 1 identity bit) is prefixed by 2 bits to indicatehow it is usedto specify
triangle.Eachbuffer referenceusesa [log, k|-bit index to look into a k-entry meshbuffer.
Typically, whenk = 16, a 4-bit index is usedfor eachreference A pushbit pervertex is
alsousedto specifyexplicitly whetheror notthis vertex is buffered.

Fetchingavertex dueto acachereferenceesultsin acadereadwhile readingavertex
from outsidecacheresultsin a cache miss As the encodingcostof a cachereferenceas
usually muchsmallerthanthat of vertex data,onewishesto maximizecace readsand
therebyminimize cache misses We definethe cache missrate, r, asthe numberof cache
misseglividedby the numberof trianglesin the mesh.As thenumberof verticesis noless
thantwice the numberof trianglesin amesh;r is boundedcelow by 0.5.

2.4 Connectivity Compression

Givena setof points(or vertices)in 3D, how they areconnectedo form trianglemeshes
is determinedoy the so-calledconnectivityinformation. Apparently the connectivityhas
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to be encodedn additionto the vertex data,andthe encodingsizeis usuallymeasuredy
averagebits pervertex (bpv).

Traditionally, eachtrianglein atriangulationis specifiedby threevertices andtherefore
eachvertex is specifieds timeson average Assumingthateachvertex datais 12 bytes(for
3 positioncoordinate®nly), thenthe connectvity is encodedising480 bpv.

Usingtristrips to encodea triangulationpotentiallyrepeatsachvertex twice on aver-
age,andthusresultsin 96 bpvfor connectity.

Deerings generlizedtriangle meshencodinghasthe potentialto encodeeachvertex
only once. The connectvity is encodedusingroughly 11 bpy, i.e. 1 + 2 bits pertriangle
and1 + 4 bits pervertex data.

Thereexist otherencodingmethodgSection3.2) that are not strip-based While they
cancompresonnectvity usinga few bits per vertex, the compresseaneshusuallyre-
qguiresalargevertex cachefor efficientrendering.



Chapter 3
RelatedWork

3.1 Computing Tristrips

Therehave beenseveral works on constructingtristrips. Arkin et al. [2] studysequential
triangulationsof point setsandpolygons.They shav thattestingwhethera giventriangu-
lation of a point setor polygonis sequentiacanbe donein lineartime. They alsoprove
thatcertainnon-deggeneratgoint setsin the planedo not admita sequentiatriangulation,
and that the relatedproblemof computinga Hamiltoniantriangulationis NP-hard for
polygonswith holes.

A programdevelopedat SGI ([1]) producedristrips allowing “swaps”. Its heuristic
tendsto createstripsthatbegin andendon faceswith the fewestnumberof neighborsn
the triangulation,so asto reducethe numberof isolatedtriangles. Startingfrom one of
the triangleswith fewestneighbors,a greedyalgorithm choosesfrom its neighborsthe
triangle with the fewest numberof neighborsasthe next triangle. If thereis atie, the
programlooks aheadonestepto checkthe neighbors neighbordor the fewestnumberof
neighborslf atie occursagain,thestrip continuesn anarbitraryvalid way.

Anotherrecentlyimplementedtripifieris“STRI PE” [14]. It adoptsSGI'sheuristicde-
scribedabove asits local algorithm.However, for datathatcontainsguadranglesSTRI PE
usesa global approach(“patchification”) to constructlong strips from large patchesof
guadranglesTheirimplementatiorclaimsto handlemodelscontainingcorvex polygonal
faces.

Otherstripifiersincludethe tristrip generatiorfunctionin the GNU TriangulatedSur
faceLibrary (GTS) [19] and Grantham[18]'s meshifier GTS combinesa setof useful
library functionsto handletriangle meshesn one package.However, both of the above
stripificationmethodsaresimilarto SGI's greedyalgorithm.

Our methodis perhapsmostcloselyrelatedto that of Speckmanrand Snogink [30],
who implementedan algorithm speciallydesignedfor TIN (Triangulatedirregular Net-
work) terrainmodels.They employ a uniquetraversalalgorithmto find the spanningrees
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of the dual graphsof TIN models. The spanningtreesneednever be explicitly deter
mined,but aretraversedn the greedyprocessof finding sequentiaktrips. They alsohave
a“cleanup”phasdn which leftover singletrianglesarecombinedwith longertristrips.

SGI'st onmesh wasinitially designedo constructtristrips allowing “swaps”. It does
not hesitateo use“swaps”to make longerstrips. Thecostis onebit per“swap”in Irix GL,
but is onevertex per “swap” in OpenGL.As a result, a tristrip allowing “swap” vertices
containingn trianglesmaybeencodedvith far morethann + 2 vertices.STRI PE inherits
thesamdeature.Speckmanm@andSnogink’simplementations fastandmemory-eficient;
however, it is designedor TIN modelsandit usuallytransmits3 — 5% moreverticesthan
STRI PE does sinceit producesa largernumberof strips[30].

3.2 Connectivity Compression

Therehasbeenrecentwork leadingto impressve resultson the compressiorof both con-
nectvity andgeometryof manifoldtriangularmeshessee g.g.,Taubinetal.[31, 32]. Their
compressiotis not basedon stripification,so doesnot producethetristrips thatwe desire;
however, their“TopologicalSulgery” techniquewhichemplgys a spanningreeof thever-
tices,leadsto connectity compressiongpproachindessthan? bits pertriangle. Touma
andGotsmarn33] developedanothemethodthatachiezesa substantialmprovement,us-
ing lessthan1.5 bits pervertex, on average for connectvity compressionRossignag¢28]
alsodevelopsan “Edgebreakr” compressiorschemehattheoreticallyguaranteea 4-bit
per vertex encoding. The correspondin@D compressiorsoftwareis available on the in-
ternet[12]. King andRossignad26] furtherimprove the boundto 3.67 bits per vertex.
Isenlurg [24] alsoconsiderscompressindristrip informationwith meshconnectity, us-
ing about4 bits pervertex. We notethatthesenon-tristripmethodsof compressiomlo not
have thefeaturethat,on averagegachvertex is transmittedwice, aswe have with tristrips:
evenif atriangulationcanbe encodedvith a singletristrip (onevertex pertriangle),it will
requireroughly2n verticesin theencodingassuminghateverytrianglehas3 neighboring
triangles sincethereare2n — 4 trianglesin atriangulatedplanargraphonn vertices.
Deering[9] considergenemrlizedtriangle mesheshaving a FIFO cachefor storingk
vertices to facilitategeometrycompressionparticularlyefficient algorithmsfor obtaining
suchcompressionaregivenby Chow [7]. Theirapproachexplicitly manageshe cacheby
specifyingwhich verticesarebufferedandwhich bufferedverticesarefetched.Hoppe[23]
developsa methodto optimizefaceorderingin atristrip encoding,assuminga hardware-
managedache.Thesemethodggeneratestrip-baseancodingghatresultin similar cache
missrates BarYehudaand Gotsman[6] use planarseparatotheoremsto showv thata
vertex cacheof size©(y/n) is sufficientandsometimesiecessaryo attainoptimal trans-
mission(eachvertex transmittedonly once). Gumholdand Straf3er{20] also develop a
connectvity compression/decompressiarethod,usinga cachethat permitseachvertex
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to betransmittedonly once.

Denry and Sohler[10] considera relatedproblemof encodinga triangulationby a
permutatiorof its vertex set,by meansof constructinga hierarchicafamily of decimated
triangulationswith the orderof the verticesdeterminingthe reconstructiorof the triangu-
lation; their goal,however, wasnotto obtaintristrips.



Chapter 4

Stripification of Polygonal Surface
Models

In this chapter we studya challengingand pratically importantproblem: computingeffi-
ciently asuccinctencodingof atriangulationusingtristrips (a stripification).

4.1 Intr oduction

As describedn Section3.1, previousstripificationmethodsnostly usegreedyalgorithms.
The global patchificationalgorithmin STRI PE [14] works only for quads,and Speck-
mannet al.s spanningree algorithm[30] is designedor TIN models. As of our knowl-
edge therearenotheoreticaboundsprovidedin previousworks.

In thischapterwe developmethodghatfirst generat@ spanningreeof agivensurface
triangulation,andthenapply eithera path peelingalgorithmor dynamicprogrammingo
“optimally” extracta setof tristrips. Theoreticakhnalysigs alsoprovidedto ensurehatour
methodgyeneratestripificationswith guaranteeduality.

In Section4.2 we prove our maintheorem giving a tight upperboundon the number
of verticesrequiredto encodea giventriangulation. In Section4.3, we presentour main
algorithmin detail,anddiscussvariationsof it. Section4.4discussefiow we improve our
heuristicalgorithms.We give our experimentakesultsin Sectiond.5, andfinally conclude
with a summaryanddirectionsfor futureresearchn Sectior4.6.

4.2 Theoretical Analysis

Our goalin this sectionis to give guaranteedoundson the functionCs(n), which gives
the worst-caseencodingcostfor pure sequentiaktrips asa function of the numbern of
trianglesin atriangulationS. We definethe costC.(n) similarly for sequentiaktripsthat

12
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allow zero-aredriangles,andC; ;(n) for encodingsusing both sequentiabindfan strips.
Using our standarddefinition of encodingcostin termsof the total numberof vertices,
we seethatwe needn + 2k* verticesfor a giventriangulationS, wherek* denoteghe
minimumnumberof tristripsin arny partitioningof S into (pure)sequentiatristrips.

Lemmal Any(connectedjriangulation S consistingof exactlythreetrianglesis sequen-
tial; thus,Cs(3) = 5.

Proof. Clearly, if S is connectedandhasexactly threetriangles,it is Hamiltonianandis
topologicallyequialentto theconfiguratiorshovn in Figure4.1(a),which canbeencoded
with the singlesequentiastrip (1, 2, 3, 4, 5). O

Lemma?2 Let S be a Hamiltoniantriangulation consistingof four triangles. ThenS is
eithersequentiabr fan; thus,C, f(n) = 6. Further, C,(4) = 8 andC.(4) = 7.

Proof. S musthave the structureof either (b) or (c) in Figure4.1. One (case(b)) can
be encodedsequentially and the other (case(c)) can be encodedas a fan strip. Thus,
Cs,r(n) = 6. If we mustusepurely sequentiabtrips,thenin case(c) we areforcedto have
two strips,resultingin anencodingcostof 8 (insteadof 6, for case(a)). If we allow zero-
areatriangles,thencase(c) resultsin an encodingusingonly 7 vertices:(2,3,1,4,1,5,6).
(Alternatively, onecanencodet with 6 verticesanda swap: (2, 3, 1, 4, swap, 5,6).) 0

3
2 4 2 476
1 31 1 3 5 z
5

4
5
1
(@) (b) @) 6

Figure4.1: Hamiltoniantriangulationsof length3 and4.

Considemow atriangulationS, having n triangles thatis Hamiltonian,with Hamilto-
nianpathz. We canfind thelongestprefixsubpathz’, of 7 for whichthecorrespondinget
of trianglesis sequentialthis is readily donein time O(|7'|), in the samemannerthatone
testsfor atriangulationbeingsequentia([2]). By Lemmal, we know that|=’| > 3. Thus,
usinga simplegreedyalgorithm,in which we iteratively selectthe longestprefix of 7 that
is sequentialandthenremove it, we seethattheresultis a setof atmost|[n /3| sequential
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tristripsthatpartition S. (This boundis tight: considerafantriangulation.)Similarly, if we
allow both sequentiabndfan tristrips, we will needat most|n /4] tristrips (andonecan
againshow thatthe boundis tight). Theresultis thefollowing lemma:

Lemma 3 Usingonly (pure) sequentiakristrips, a Hamiltoniantriangulation hasencod-
ing costat mostn + 2[n/3] < (5n + 4)/3. Using both sequentialand fan tristrips, the
encodingcostis at mostn + 2[n/4] < (3n + 3)/2. Sud encodingsan be computedn

O(n) time

Now consideran arbitrary connectedriangulation,S, with eachedgebelongingto at
mosttwo triangles. Let 7 denotea spanningree of the adjaceng graphg for S. Then,
sinceeachnodeof G hasdegreeat mostthree,we know thatwe canroot 7 in suchaway
thatit is a (rooted)binarytree,simply by rootingit atany nodeof degreeat mosttwo.

Lemma4 Anyrootedbinarytreecanbe partitionedin linear timeinto a setof paths,suc
thateverypathin the partition, exceptfor at mostone consistf at leastthreenodes.

Proof. We give a constructve proof, basedn thefollowing
Path PeelingAlgorithm :

(1) Letw beanodeof maximumdepthamongnodesthathave two childrenin thetree. If
no suchv exists,goto step(3).

Then,thesubtregootedatv mustconsistof apath, 7, ; otherwisethereexistsanode
of greaterdepththanwv thathastwo children,contradictingthe choiceof v. Further
m, hasatleastthreenodes.

(2) Remaore, from thetree.If thetreeis emptynow, stop;otherwisegoto step(1).

(3) (No nodeof thetreehastwo children.)In this casethetreeis alreadya path(possibly
consistingof only oneor two nodes) sowe reportit andstop.

The algorithm can be implementedn linear time, since eachnode can be labeledwith
its depthand degreeand eachpaththatis peeledoff canbe chagedto the nodesof the
path. O

Corollary 5 ThePath PeelingAlgorithm , asintroducedabove, geneatesa minimalnum-
ber of pathsfroma givenspanningtree Andthe minimalnumberequalshalf the number
of nodesof odddegyree
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Proof. Givena spanningtree, 7, ary pathin it consumesat most2 nodesof degreel.
For eachnodeof degree3 the pathconsumesit generateatleastl nodeof degreel in the
remainingtree(orforest). Thusby removing ary pathfrom 7, the numberof nodesof odd
degreedecreaseBy atmosttwo. In Path PeelingAlgorithm , thedecremenis exactly two
for eachpathremoved. O

Theorem 6 For any connectedriangulation S of n triangles,onecan computein O(n)
timea pure sequentiabncodingof S with at most2n + 1 vertices.In thecaseof sequential
strips allowing zeio-areatriangles(resp.,sequentiabnd fan strips), oneobtainsa bound
of [(7/4)n] + 1 (resp.,1.8n + 1.2).

Proof. Welet T bearny spanningree(e.g.,a depth-firstsearchiree,whichis computable
in lineartime) for the dualgraphg of S. We thenapply the “Path PeelingAlgorithm” of
Lemma4 to decomposé into pathseachof length3 or more (except, possibly for one
path). Now consideronesuchpath, andlet i be the numberof its triangles. Obviously,
the costsare 3, 4, and5 for pathsof length: = 1,2, and3. By Lemma3 we geta costof
(51+4)/3 < 2i fori > 4. Summingover all thepathsyieldstheclaim. (Notethatonepath
may beof lengthi = 1, requiring2: + 1 vertices.)

A similaranalysiscanbeappliedto the casein whichwe allow bothsequentiandfan
tristrips,or in whichwe allow zero-aredrianglesin the sequentiabtrips. O

Corollary 7
(5/3)n < Cs(n) < 2n+1.
(5/3)n < Ci(n) < [(7/4)n] + 1.
Cs,p(n) <1.8n+1.2.

Proof. Theupperboundscomedirectly from thetheoremabove. The lower boundscome
from a family of examples,one of which is showvn in Figure4.2. The dual treefor the
triangulationcan be partitionedinto n/4 pathseachhaving four nodes,as shown in the
middle figure; this is the resultproducedby our Path PeelingAlgorithm. Onecanargue
thatthe optimal partitioning, however, is obtainedby breakingthe treeinto pairsof paths
consistingof a 5-nodepathanda singleton,asshovn ontheright. O

Theabove corollary saysthatthe worst-casenumberof verticespertriangleis between
5/3and2 for puresequentiastrips,betweerb/3and7/4 for sequentiastripsallowing zero-
areatriangles,andat most1.8for mixedstrips.In Section4.5, we seethat,in practice,our
heuristicsdo betterthantheseworst-casebounds,with our bestmethodaveragingabout
1.21verticespertriangle(allowing zero-aredrianglesin sequentiabtrips).
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Figure4.2: Exampleof atriangulationandits dualtreefor which the algorithmresultsin
anencodingcostof 2n. Right: An alternatve breakinginto sequentiabtripsyieldsa cost
of (5/3)n

4.3 Stripification Algorithm

Ouir stripificationalgorithmconsistf five steps:

(1) computingatriangulationof facesof the modelthatarenot alreadytriangles;
(2) constructingaspanningree, 7, in thedualgraphg of thetriangulation;

(3) partitioning7 into a setof paths,correspondingo Hamiltoniantriangulations;

(4) greedilydecomposinghecorrespondindgdamiltonianstripsinto sequentiabr fantristrips;
and

(5) concatenatinghorttristripsinto longertristrips,usingasetof postprocessingeuristics
appliedto theresultof Step(4); seeSection4.4.3.

For (1), we have integratedand enhancedhe FI ST [21] system,which robustly tri-
angulategpolygonalmodels,evenif highly degenerateor corrupted. Our modificationof
FI ST enableaisto outputtriangulationsof corvex faceshatarepuretri-strips,or to leave
convex facesuntriangulatedandtriangulateonly all concae faces).

For Step(2), we have implementedstandarddepth-firstsearc DFS) andbreadth-first
search(BFS),andwe have alsodeviseda hybrid variantthatdoesDFS, but returnsto the
highestlevel nodenotyet fully explored.

For (3), we apply our “bottom up” Path PeelingAlgorithm, from Lemma4 of the last
section. This guaranteeshat eachpath (Hamiltonianstrip), exceptpossiblyfor one,will
have atleastthreetriangles.We alsodevisedan optimalalgorithm,basecn dynamicpro-
grammingto partition7” into aminimumnumberof sequentiatristrips; seeSectiord4.4.2.
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Theoverallgoalin Step(2) is to build aspanningree7 of G thathasasmallnumberof
nodesof degreetwo, asthis will resultin asmallnumberof pathsgeneratedn Step(3) of
thealgorithm. BFStendsto generatdreesthatresemblebalancedinarytrees.Therefore,
thenumberof nodesn aBFS-treethathave two childrenmaybelarge. DFSandthehybrid
searchboth tendto generatenoredegree-onenodesthan BFS, thusreducingthe number

of pathsgeneratedn Step(3).
A A

BFS DFS Hybrid

Figure4.3: Threegraphsearchingalgorithms.

Thereis achoiceof which triangleto visit next duringthe constructiorof 7 whenever
the graphsearchhasentereda trianglewith two unvisited neighbors.Obviously, onecan
simply performrandommarching and pick the next trianglerandomly One heuristicfor
picking a “good” next triangle hasbeenimplementedoy SGlin t onesh: this heuristic
picks the triangle with the leastnumberof unvisited neighbors. Using this heuristicin
Figure4.3(b)will find onesinglepaththatcoversS. Anotherheuristicis to keeptrack of
the side on which the currenttriangle hasbeenenteredrom the previoustriangle,andto
choosehenext trianglesuchthatonealternatesheturn. This alternate-turnmarching can
beexpectedo helpto getlongerandthereforefewer sequentiaktrips.

We implementandtestall threegraphsearchalgorithms BFS,DFS,andhybrid search.
For eachsearchalgorithm,we generateahe following threetypesof strips:

(1) sequentiaktripsonly,

(2) fanstripsonly,

(3) bothsequentiaindfanstrips.

If both sequentiabndfan stripsare generatedyve favor sequentiaktrips. Thatis, a fan
strip will startonly if the greedydecompositiorin Step(4) encountergour consecutre
trianglesthatcannotbe encodedvith a sequentiastrip.

Ouralgorithmrunsin overalllinear time in theworstcase aftertriangulation(Step(1)).
In practice FI ST hasbeenshown to take only lineartime for Step(1), se€g[21], especially
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sincemostfacestendto be triangles,quadrilateralspr low-cardinalitypolygons. (In the-
ory, triangulationcan be donein worst-casdinear time for faceswithout holes,andin
O(nlogn) in general.)

4.4 Impr oved Stripification Algorithm

4.4.1 Taking Care of Orientations

In computingtristrips, we take careto respectthe orientation of the leadingtrianglein
eachtristrip, asthis givesthe renderercrucial informationaboutthe sign (orientation)of
thenormalvector Following the corventionthatnormalvectorspointto the outsideof the
object,this meanghattheverticesof thefirst trianglehave to appeatin counterclockwise
(CCW) orientationwhenviewedfrom the outside.

Taking careof the orientationof the first triangleis no problemfor a tristrip of odd
length,aswe cansimply specifyits verticesin reverseorder However, it creates problem
for tristrips of evenlength,if their original vertex orderis inappropriate For instancethe
first triangle of the tristrip in Figure4.1(a)is orientedCW, but specifyingthe verticesin
reverseorder (5,4,3,2,1) changeghe orientationof the first triangleto CCW. However, a
reversalof thevertex orderdoesnot curethe problemfor thetristrip in Figure4.1(b). One
may eitherbreakit up or add“swap” verticesto make it a strip of odd length,depending
onwhetheror not swapsarepermitted.

Therearemodelsin which neighboringtriangleshave differentorientations.To avoid
generatingatristrip thatcoversthemboth,we needto identify “hard edges'whenbuilding
adjaceng information amongtriangles. A hard edg is a manifold edgeacrosswhich
triangleorientationflips. Thetwo trianglesincidenton a hardedgeshallnot belabelledas
neighbors.In doing so, we guaranteghatonly trianglesof the sameorientationcanbein
the sameconnectedcomponent.

4.4.2 Dynamic Programming Optimization

The goal of our Dynamic Programming DP) algorithmis to minimize the numberof se-
guentialstripsneededo cover a givenspanningtree7. We engineeredur algorithmto
ensurecorrectorientationsof the tristrips, provided that the input model has consistent
orientationdor all thetriangularfaces.

For eachnodev € T, we definethe objectie function f(v,4) to be the minimum
numberof sequentiaktripsthatcanbe derived from the subtreerootedat v, in “mode”,
where“mode:” hasthefollowing meaningsfor: = 0,1, 2, 3, 4:

0: no sequentiaktrip entersv;
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1: astrip entersy with aleft turnandanevenparity;
2: astrip entersy with aright turn andanevenparity;
3: astrip entersv with aleft turnandanodd parity;

4: a strip entersy with aright turn andanodd parity.

Here,we sayatriangleis enteed with a left turn by strip s if its vertex encodingin s
complieswith its orientation.Otherwisewe sayit is enteedwith a right turn. We alsosay
thata triangleis enteredby strip s with aneven parity if it is aneven-numberedriangle
within s; otherwise,it is enteredwith an odd parity. Notethat f (v, ) doesnotincludein
its countthe strip (if any) thatentersnodew.

Assumethatv hastwo children,“left” and“right”, which aredenotedoy [ andr. Then
we canestablisithefollowing recursve relations.(We notethatthis alsoworksfor models
thatdo not have consistenbrientations.yor i = 0:

f(w,0) = min{l + f(1,0) + f(r,0),
14+ min{f(l,1), f(1,2)} + f(r,0),
14+ min{f(r,1), f(r,2)} + f(I,0),
1+ (f(1,3) or f(1,4)) + (f(r,3) or f(r,4))}.

f(v,0) is computedby optimizingover all possiblecases:

1. thenodeconsistof a singletonstrip;

2. astrip startsfrom v andenterdits left child with aleft (resp. right) turnandaneven
parity;

3. astrip startsfrom v andentersts right child with aleft (resp. right) turnandaneven
parity;

4. astrip passeshroughv, andenterdts left child with eitheraleft or right turnandits
right child with eitheraleft or right turn, bothwith anodd parity.

Similarly, we canestablistthefollowing recursverelations.Fori = 1 andi = 2:

f(?), 7’) = min{f(la 0) + f(?“, O)a
f(,3)or f(l,4) + f(r,0), or
f(r,3)or f(r,4)+ f(1,0)}.

Fori; = 3 and: = 4:

f(?), 7’) = min{f(la 0) + f(?“, O)a
f(l,1)or f(1,2) + f(r,0), or
f(r,1)or f(r,2) + f(1,0)}.
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If f(v,1) = f(I,0) + f(r,0), i.e.,if theoptimalvalueis achievedwhenthe strip stops
at v with an even parity andwith a left turn, thenits orientationcould not be corrected.
Thus,in thiscasewe setf (v, 1) to co.

For a leaf nodew, the boundaryconditionsare f(v,0) = 1, f(v,1) = oo, f(v,2) =
f(v,3) = f(v,4) =0,

The optimal valueis givenby f(v,,0), wherew, is theroot of 7. To actually build
sequentiaktrips,onehasto storeinformationaboutthe optimumdecompositiorat every
node.

Thecomputatiorcanbedonein lineartime, by traversingthetreein abottom-upfash-
ion. Thereareonly a constannumberof casegernodeandeachnodeis visited exactly
once.

Theorem8 In O(n) time, one can computean optimal decompositiorof a tree into a
minimumnumberof pure sequentiatristrips.

4.4.3 Strip Concatenation

In this section,we discusshow to concatenateristrips in Step(5) of the Stripification
Algorithm in order to reduceboth the numberof verticesrenderedand the numberof
tristrips. We startwith explaining how to concatenatsequentiatristripsif bothzero-area
andduplicatetrianglesare allowed. (The simple modificationsfor usingonly zero-area
trianglesareomittedhere.)

Leto; = (v1, V2,03, - -, Un, Uni1, Ung2) @NAoy = (U1, U, U3, - - -, U, Umi1, Ums2) DE
two sequentiatristripsin thetriangulationS. Assumethateitherthefirst or lasttriangleof
o1 is aneighborof thefirst or lasttriangleof 0. We will explain strip concatenatiorfior
the casethat (v, vn11, Uni2) and(uq, uq, uz) areneighbors.

Theresultof strip concatenatiorshouldbe that threeconsecutre verticesin the new
strip specifyeitheratrianglein S or anewly introduceddegeneratériangle. We use“+” to
denotethe binary operationthatcombinegwo sequentiaktrips. We have to considerthree
cases.

Figure4.4: Concatenatiothatreduceshe encodingcostby two.
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If Upt+1 = Uz andU,H_Q = U» then
014 09 < (V1 -+, U, UL, Ug, U3, -+, Uppy2)-
Thisfirst casecorresponds$o only oneconfigurationasillustratedin Figure4.4. We have

(1,2,3,4,5) + (4,5,6,7,8) « (1,2,3,4,5,6,7,8).

If v, = us OF V11 = Uy Or Uy 1 = ug, aNdv, o = uy then

01+ 02 <= (Ula ©r 7y Uny Ung1, Ur, U2, U3, - - 7 Um+2).
This secondcasebreaksdown into threeconfigurationsasillustratedin Figure4.5. The
concatenationsorrespondingo thethreeconfigurationsare

(1,2,3,4,5) + (5,4,6,7,8) « (1,2,3,4,5,4,6,7,8),
(1,2,3,4,5) + (5,6,4,7,8) < (1,2,3,4,5,6,4,7,8),
(1,2,3,4,5) + (5,3,6,7,8) < (1,2,3,4,5,3,6,7,8).
Else
01 + 02 — (Ula Tty Unavn—l—lavn—l—Z’ul; U2, U3yt * U/m—|—2)'

It canbe easily checled that this third casecorrespondgo four other configurationsjn
whichtwo stripscanonly belinkedwithoutachieving areductionin thenumberof vertices.

2 4 2
4 4 4 6 3
6 1 T 5
- ~— 3
5
1 3 3
5 5 1 5 5 ,

Figure4.5: Concatenatiothatreduceshe encodingcostby one.

The concatenatiorof two fan stripsis simple. Similar to the discussionabove, let
o1 = (v1,"*,Unt1, Upyo) @Ndogy = (uq, ug, us, - - -, Uym42) betwo fan strips. Without loss
of generality we assumehatthetriangles(vy, vy 11, vnt2) and(uq, ug, uz) areneighbors.
Theno; andoy, may belinkedif andonly if v; = u; andv, 2 = us, ando; + oy =
(Ul, ©°y Unt1, Unt2, U3, " " °, um+2)-

Tristrips of lengthone (i.e., singletriangles)are special. The vertex sequencen the
strip o = (v, v9,v3) canbe permutedin cyclic order This introducesvariationsin the
basicalgorithmsfor strip concatenation.

Our concatenatioralgorithm achieves only the optimal concatenatiorior one pair of
neighboringstripso; ando,. However, a strip of lengthone hasthreeneighboringstrips
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which may be candidate$or concatenationanda strip of lengthgreaterthanonehastwo
terminaltriangles,i.e., two candidatesor concatenationThus,the orderof concatenation
may matter For a betterglobal optimization,threeconcatenatiorstagesare performed,
eachof which constructsconcatenationghat reducethe numberof verticesby 2,1, or 0
verticesperconcatenationA directaddressingablecanbeusedto store,for eachtriangle,
theindex of its incidentalstrip 0. Onepassthroughthetablecheckseachtrianglethathas
avalid stripindex. Eachsuchtriangle’s neighboringtrianglesarelookedup in thetableto
find theirincidentalstrips,which areneighborsof o. Onesuchstripis choserto belinked
to o to reducethe mostnumberof vertices. The global optimizationasmentionedabove
may beachiezedby multiple passeshroughthetable. A hashtablemaybeusedto replace
thedirectaddressingableto save memoryandcomputingtime, thoughourimplementation
chooseghe latter to easethe coding complicationandyet the memoryconsumptiorand
theincreasean runningtime is negligible comparedo the otherpartsof the program.

In theory two tristrips can potentially be concatenatedh Step(5) by using eithera
zero-aredriangle or a duplicatetriangle. In practice,renderingtrianglesrepeatedlymay
causevisual artifacts, dependingon how the graphicshardware treatsduplicates. With
our stripificationcodethe usercanspecifywhetherto allow no “swap” vertices,zero-area
triangles,or zero-aredrianglesandduplicatetriangles.

4.5 Results

4.5.1 Set-upof Experiments

We have conductedxperimentonvariousplatforms;herewe reportonly ononerepresen-
tative platform: a SunUltra 30 with 512MB memory runningSolaris2.6. The CPU-time
consumptiorof our code,andof the othercodeswasobtainedoy usingthe C systemfunc-
tion “getrusage()” We reportboththe systemandtheusertime. Of courseary file I/O and
similar pre- or postprocessings not includedin the timings reported.All CPUtimesare
givenin milliseconds.All codeswerecompiledwith GNU’s gcc, usingthe optimization
level “-O2".

We comparedTSG againstthe leadingpublicly available system,STRI PE 2.0. (It
hasbeenreleasedecently andis ordersof magnitudefasterthanthe published[15] ver
sion, STRI PE 1.0.) All subsequentesultshave beenobtainedusing STRI PE 2.0. For
comparisorpurposesve alsotestedSGl’'st onesh.

Making STRI PE reportthe sametype of statisticsdataasFTSG andt onesh turned
out to be a cumbersomeask. STRI PE hasmostl/O operationgightly interwoven with
its algorithm,andits accountings not entirelyreliable. We modifiedSTRI PE in orderto
excludefile I/0O from timing. Also, we decidedto parsethe outputgeneratedy STRI PE
in orderto obtainthe statisticsdatareportedhere. (Of course the reliability of STRI PE
wastestedby runningtheoriginal code.)
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Our datasetsncludedmary standardnodelg[3] availableontheweb,with sizesrang-
ing from 32 verticesto 543,652vertices(1,087,71ariangles). We testeda variety of 107
models,including modelsof buildings and crafts (designedon CAD systems)and mod-
els of animalsandfictional charactershatweretypically derived from scannediata. We
alsoincludeda few highly regular polyhedralmodelsof machiningtools. Typically, those
modelsrequiredonly oneor avery smallnumberof sequentiabtrips.

4.5.2 Statistics

We first tried to determineexperimentallywhich combinationsof heuristicsyieldedthe
bestresults.Parametersn our testsincluded

e searchinghedualgraphby meansof depth-first(-dfs), breadth-firs(-bfs), or hybrid
search(-hyb);

e using randommarching(-rnd) or alternate-turnmarching(-alt) during the graph
search;

e enablingtheuseof zero-aredriangles(-zero)or duplicatetriangles(-dup)duringthe
strip concatenation.

e generatingsequentiabtrips(-seq),fanstrips(-fan), or both sequentiabndfan strips
(-seqg-fan).

In all our testsFTSGwasrequiredto generatdristripsthatareconsistentvith the orienta-
tion of thefacesof amodel(if sucha consistenbrientationexisted).

The resultsof our testsare summarizedn Table 4.1, which lists, averagedover all
our models,the averagenumbersof verticesper triangle and the averageCPU time (in
milliseconds)pertriangle. The differentheuristicsarearrangedn sortedorderaccording
to their performance.

Usingthealternate-turrneuristicfor depth-firstsearchandallowing zero-aredriangles
for concatenatingurelysequentiatristripsyieldedthebestresults with anaverageof 1.23
verticespertriangle.(Theuseof duplicatetrianglesfurtherdecreasethis numberby about
1%, but duplicatetriangleshave beenruled out sincethey might causevisual artifactson
somegraphicshardwares.) In general,depth-firstsearchwith the alternate-turrheuristic
yieldedslightly betterresultsthanthe hybrid searchandboth performedby far betterthan
breadth-firssearch.

It is interestingto seethat usingfan stripsin conjunctionwith sequentiaktrips does
not helpto decreasé¢he vertex count. This obsenationis alsoconfirmedby Figure4.6. It
shaws the percentag®f the modelsthe second-to-fourttbestheuristicsproducedresults
thatwereat leastk timestheresultsachieved by using“-dfs -alt -seq-zero”, or at mostk
timestheresultsfor “-dfs -alt -seqg-zero” (for £ < 1). Thecombination‘-dfs -alt -seg-fan
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| method | avg. VIT | CPU(ms) ||
-dfs -alt -seq -zero| 1.23 0.009
-dfs -alt -seq -fan -zero| 1.24 0.010
-hyb -alt -seq -zero| 1.25 0.013
-hyb -alt -seq -fan -zero| 1.27 0.013
-hyb -rnd -seq -zero| 1.28 0.012
-dfs -alt -seq 1.29 0.009
-dfs -rnd -seq -zero| 1.29 0.011
-hyb -alt -seq 1.32 0.012
-hyb -alt -seq -fan 1.33 0.011
-bfs -alt -seq -zero| 1.33 0.010
-hyb -rnd -seq 1.36 0.010
-dfs -rnd -seq 1.38 0.009
-dfs -alt -fan 1.57 0.010
-hyb -alt -fan 1.58 0.014
-hyb -alt -fan -zero| 1.58 0.013

Table4.1: Performancef differentheuristicsmplementedn FTSG. averageverticesper
triangle(“V/T”) andCPUtime (in ms).

-zero”is nearlyidentical(but slightly worse)than“-dfs - alt -seq-zero”. We concludethat
usingfanstripsdoesnot seemto pay off.

We alsodeterminedhebestcombinatiorof heuristicfor the DP algorithm. Theresults
of ourtestsaresummarizedn Table4.2. As above, depth-firstsearchusingalternate-turn
marchingyieldedthe bestresult: on averagejt needsl.21verticespertriangle(if concate-
nationby meansof zero-aredrianglesis allowed),andconsumesbout0.014milliseconds
pertriangle.Whenusingpuresequentiabtripsthe averagevertex countgoesupto 1.24.

We compared=TSG againstSTRI PE 2.0. SinceSTRI PE cannothandlemodelswith
non-corvex polygonalfaceswhich amountedo about50% of our modelswe usedFl ST
to generatdriangulationsof our models. (STRI PE crashesor producesgarbagewhen
appliedto concaefaces.)in oneseriesof testsall convex faceswvereleft untriangulatedn
orderto allow STRI PE to triangulatethemaccordingo its own heuristics. STRI PE turned
outto beunreliableattimes,andwe hadto restrictour teststo those88 (outof 107)models
thatSTRI PE couldhandle.(FTSGhasno problemhandlingarny form of polyhedraimodel
asit alwaysusesl ST asapreprocessingpol for triangulatingpolyhedralfaces.Notetoo
that STRI PE becomesgnorereliablewhenusingFl ST asa front end.) For comparison
purposesve alsotestedSGl'st onmesh.
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Figure4.6: Encodingquality of heuristicsof FTSGrelative to using“-dfs -alt -seq-zero”

| method | avg. VIT | CPU(ms) ||
-dfs -alt -DP -zero 1.21 0.014
-hyb -alt -DP -zero| 1.22 0.016
-dfs -alt -DP 1.24 0.013
-hyb -rnd -DP -zero| 1.25 0.016
-hyb -alt -DP 1.26 0.015
-dfs -rnd -DP -zero| 1.26 0.014
-hyb -rnd -DP 1.30 0.015
-dfs -rnd -DP 1.31 0.013

Table4.2: Performancef differentheuristicsfor the DP algorithmimplementedn FTSG
averageverticespertriangle(“V/T”) andCPUtime (in ms).

| method | avg. VIT | CPU(ms) |
-dfs -alt -DP -zero 1.21 0.014
-dfs -alt -seq -zero 1.23 0.009
-dfs -alt -DP 1.24 0.013
t omesh 1.36 0.027
STRI PE (corvex faces) 1.36 0.263
STRI PE (fully triangulated), 1.39 0.071

Table4.3: Performancef the differentstripification codes:averageverticesper triangle
(“V/T") andCPUtime (in ms).
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Theresultsaresummarizedn Table4.3, andin Figure4.7 andFigure4.8. (We used
FTSG's heuristics*-dfs -alt -DP -zero” for thesecomparisons.)The plots shav the per
centageof the modelsin which the othertwo codesproducedresultsthat were at leastk
timestheresultsof FTSG, or at mostk timestheresultsfor FTSG (for £ < 1).
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Figure4.7: CPU-time comparisonof the stripification codesw.r.t. FTSG “-dfs -alt -DP
-zero”

100
STRIPE 2.0 (convex)—
90 STRIPE 2.0-(tris)-===
\ SGI's tomesh

80
%)
o 70 X
e} AN
o
Z 60 §
: \
9 50
<
3 40
[
o 30

20

10 \M

0 =
0.9 1 1.1 1.2 1.3 1.4 1.5

Multiplication Factor

Figure4.8: Encodingquality of the stripificationcodesw.r.t. FTSG*“-dfs -alt -DP -zero”

FTSG wasalwaysfasterthan STRI PE or t onesh. On average,FTSG needs0.014
millisecondgdms)perinputtriangle,t omesh need€).027msandSTRI PE need<.071ms
for fully triangulatedfacesrespectrely 0.263msfor non-triangulatecdcorvex faces. For
20% of themodels,t omesh neededtleasttwice asmuchCPUtime asFTSG. STRI PE
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neededat leasttwice asmuch CPU time as FTSG for all models. For fully triangulated
modelsit wasat leastfive timesasslow asFTSG for 18% of the models,andat least10
timesasslow for 6% of the models. For modelswith corvex facesleft untriangulatedit
wasat leastfive timesasslow asFTSGfor 45% of the models,10 timesasslow for 33%,
and20timesasslow for 22% of themodels.

Onaverage FTSGneedsl.21verticesperinputtriangle,t omesh needsl.36vertices,
and STRI PE needsl1.39 verticesfor fully triangulatedfacesand 1.36 verticesfor non-
triangulatedcorvex facest For 80% of the modelsFTSG performedbetterthanSTRI PE
(if corvex facesareleft untriangulated)For fully triangulatedmodelsthis percentaggoes
up to 93%for t omesh and89% for STRI PE. For 38% respectiely 55% of the models
STRI PE neededatleastl0%moreverticesthanFTSG. (Fort onmesh, this percentagevas
53%.) While t omesh hardly ever generatecencodingswith fewer verticesthan FTSG,
STRI PE wasbetterfor 11% of the models,if corvex facesareleft untriangulated As we
have seenthis win for 11% of our modelscomesat the price of a CPU consumptiorthat
is drasticallyworsethanFTSG's CPU consumption Note that FTSG performsbetterthan
STRI PE ort onesh evenwhenit doesnot useswap vertices,seethe entryfor “-dfs -alt
-DP”in Table4.3.

STRI PE generatesignificantly fewer stripsthan FTSG, but still usesmore vertices.
We notethatthe objectie of the currentDP algorithmis to minimize the numberof se-
guentialtristrips. Sometimeghis comesat the expenseof quite afew singletonstrips(i.e.,
stripsof lengthone). We have startedto experimentwith modifiedobjective functionsthat
allow usto minimize the numberof stripswhile avoiding the generatiorof too mary sin-
gletonstrips. We expectthat a judiciously modified objective function will decrease¢he
numberof verticespertriangle.

FTSG shaws no significantvariationof the mainperformancearametersits cpu-time
consumption(per triangle) variesvery little, asdoesthe numberof verticesper triangle.
Summarizing,FTSG is ordersof magnitudefasterthanthe publishedSTRI PE 1.0, and
performsmuch more predictably(and typically better)than STRI PE 2.0 andt onesh,
while beingsubstantiallyfasteron average.

At last, we shaw tristrips generatedy FTSG on two modelsin Figure 4.9 and Fig-
ure4.10.

Therearesomecasesn which our resultsfor STRI PE differ from whatis reportedin [15]. Thereare
two reasondor this: (1). STRI PE doesnot handleconcae polygonalfaces(thus,we pre-triangulatedll
concaefacespriorto applyingSTRI PE); and(2). therearesomeerrorsandinconsistencies how STRI PE
countsvertices. Thus,our resultsarebasedon a careful parsingof the outputsetof tristrips from STRI PE
(runwith its defaultoptions).
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4.6 Conclusion

We have presented detailedstudyof methoddor efficiently encodingthe (triangulated)
surfaceof polyhedralmodelsassequentiabr fantristrips. The overallwinnerasfar asthe
compactnessf the encodingis concerneds a methodbasedon dynamicprogramming.
It needsslightly fewer verticeswhile consumingslightly more CPU time thana method
basedn scanningadepth-firstspanningreeof thedualgraphaccordingo thealternating-
turn heuristic. In general,both methodsneedlessCPU time and producemore compact
encodingghanthe bestpublishedprior art, STRI PE 2.0,andthey alsocompargavorably
with SGI'st omesh.

We anticipatethat an improved objectie function for the DP approachwill helpto
improve our resultsevenfurther We alsoplanto optimizeover all spanningrees.e.g.,by
branchandboundor by randomization.This will give the optimum (minimum)encoding
of amodel,andwill allow usto compareour heuristicsto the optimum.
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Figure4.9: Resultsof FTSGstripificationof the cow. Left: Stripified cow, with different
stripshaving differentcolors;Right: A zoomedview, with spanningreeedgesighlighted
onthecow’s head.

Figure4.10: Resultsof FTSGstripificationof theshark.Left: Stripifiedshark,with differ-
entstripshaving differentcolors; Right: A zoomedview, with spanningtreeedgeshigh-
lighted.



Chapter 5

Optimal SequentialStripification

In this chapteywe considerthe problemof finding a minimum numberof puresequential
stripsto partition a given triangle mesh. It hasbeenshovn by Estkowski [13] that this
problemis NP-hard. Therefore,a polynomial-timealgorithmis lesslikely to exist. We
will, however, explore someoptimizationalgorithmsthat run in exponentialtime in the
worstcase.

5.1 Intr oduction

We have established fastandeffective stripificationalgorithm,namely the path-peeling
algorithm,basedon a numberof intuitive heuristics.We alsobuilt a lineartime dynamic
programmingalgorithmthatfindsaminimumnumberof puresequentiastripsto partitiona
spanningreeof theoriginaltrianglemesh.Experimentshav thatthesealgorithmsrunfast
andfind goodstripifications.However, it is unknovn how the quality of the stripifications
canbecomparedvith theoptimal. Ontheotherhand,usersareoftenwilling to spendmore
time off-line to obtainbetterstripifications,which canbe compactlystored,alongwith the
compressedriginal mesh for repeatediseq24].

Thecriteriafor optimal stripificationmay differ from applicationto application.Some
interestingcriteria are minimumnumberof tristrips, minimumnumberof renderingver-
tices, and minimumnumberof short strips. In this chapter however, we focus on the
following optimizationproblem.

The Minimum SequentialStripification Problem Givena2-manifoldtrianglemeshfind
aminimumnumberof puresequentiaktripsthatsubdvides(partitions)it.

In Section5.2, we reformulatethis probleminto an integer programmingproblem.
Thenin Section5.3we exploreabranchandboundapproactio solvethis problemdirectly.
In Section5.4we applyouroptimizationalgorithmsto improve the path-peelinglgorithm.
Someotherissuesarediscussedn Section5.5. We concludeour work in Section5.6.

30
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5.2 Integer Programming

In this section,we corvert the minimum sequentiaktripificationproblemto an equivalent
0-1IntegerProgram(IP).

Givenasurfacetriangulation,or trianglemesh,7, assumehatit is a 2-manifold;then
eachedgein 7 belongsto at mosttwo triangles. An edgeis calledaninternal edgeif it
is sharedby exactly two triangles.Otherwise|t is a boundaryedge.The adjaceng graph
G of T consistsof nodesthat representrianglesin 7 and edgesthat connectadjacent
triangles(nodes).Theseedgesn G arecalleddual edges Obviously, thereis aone-to-one
correspondenceetweeredgesn G andinternaledgesn 7. Let (G), (G) bethevertex
setandedgesetof G respectrely.

A sequentiaktripificationof 7, denotedoy , is a setof disjoint sequentiabtripsthat
subdvides(partitions)7 . Eachsequentiaktrip correspondso a simplepathin G. These
disjoint pathsform asubgraply’ of G suchthat (G') = (G) and (G’) (G).

Letusassigna 0-1integervariable toeachedge in G suchthat

0 if € (@)
1 otherwise

A costfunctionfor the sequentiastripification is thendefinedasfollows,
()= :
whichis simply the cardinalityof (G) (G'). Now we shaw thefollowing theorem.

Theorem9 A sequentialstripification of 7 that minimizesthe costfunction  defined
above consistf the minimumnumberof sequentiaktrips.

Proof. Letn bethe numberof trianglesin 7, and be the numberof boundaryedges.
Givenasequentiaktripification of 7, letm( ) bethenumberof stripsin . For astrip
s € , letn(s) bethe numberof trianglesit covers. The numberof edges(repetitions
countedseparately}hat “wrap” aroundthe boundaryof the strip is n(s) + 2. This can
simply beshown by induction. If we sumover all the strips,we have

(n(s) +2)=n+2m( ).
On the other hand,each“wrapping” edgethat is internalis countedtwice and each
boundaryedgeis countedonce. Further the countedinternal edgeshave a one-to-one
correspondenceith theedgesn (G) (G'). Thus,

(n(s)+2)=2 ( )+,
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andtherefore

2 ()+ =n+2m( ),
()=m( )+(n—)2=m( )+ nsan.

5.2.1 IP Formulation

By Theorem9, our IP problemis to minimize undertheconstraintghatthe 0-1
assignmentto the ;’scorrespondo alegal sequentiaktripificationof 7.

Figure5.1: A local configurationof atrianglemeshandits dual.

The constraintscan be categorizedinto local and global ones. The local constraints
areillustratedin Figure5.1. Thedashedine segmentsarethe dualedgesn theadjaceng
graph. Assumethat 1, 2, 3, 4, 5 arethe 0-1 integer variablesassignedo the dual
edgesn thefigure,they mustsatisfythefollowing inequalities,

14+ 2+ 3>1,
14+ 4+ 5>1,
2+ 1+ 4
3+ 1+ 5
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Thefirst two local constraintensurethatthe dual of a strip is a path,andthe lasttwo
ensurethata strip follows the alternatingturn patternin orderto be sequential.

7 5

Figure5.2: A sequentiatycle andits dual.

Therearealsoglobalconstraintdo ensureghatany sequentiastrip hastwo “ends”. It is
thisfactthatwe usedn theproofof Theoremd to show thatary sequentiabtrip containing
n triangleshasn + 2 boundingedges.Suchconstraintdhave to be imposedon sequential
cycles which areself-loopingsequentiabtrips. An exampleof sucha strip andits dualis
shown in Figure5.2. The strip hasthe codingsequencef (1,2,3,4,5,6,7,8). In general,
given ary sequentiakcycle of k triangles,let {, ,---, , bethe 0-1 integer variables
assignedo theedgesn thedualof the cycle, they mustsatisfy

1+ 2+ + 2> 1L

We presentinexampleto indicatethattheglobalconstraintarenecessarfor obtaining
anoptimalsolution. As shovn in Figure5.3, we triangulatea 3x4 regulargrid, andfold it
to form a “prism”. It canbe verifiedthatoneor two sequentiaktripsarenot sufficient to
partitionthewholemesh.However, we cancovereachsideof the“prism” by onesequential
strip sothatthreedisjoint stripssuffice to cover the mesh.The costfunctionhasvalue12.
We canalsostripify the modelby usingfour sequentiatyclesthat circle aroundthe side
of the“prism”. Without specifyingthe global constraintsthe costfunction hasa smaller
valueof 9. It contradictsTheorem9. By applyingthe global constraintsthe costfunction
hasa greatewalueof 13.
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Figure5.3: Folding aregularly triangulated'grid” into a “prism”.

Theorem 10 In thelP formulationindicatedabove thenumberoflocal constrints,global
constaints, total constaints and the numberof occurrencesof integer variablesin all
constrintsis O(n) in theworst case Furthermoe, all constrintscanbefoundin linear
time

Proof.  Without causingconfusion,we use ; to denoteboth the 0-1 integer variable
assignedo anedgein G andthe edgeitself.

As shawn in Figure5.1,in thefour local constraintghatareprimarily associatedvith
edge 1, aslistedabove,thefirst two canbeseerasdeterminedy thetwo endpointsof the
edge while theothertwo bondwith theedgeitself. Sothetotal numberof local constraints
is no morethantwice the numberof edgesplusthe numberof verticesin G. It is ©(n) in
theworstcase.They cancertainlybe establishedn lineartime.

Ontheotherhand,edge ; mayappeain at mosttwo sequentiatycles,passingriples
(9, 1, )and( 3, 1, 4), respectrely. Thuseachedgein G contritutesto at mosttwo
globalconstraintsThatimpliesthatthe total numberof globalconstraintss alsoO(n), as
is the numberof occurrencesf theintegervariablesn the constraints.

Thereare casesn which the numberof global constraintcanbe (n). An example,
similar to the oneshavn in Figure 5.3, caneasily be constructedoy folding a regularly
triangulated3xn grid into a“prism”. Therearen sequentiatyclesthat circle aroundthe
sideof it.

To find global constraintsavoiding redundang, we assigneachdual edgetwo flags,
onefor eachpatternthata sequentiabtrip may useto passthe edge.Initially, all flagsare
markedasunused As aflag is unusedwe useit to generatea sequentiaktrip. All edges
alongthe strip areupdatedwith the properflags. A global constraintis foundif the strip
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turnsoutto beacycle. As eachedgeflagis checledandupdatednly once andthenumber
of global constraintsandthe integer variablesthey containis O(n), all global constraints
canbehbuilt in lineartime.

O

5.2.2 Reducibility to Set-Covering Problem

Theintegerprogramestablishe@bove canreadilybetransformednto a set-cweringprob-
lem describedelow.

The Set-Covering Problem Givena collectionC of subsetof afinite set , find a sub-
collectionC’ of C with minimum cardinality suchthateachelementn  belongsto
atleastonememberin C'.

Let bethesetof all constraintsWe obsene thatoneconstraints satisfiedf ary one
of thevariablesit containsequalsone. Therefore we canassociateachvariable ; with
asubsetof , namely ;, thatconsistsof all the constraintscontaining ;. If ; equals
one,all theconstraintsn ; aresatisfied.ThenC = { ,} is acollectionof subsetf
suchthat . Thusthe problemof minimizing sothatall constraintare
satisfiedturnsout to be equialentto finding a minimum numberof memberdgrom C to
cover

Thereductionprocedurecanbe carriedout asfollows. We initialize an emptysetfor
eachinteger variablein the IP formulation shavn abore. Examinethe constraintsone
by onein order andput them(aselements)n the setsassociateavith the variablesthey
contain. As the numberof occurrence®f all of the variablesis O(n), the processakes
lineartime. By inspectingFigure 5.1, we alsoobsene that eachO-1 integer variable ;
existsin atmost8 local constraintand?2 globalconstraintsTherefore gachcorresponding
set ; containsat most10 elements.Thuswe endup with a variationof the set-cavering
problem,theMinimum 10-SetCover, in whichthe cardinalityof eachsetin C is bounded
from above by 10. In summarywe have thefollowing theorem.

Theorem 11 The minimum sequentialstripification problem canbereducedijn linear
time, to the problemMinimum 10-SetCover.

5.2.3 Solvingwith CPLEX

ILOG CPLEX]8] is a dedicatedccommercialoptimizationsoftware that can solve mixed
integer programs.We have its version6.0 installedon a Sun4cwith 37MB memory run-
ning Sun0S4.1.3U1. Basedon the reductionproceduredescribedn Section5.2.1,we
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Figure5.4: A smalltrianglemeshandits dual.

wroteaprogramto convertthe minimumsequentiastripificationproblemsnto 0-1integer
programs.

As anexample,let usrevisit the smallmeshshovn in Figure5.2. We redrav themesh
in Figure5.4 andlabelthedualedgesn theway thatour IP corverterinterpretgshem. The
generateaptimizationproblemsarestoredin standardMPS format. We thenrun CPLEX
to readin the problem,whichis displayedasfollows.

M ni m ze
obj: x1 + x2 + x3 + x4 + x5 + x6 + x7 + x8 + x9 + x10 +
x11 + x12 + x13

Subj ect To

cl: x1 + x2 + x5 >=1
c2: x1 + x3 + x4 >=1
c3: x1 + x3 + x5 >=1
c4d: x1 + x4 + x5 >=1
ch: x2 + x5 + x9 >=1
c6: x2 + x5 + x13 >=1
c7: X2 + x12 + x13 >=1
c8. x3 + x4 + x5 >=1
c9: x3 + x4 + x6 >=1
cl0: x4 + x5 + x9 >= 1
cll: x4 + x6 + X7 >=1
cl2: x4 + x6 + x9 >=1
cl3: x4 + x8 + x9 >= 1
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cld: x5 + x9 + x12 >= 1
c15: x6 + X7 + x8 >=1

cl1l6: X7 + x8 + x9 >=1

cl7: x7 + x8 + x10 >=1
cl8: x8 + x9 + x12 >=1
c19: x8 + x10 + x11 >=1
c20: x8 + x10 + x12 >=1
c21l: x8 + x11 + x12 >=1
c22: X9 + x12 + x13 >= 1

c23: x10 + x11 + x12 >=1
c24: x11 + x12 + x13 >=1
c25: X1 + X2 + X3 + X6 + x7 + x10 + x11 + x13 >= 1

Bounds

0 <=x1 <=1

0 <=x2 <=1

0 <=x3 <=1

0 <=x4 <=1

0 <= x5 <=1

0 <= x6 <=1

0 <= x7 <=1

0 <=x8 <=1

0 <=x9 <=1

0 <= x10 <=1
0 <= x11 <=1
0 <= x12 <=1
0 <= x13 <=1
Bi nari es

X1 X2 X3 x4 x5 x6 x7 x8 x9 x10 x11 x12 x13

In the 25 constraintshaovn above, 24 arelocal onesandthelastoneis global. CPLEX
solvesthis IP problemin 0.13 secondsindreturnsanoptimalsolutionwith objective being
equalto 5. Thevariables |, 4, , , 12 equall andall othersequal0. By remaoving the
dual edgescorrespondindo the 1-valuedvariableswe endup with two sequentiaktrips
whosedual pathsareshowvn in Figure5.5.

As a well-establishedptimizationsoftware, CPLEX canbe expectedto performrea-
sonablywell over generallP problems. However, we wish to develop independenpro-
gramsthatdirectly solve theminimumstripificationproblem.By doingso,we alsoexplore
potentialspecialstructurein our specificproblemsandhopefully derive moreefficient al-
gorithms.
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Figure5.5: Thedualgraphof a sequentiaktripification.

5.2.4 Implicit Enumeration

Implicit enumerations a commonlyusedbranch-and-boundethodthat solvesO-1 IPs.
Eachbranchof the tree,asshavn in Figure 5.6, will specify for someedgenodes, that

; = 0or ; = 1. At eachnode,afterbranchingtheboundingschemewill thendetermine
whetherit is feasibleandif feasible whetherthe bestcompletionof the currentnode(not
necessarilffeasible)beatsthe bestavailable solution. Branchingright is alwaysfeasible
andincreaseshe costfunctionby one,while branchindeft doesnotincreasecost,but can
beinfeasible.

Theactualtraversalof thetreecanbecarriedout by usingeitherthe breadth-firssearch
(BFS) or the depth-firstsearch(DFS) protocol. All the treenodes,exceptthe leaves,are
called “incomplete” nodes,as they containunspecifiededges. By using BFS, one may
needto maintaina priority queuefor theincompletenodesdiscoveredin the search.The
gueuesizecangrow exponentially In atypical triangle mesh,the numberof edgesand
thereforethe correspondinglualedgesor variablesjs about50% morethanthe numberof
triangles. Thus,systemmemorycaneasilyrun out for modelswith over 20 triangles.On
the contrary usingDFS requiresonly linearworking space.The searchalwaysendsupin
a completenode(a “leaf”) beforeit jumps. The “leaf” providesa new feasiblesolution,
which canbecompareavith the currentbestsolution. Thus,nointermediatenodeneedgo
be stored.However, it is lessefficientin runningtime. A mixture of bothsearchschemes
may provide abalancegerformance.

Weimplementedhe DFSversionof themethod.Ourprogramcanbedirectly appliedto
trianglemeshedgor optimalstripification. No constraintsieedto be explicitly established.
However, we suspecthat CPLEX, asa more sophisticatedP solver, may run fasterthan
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Figure5.6: Thebinarydecisiontree.

our simpleapproach.

For comparisonwe run testson 10 randomly-generatetyrid” models,eachof which
contains32 triangles. (Section5.3.2will explain how they are generated.)The platform
is a Sun4cwith 37 MB memoryrunningSunO$4.1.3U1. We obsene thatboth methods
outputthe sameoptimal objective valuefor eachtestedmodel,asindeedthey should. By
using CPLEX, we recoredan averagerunningtime of 0.77 secondger model,while im-
plicit enumeratiormethodconsumesan averageof 78.62 secondger model. Note that
the CPLEX runningtime doesnotincludethetime neededo constructhe IP formulation.
(It is doneby a separatecorversionprogramas describedoefore.) However, the linear
corversiontime is negligible.

Thus,our simpleimplicit enumeratiorapproachs about2 ordersof magnitudeslower
thanusing CPLEX. In the next section,we will try anotherapproachusinga branchand
boundalgorithm.

5.3 Branch and Bound

Insteadof corverting the minimal sequentiaktripificationprobleminto a 0-1 integer pro-
gramasdescribecabove, in this section,we apply a branchandboundmethoddirectly to
theoriginal problem.

5.3.1 Branch-and-Bound Scheme

Firstof all, we describeour procedureof enumeratingall of the stripifications.
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At ary stageof the procedurewhena setof sequentiaktrips hasbeenrecoveredto
“consume”part of a triangle mesh,choosea “free” trianglethatis not “covered” by ary
stripin theset.

Lemma 12 Thee are O(n?) sequentialstrips that can passthroughthis triangle in the
remainingmesh.

Proof. As shawvnin Figure5.7,therearethreedifferentwaysin which a sequentiaktrip
can“passthrough”atriangle.For eachof thethreeways,a sequentiastrip can“extend”in
two directionsfrom thetriangle. ThereareatmostO(n) trianglesin eachdirection. Thus,
thereareatmostO (n?) differentsequentiaktripspassinghroughthetriangle. O

Figure5.7: A sequentiaktrip canpassthroughatrianglein threedifferentways.

Thereare mary waysto enumerateghesestrips. In our implementationwe adopta
methodthattendsto processhelongerstripsfirst. For eachoneof three“ways”in which
a strip cangrow, we startonefrom thetrianglein oneof thetwo directions,say the “left”
direction,until it “hits” eitherthe boundaryof the meshor the strip itself. This extremal
“left hand” strip canthenbe shortenednetriangleat a time. For eachfixed “left hand”
strip, we canextendit in the otherdirection from the triangle until it canno longerbe
grown. Thenthis “right hand” strip canbe shortenednetriangleat atime. Thus,we can
enumeratall sequentiabtripsthatpassthrougha giventriangle.

For eachsuchobtainedstrip, we addit to the partial solution. If the whole meshis
covered,we have reached solution;otherwise we continuethe above process.

Theenumeratiomprocedureabove canbe seenastraversinga branchandbound(or, in
short,B&B) treeof O(n) height,eachnodeof which hasdegreeO(n?). Next we describe
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how to establish,somelower boundingschemeso fathomasmary nodesof the B&B tree
aspossible.

Considera vertex, v, of the trianglemesh. It hasmary trianglesincidenton it. Some
have been“used” within strips (at somestageof the algorithm), and other trianglesare
unusedor “uncovered”),sofar.

The unusedtriangles,in general,form a setof “sectors” consistingof connectedan
stripsaroundv. Let ussaythey have cardinalitiesry, r-, ....

Lemma 13 A sequentialtristrip can “consume” (“cover”, or “use”) locally at most3
trianglesincidentonv. Further, if it consumetessthan 3 triangles,thenoneof thestrip’s
“end triangles” is incidenton v.

Proof. Theproofis basednasimplelocalinvestigationof thecasesn theneighborhood
of v. O

Thus,each’sector”onv will contrituteto the“end triangles”of atleastonesequential
stripif its cardinalityis not0 mo 3. Let

0 ifr,=0mo 3

%= 1 otherwise

Thenwe have,

Lemma 14 In any completionof the partial stripification, there mustbe at least | s;
tristrips thathavean endtriangleincidentonv, with v incidenton at most2 of thetriangles
in the strip.

Now, look at a sequentiatristrip. It hastwo “end triangles”(only oneif it is atrivial
strip of only 1 triangle).Look atthe verticesincidenton these2 endtriangles.Thereare6
of them,in general However, we claimthatat most4 of themareverticesthatareincident
onat mosttwo of thetrianglesof thestrip. (In thecaseof a 1-trianglestrip, thetotalnumber
of suchverticesis simply 3.)

Lemma 15 At most4 verticesof a tristrip areincidenton < 2 trianglesof the strip.

Let us saythatv recevesa “charge” from a strip S if v is incidenton at most2 of
thetrianglesin S. (Necessarilythesetriangleswill be endtrianglesof S). Then,we have
shovnthatwv is chagedatleastanamount , = ; s;, sothetotalamountof chagesover
all verticesis atleast , ,. Ontheotherhand,eachstrip canresultin atmost4 chages,
sothetotal chageis atmost4n (wheren isthenumberof stripsin a completionof the
stripification).

Thus,n > (1/4) , .
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If we keeptrack of the quantities ,, for eachvertex v, aswe proceedthenary time
we getto a“node” in theB&B treewhere(1/4) , ,, plusthe currentnumberof strips
(the onesthatarealreadypart of the partial solution),is no lessthanthe best(complete)
stripificationfoundsofar, we know thatwe do not have to explorethe B&B treebelow this
node—we aredoomedo obtainaresultthatis no betterthanthe bestsolutionfoundsofar.

Initially, we usethe sequentiastripificationgeneratedby the DP algorithmin FTSGas
the bestcompletestripificationfound sofar. If it is closeto the optimal solution,it may
helpto speedup the optimizationprocess.

Implementation Issues

A key issuein implementingthe algorithmis to efficiently updatethe strip lower bound
whenvisiting new nodes. From the analysispresentedibore, one canupdatethe lower
bound‘locally” by recalculating ,, for thoseverticeswhoseincidentfaceshave changed.
The computingtime at eachof thoseverticesis expectedto be constant. Note that the
new lower boundis establishedasif the remainingtriangle meshis still one connected
component.lt is certainly betterto computelower boundscomponentwise@nd summing
themup. However, maintainingconnecteadomponentsequireshighercost.

Thereare casedor which the above boundingschemeresultsin trivial lower bounds
(0 or 1). Figure5.8 shaws suchanexamplefor which our fathomingrule implies a lower
boundof 1. (It actuallyrequires3 disjoint sequentiaktripsto cover the example.) To
improve the lower bound,one may further conducta “one-strip” test(in lineartime [2])
to determinewhetherone sequentialstrip can cover the whole mesh. If so, no further
fathomingis neededn thatcomponentlf not,alowerboundof 2 stripsis obtained.

Weimplementedll of theschemesliscusse@bove. Experimentatesultsaredisplayed
in 5.3.2. However, unlessexplicitly indicated,only the “local” algorithmis appliedto
updatelower boundsfor its simplicity andefficiencgy, aswill bedemonstratetelow.

5.3.2 Experiments

To testour branch-and-bounthethod we generatessomesmallrandom“grid” modelsand
“sphere”models. The“grid” modelsaregeneratedy randomlytriangulatingevery rect-
angle (by randomlypicking one of the two diagonals)in an nxn regular grid. To build
“sphere”models,we first usethe sphee program[27] by O’'Rourke and Xu to generate
randompoints on or neara sphere,andthenapply the ghull program[5] of Barberand
Huhdanpado obtainthetriangulateccorvex hulls.

Comparisonwith CPLEX

As before, we run comparisontestson a Sun4cwith 37 MB memory running SunOS
4.1.3U1.
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Figure5.8: For the smalltrianglemeshshovn above, we obtaina lower boundof 1 using
ourfathomingrule. By applyingthe one-striptest,we obtaina betterboundof 2.

By testingthe branch-and-boundhethodon the samel0 “grid” modelsusedin Sec-
tion 5.2.4,we recordan averagerunningtime of 0.94 secondsyhich is 22% slower than
usingCPLEX but is muchfasterthanusingimplicit enumeration.

We alsorun testson somelarger models: 10 “grid” onesand 10 “sphere”’ones,each
containing72 triangles.For eachof thesewe verify thatboth CPLEX andthe branch-and-
boundmethodgeneratehe sameoptimalnumberof sequentiastrips. Theaveragerunning
timeson thetwo setsof modelsarelistedin Table5.1. Notethatthe CPLEX runningtime
doesnotincludethetime requiredto obtainthe P formulation.

Method Time(s)
Grid | Sphere
B&B 4182 901
CPLEX| 57 2625

Table5.1: TheaveragerunningtimesusingbothCPLEX andthebranch-and-bounchethod
on 10 “grid” modelsand“10” spheremodels,eachcontaining72 triangles.

It is interestingto noticethatour B&B methodrunsfasteron “sphere’modelsthanon
“grid” models,andCPLEX behaescontrarily. IndeedtheB&B methodis roughly3 times
fasterthanCPLEX on “sphere”’models.However, it is 73 timessloweron “grid” models.

We noticethatthe IP formulationsof these“sphere” modelscontains39% more con-
straintsthanthatof “grid” modelsin average(286 vs. 205). This mayexplain why CPLEX
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No. of triangles 69 49 37 | 55 | 61 | 72 75 58
No. of constraints | 124 | 122 | 86 | 65 | 65 | 189 | 182 | 131
Running| CPLEX | 0.83| 0.32 | 0.82| 0.25| 0.12| 3.42| 1.45 | 0.35
Time(s) | B&B 1.06| 48.60| 0.69| 0.18| 0.06| 0.86| 67.22| 0.75

Table 5.2: The running times using both CPLEX andthe B&B methodon somesmall
trianglemeshes.

runsslower onthe“sphere’models.Ontheotherhand,fewer stripsarerequiredto covera
“sphere’modelthana“grid” model(Table5.3). ThatprobablyimpliesasmallerB&B tree
for a“sphere”’modelthanfor a“grid” model. This mayexplainwhy thebranch-and-bound
methodrunsfasteron “sphere”models.

We alsorun both methodson somesmall triangle meshesobtainedfrom “real-world”
models,by groupingshortstrips (obtainedusing FTSG) into connecteccomponents.Ta-
ble 5.2shownstherunningtimes.

Both methodsseemto run fasteron thesesmall meshes.However, the B&B method
exhibits morevariationin runningtime. We will investigatehis issuelater.

Optimization versusDynamic Programming

We now shav how the optimalnumberof sequentiastripscomparesvith whatis generated
by dynamicprogramming(DP). The following experimentsarerun on a SunsparcUltra-
30, running Sun0OS5.6 with 512MB memory Table 5.3 lists the numberof sequential
stripsgeneratedby the branch-and-boundlgorithmandDP, respectiely, onthe 10 “grid”
modelsand10 “sphere’modelstestedabore. The optionsusedfor DP are”-dfs -alt -DP”.
Also listedin thetablearethe percentageby which DP increaseshe numberof sequential
stripsovertheoptimalsolutions.

Toinvestigateheaverageperformancef ourbranch-and-boundpproachywe generate
9 groupsof random*sphere”’models.Eachgroupcontainsl0 modelsof thesamesize. The
modelsizesfor differentgroupsrangefrom 16 to 96. The averagerunningtime (in mil-
liseconds¥or eachgroupis computedandis drawvn in Figure5.9. Notethatthe -axis(for
therunningtime) is log-scaled.Thosedatapointsarewell fitted by the line whosefunc-
tion is obtainedusinga least-squaresiethod. Thefitting function = (0.18 —2.05)
is exponential. Onemay useit to estimatethe expectedrunningtime of our optimization
algorithmon a “sphere”model. For example,optimizing a meshcontaining100 triangles
canbe expectedto take two anda half hours. For comparisonthe DP algorithmof FTSG
runsin afew milliseconds.

We alsoshaw in Figure5.10how the B&B methodgenerategewer stripsastime goes
by, on a “sphere” model of 96 triangles. The B&B methodstartswith a stripification
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Grid Sphere
OPT|DP| % |OPT|DP| %
12 | 14| 16.7| 7 11 | 57.1
11 | 15| 36.4| 9 11 | 22.2
11 | 13 |18.2] 9 | 12| 33.3
13 | 14| 7.7 7 10 | 42.9
12 1 131 83| 8 | 10| 25
12 | 15| 25 7 | 11571
12 | 141167 8 | 12| 50
11 | 14 | 27.3| 8 9 | 125
12 | 15| 25 7 12 | 71.4
13 | 14| 7.7 7 12 | 71.4

Table5.3: The numberof stripsgeneratedy optimizationand DP on 10 “grid” models
and10 “sphere”’models,eachcontaining72 triangles.
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Figure5.9: Theaveragerunningtime grows exponentiallywith the problemsize.
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obtainedby DP, containing15 strips, and eventually finds an optimal solution with 11
strips.
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Figure5.10: The numberof sequentiaktrips obtainedby the branch-and-boundhethod
decreaseasrunningtime increases.

Practically onemaywishto spendareasonablamountof timerunningthebranch-and-
boundmethod,andreturnthe bestobtainedsolutionat the endof the allocatedtime. We
investigatehisissueby runningthefollowing experimentson our full suiteof 173 models.
For eachmodel,we runthe B&B methodfor atime equalto k£ timesthe DP runningtime,
wherek = 2,4, 8, ...,1024, thenwe recordthe numberof sequentiaktripsobtainedat the
endof eachtime period. Theresultsshow thatfor £ = 1024, we obtainimprovementover
DPon 10% (19) of themodels.Table5.4 shovs how the numberof stripschangeswith &
for afew models.Thecolumnfor £ = 0 shavs the numberof stripsobtainedoy DP.

Later, in Section5.4, we introducea moreeffective approachnamelypatchoptimiza-
tion, to improve stripificationsobtainedoy DP.

We showv both optimal and DP-generatedtripificationson two small modelsin Fig-
ure5.19andFigure5.20.

Efficacy of Fathoming Rule

As demonstrate@bove, our branch-and-bounthethodis exponential. However, we will
show thatit is still a big improvementover bruteforce. No fathomingrule otherthanthe
trivial one(1 stripfor theremainingmesh)is appliedin thebruteforcemethod.Both meth-
odswererun on 10 random*“sphere”models,eachcontaining30 triangles. The running
time in millisecondsandthe numberof treenodesvisited arelistedin Table5.5.
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Model Verts| Tris k
0[2]4]8]16]|32]|64]128]256]|512| 1024
compdesk 136 | 204 | 51| 5049|4846 |43|40| 35 34 (opt)
doors 280 | 488 | 54|54 |54|54|54|53|53| 53| 52| 51| 51
extrude 64 124 |\ 8 |\ 8 |7 |7 |7 |7 |7 7 7 7 7
pilot 586 | 1012 65|55|55|55|55|55|55| 55 | 54 | 54 | 54
roadarm 72 | 132|188 (8|7 |77 6 (opt)
tool-1.2 | 1052|2096/ 5 | 5| 5[5[5|5|5]| 4 | 3 (opt)

Table5.4: The numberof stripsobtainedby the “truncated”branch-and-bounthethodat
theendof time periodequalto £ timesthe DP runningtime.

Model | RunningTime(ms) Nodesvisited
B&B | BruteForce| B&B | BruteForce
1 17 3916 1126 | 2006216
2 87 7093 6246 | 3401612
3 33 595 2486 307933
4 7 754 388 402350
5 38 2143 2838 | 1081780
6 37 1361 2716 698584
7 36 1738 2587 | 884116
8 7 440 462 227251
9 8 967 475 562687
10 46 1506 3358 716184

Table 5.5: The runningtime and the numberof nodesvisited by the branch-and-bound
methodandthe brute-forcemethodon 10 “sphere”models,eachcontaining30 triangles.
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The effectivenesf the fathomingrule is apparentasour branch-and-bounchethod
visits 2 to 3 ordersof magnitudefewer nodesandrunsabout2 ordersof magnitudefaster
thanthe bruteforce.

Mor e fathoming

In theabove experimentswe applyonly the“local” algorithmto updatethelowerboundin
the branch-and-bounthethod,asdescribedat the endof Section5.3.1. We now compare
this simpleapproactwith the schemehatcomputedower boundscomponentwise.

At eachnewv nodein the B&B tree,we usea breadth-firstresearcho determinethe
connecteccomponentsn the remainingmesh.We calculatea lower boundfor eachcom-
ponentandsumthemup. Further for eachcomponentor which we obtainatrivial bound
(0 or 1), we canapplythe“one-strip” test,asdescribedn theendof Section5.3.1.

In Table5.6, we shav the runningtime in millisecondsandthe numberof treenodes
visited by usingvariousboundingschemes.

Model RunningTime(ms) Nodesvisited
Local | Component One-striptest| Local | Component One-striptest
1 17 116 117 1126 1103 1076
2 87 597 621 6246 5968 5940
3 33 217 213 2486 2162 1958
4 7 41 41 388 388 363
5 38 184 193 2838 1841 1590
6 37 234 220 2716 2541 2254
7 36 231 179 2587 2247 1631
8 7 47 45 462 462 419
9 8 49 56 475 460 460
10 46 280 255 3358 3030 2660

Table5.6: The runningtime andthe numberof nodesvisited by usingvariousbounding
scheme®n 10 “sphere”’models,eachcontaining30 triangles.

It shawvsthat,by computingalower boundcomponentwiseye generallyobtaintighter
lower boundsandthus screenout more nodesthanusingthe “local” scheme.However,
dueto the highercostfor deriving componeninformation, the runningtime goesup by
roughly oneorderof magnitude.By furtherapplyinga “one-strip” test,more nodesmay
be fathomed. However, the effectivenessof the testvariesfrom modelto model. As an
example for modell, we obtaintrivial lower boundsfor 29% of componentencountered,
andonly 0.4% of thoseare not one-stripcoverable. For model 10, however, 24% of the
componentsave atrivial lower boundand14% arenot one-stripcoverable.
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Randomization

Figure5.9 shaws the averageperformancenf our optimizationalgorithm. However, when
inspectingthe individual runningtime of the branch-and-bounthethodon modelsof the
samesize,we noticea variationof up to threeordersof magnitude.Iln Table5.7, we list
therunningtimeson these“grid” and“sphere”’modelsusedfor establishingrable5.3. It
indicateghatthe performancef ouralgorithmis highly dependentninputmodels.More
likely, it depend®nthestructureof theB&B treegeneratedor theinput models.

1. If anoptimalor nearoptimalsolutionis foundearlierin the search(in thecasethata
“lucky” B&B treeis used),it will helpgreatlyto speedup theenumeration.

2. The structureof the B&B tree usedmay also affect the effectivenessof the lower
boundingschemeaasintroducedn the previoussubsection.

Grid(s) | 179.1| 22.9 | 448.7| 18.3| 207.1| 342.8| 318.1| 117.4| 10.1 | 1899.

Sphere(s) 12.8 | 148.3| 265.3| 29.6| 26.7 | 0.2 3.5 | 38.3|136.6] 7.0

Table5.7: The runningtime of the optimizationalgorithmon 10 “grid” and10 “sphere”
models.

To investigatdurtherhow the performancef our optimizationalgorithmcanvary with
the B&B treeused,we incorporaterandomizationnto the algorithm. At the startof the
branch-and-boungrocedureall trianglesarerandomlypermuted.Also for eachtriangle,
the starting“way” to grow a sequentiaktrip passingthattriangleis alsorandomlydeter
mined. We pick the third “sphere”modelin Table5.7 to testour randomizedalgorithm.
Therunningtimesfor 10 consecutie runsarelistedin Table5.8.

Run 1 2 3 4 5 6 7 8 9 10
Time(s)| 67.4| 9.8 | 34.7| 34.6| 160.5| 2627.5| 18.0| 30.2| 90.9| 51.8

Table5.8: Therunningtime of the “randomized”optimizationalgorithmon 10 runsof a
“sphere”’model.

It shavsthatrandomizatiorcancausedramaticchangen therunningtime on different
runsof the samemodel. The bestandworstrunningtimescandiffer by several ordersof
magnitude.To seethe distribution of the runningtime, we madea total of 100 runson the
samemodel. The histogramis shovn in Figure5.11.

While the averagerunningtime over 100 runsis 135 secondsthe histogramshaws a
high probabilitythatthealgorithmcanfinishin amuchshortertime. Thereforewe decided
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Figure5.11: Thehistogramof runningtime with stepsizeb.

to testtheideaof makingk “parallel” runsof our randomizedalgorithmon a givenmodel
in around-robinfashion.The programstopswhensomerun successfullyffindsan optimal
solution. In sucha way, we hopeto reducethe expectedrunningtime. To simplify the
analysiswe ignorethe schedulingime for arrangingk “parallel” runs.
Let ; bethe runningtime for the i-th run, and , be the runningtime of the k-run
approachThen
k =km1n( 1y 25°° " lc)-

Let () bethecumulativedistributionfunction(CDF)of ;, then

(x ) = (min(y,-o, %) /k)

= (1= (/k)",
and
(k) = (rx )
= 1= (/k)F
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Using the histogramshown in Figure5.11, we numericallyevaluated ( ;) for k£ =
1,2,---,7. Thedatais dravn in Figure5.12.1t shavsthatthe k-runapproachmayindeed
reducethe expectedrunningtime to find an optimal solution. Whenk = 3, ( ) attains
theminimum.
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Figure5.12: The expectedrunningtime varieswith the numberof “parallel” runson a
“sphere”’model.

We alsoobsenre a similar behaior on a “grid” modelof 72 triangles,for which the
( k) Kk graphis shovnin Figure5.13. ( ;) reachesheminimumatk = 3, whereas
theseexpectedvaluesareclose.

5.4 Patch Optimization

Therunningtimesof theoptimizationalgorithmsdiscusse@bove grow exponentiallywith
themodelsize. Practicallythesealgorithmscanonly be usedto handlemodelscontaining
severaltensof triangles.

5.4.1 Algorithm

In this section however, we investigateanapproactihatincorporatesheoptimizationalgo-
rithmswith the path-peelingalgorithm.In suchaway, we hopeto find betterstripifications
by consuminga reasonableamountof CPUtime. The new approachwhich we call patch
optimization is describedasfollows.

Givena trianglemesh,we first apply the path-peelingalgorithmto obtaina setof se-
guentialstrips. Then,accordingto a pre-specifiectut-off size,we cateyorizethosestrips
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Figure5.13: The expectedrunningtime varieswith the numberof “parallel” runson a
“grid” model.

into two groups.Onecontainghe stripsof lengthno lessthanthe cut-off size,andanother
containgheremaining‘short” strips,whichwill befurtherprocessed.

Thetrianglesin thesé'short” stripscanbegroupedoy edgeconnectvity into connected
componentspr “patches”. We definethe patchsizeto be the numberof trianglesin the
patch. Ideally, we wish to optimizeall of the resultingtriangle patches.However, some
patchesnay containa large numberof triangles,andour optimizationalgorithmcanonly
handlecomponentf small size practically Thus, we have to breaklarge patchesnto
smalleronesof boundedsize. In otherwords, “short” strips are only groupedto form
patchesof boundedsize. Eventually thesetrianglepatchesareoptimally stripified.

In FTSG, we alreadyimplementecanoptimal path-peelingalgorithm,usingDP, to de-
compose spanningreeof atrianglemeshinto a minimumnumberof sequentiaktrips. It
canbe seenasa global optimizationon a “reduced”mesh,as someoriginal connectvity
informationmay be ignoredin the spanningree. By furtherapplyingthe patchoptimiza-
tion algorithmasdescribedabore, somepreviously ignoredconnectvity informationcan
beutilizedto regroupthe“short” stripsinto smallpatcheshatareto beoptimized.We thus
improve uponthe global optimality by somelocal optimality.

Thecrucialpartin thisalgorithmis grouping“short” stripsinto smallpatche®f bounded
size. We saythattwo stripsareadjacenif onecontainsa trianglethatis adjacento atri-
anglein the other We experimentedvith two differentapproacheso groupstrips.

Thefirstapproachs asimplegreedymethod.Startingfrom astrip, weinitiate atriangle
patchto includeall of thetrianglesin the strip. We thencheckall of its adjacentstripsin
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a breadth-firstmanney andadd a strip to the patchif its new sizedoesnot exceeda pre-
specifiedbound.

We alsotried a prioritized approach.In the beginning, all candidatestrips are sorted
accordingto their lengths. During the processvhensomepatchesmay alreadybe estab-
lishedandtherearestill leftover strips, a strip of shortestengthis chosento initialize a
new triangle patch. We add a new strip to the patchif andonly if it is the shortestone
amongall the stripsadjacento the patchandthe new sizeof the patchdoesnot exceedthe
pre-specifiedound.

In patchoptimization,therearetwo adjustableparameterghe strip cut-off sizeandthe
patchsizebound.The formershallnot exceedthe latterasstripsof lengthno lessthanthe
latterarealreadyoptimal. Asymptotically we canexpectthatthelargerthetwo parameters
are, the betterthe quality of the resultingstripification getsandthe slower the algorithm
runs.

5.4.2 Experiments

Ourtestsarecarriedout on the sameSunsparcUltra-30asbefore.

We run experimentson a suite of 173 polygonalmodelsthat are mostly downloaded
fromtheweb,especiallyfrom Viewpoint’s Avalon3D DataRepository3], Geo-metriks[16]
andDIGIGRAPH[11]. Thesemodelsarefirst triangulatedoy Martin Held’s FI ST [22]
programbeforebeingstripified by our program.Thestrip concatenatiomptionis disabled
for now soasto exclusively discoverthe effectivenesf the patch optimizationalgorithm.

We first setthe patchsizeboundto 30, andmeasurehe averagenumberof sequential
strips obtainedusing variousstrip cut-off sizes. The FTSG optionsusedare “-dfs -alt -
DP -patch”,with the“-patch” optionto enablethe patchoptimizationalgorithm. Both the
greedypatchingmethodandthe prioritized methodaretestedandcompared.

Figure5.14 shavs how the averagenumberof stripsvarieswith the strip cut-off size
for thetwo differentpatchgrowing methodslt clearlyindicateshattheprioritizedmethod
hasthe advantageover the greedymethod. For the former method,the averagenumber
of stripsdecreasemonotonicallyasthe strip cut-off sizeincreasesWhenthe cut-off size
reaches30, we obtainthe bestaveragenumberof 1000.7,which is 6.7% fewer thanthat
obtainedby DP. Note that thereis virtually no discernibleimprovementafter the cut-off
sizebecomesargerthan20.

However, for the prioritized method,the averagerunningtime increasegrom 264 to
420 secondgper million triangleswhenthe strip cut-off sizeincreasesrom 5 to 30. This
canbeexpectedsincemorestripsareprocessedNeverthelessthe bestandworstaverage
runningtimes are still of the sameorder That makesit reasonabldo setthe strip cut-
off sizeequalto the patchsize boundin the future experiments.Next, we shav how the
performancef our algorithmchangeswith the patchsizebound.

We run experimentsfor variousboundsranginguniformly from 20 to 45. The strip
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Average number of strips

Figure5.14: The averagenumberof stripsvarieswith thestrip cut-off size.
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Patchsize| VPT | Strips | Time(s)
DP 1.2487| 1072.7| 14.3
20 1.2339| 1019.2| 255.7
25 1.2316| 1009.3| 274.7
30 1.2299| 1000.7| 419.6
35 1.2282| 994.3 | 1115.8
40 1.2273| 988.9 | 8402.5
45 1.2262| 984.0 | 69777.1
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Table5.9: The performancef the patchoptimizationusingdifferentpatchsizebounds.
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concatenatiomptionis alsodisabled. Thefirst two columnsin Table5.9 list the average
vertex pertriangleratio (VPT) andthe averagenumberof sequentiaktrips,both of which
decreasasthe patchsizeincreases.The secondrow in thetablelists the resultsfor the
original DP. In Figure5.15we shav how the averagenumberof strips changeswith the
patchsize.
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Figure5.15: The numberof stripsdecreaseasthe patchsizeboundincreases.

Thethird columnin Table5.9 lists therunningtime of eachrunin secondgpermillion
triangles.The datapointsaredravn in Figure5.16 andconnectedy line segments.Note
that the running time ( -axis) is log-scaled. We can seethat, as the patch size bound
increasestherunningtime cangrow exponentially

We shaw triangle patchesgeneratedy our prioritized method,as well as the final
stripificationon a cow modelin Figure5.21.

5.5 Other Issues

5.5.1 Orientation

In theabove discussion®f the optimizationalgorithms the orientationsof the meshtrian-
glesarenot consideredn generatingstrips. Therefore the leadingtrianglein a sequential
strip may have “flipped” orientation. One extra bit per strip is neededo specifywhether
sucha“flip” occursor not.

However, if wetaketheorientationissueinto accounin ouralgorithmswe canprevent
suchimproperly orientedstrips from being generated.It is practicallyimportantasthe
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Figure5.16: Therunningtime grows exponentiallywith the patchsizebound.

widely usedOpenGL requiresthat a triangle strip respectghe original orientationof the
initial triangle.

First of all, we discusshow to modify the integer programmingformulationin order
to respecorientations.While all of the constraintsve describedn Section5.2.1arekept
intact,new constraintareneededo prohibitsuchimproperlyorientedstrips. As discussed
in Section4.4 of Chapter4, only stripsof evenlengthhave to be considered.Note also
thata strip containingtwo trianglescanalwaysbefixed by rearranginghe vertex orderto
respecthe orientationof the initial triangle. Thus,we only considerstripswhoselength
is even and no lessthan4. Figure 5.17 showns sucha sequentiaktrip andits dual. All
trianglesareorientedCCW. However thevertex orderin the strip flips theinitial triangle's
orientationto CW.

Sucha strip cannotbe allowed; on the otherhand,it canbe partof a longerstrip that
respectsheoriginal orientationof theinitial triangle. Thus,we comeupwith theconstraint

1+ 2+ 32> 4-

If both and 4 equall, i.e.,thecorrespondinglualedgesareabsenfrom thedualof
the stripification,the constrainbecomes ; + 5+ 3 > 1. It ensureshatthe dualedges
correspondingo ;, o, 3 cannotall existin the stripificationdual. However, if either
or 4 equald, thentheabove constrainbecomes ; + 5+ 3 > 0, whichallowsthefour
trianglesin Figure5.17to be partof alongerstrip.

Edges(1, 3) and(5, 6) canbeboundaryedgesandtherefore or , maynotexist. In
suchcasesthemissingvariablesarereplacedy the constantl.

Thus, for eachimproperly orientedsequentiaktrip of evenlength (> 4), we have a
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Figure5.17: In thestrip (1, 3,2, 4, 5, 6), theinitial vertex orderchangeghe orientationof
theleadingtrianglefrom CCWto CW.

constraintlike the one shovn above. Therecanbe O(n) suchstrips startingfrom each
triangle,andthereforetherecanbe O(n?) suchconstraintsn total.

Thenew IP formulationis morecomplicateddueto thequadraticmumberof constraints
andnon-linearterms.Next, we will shaw thatit is rathercorvenientandstraightforvardto
modify the branch-and-bounthethodto handlethe orientationissues.

Duringtheenumeratiomprocessywhenasetof sequentiastripsis alreadyfoundto cover
partof themesh thereareuncoveredtrianglesin theremainingmesh.FromFigure5.7,we
know thata sequentiaktrip canstartfrom anuncoveredtrianglein threedifferent“ways”
to respecthe triangle’s orientation,andthereare O(n) suchstrips. Enumeratingover all
thetriangles,we will find O(n?) suchstripsin total. Eachof thesestripsis addedin turn
to the existing partialsolution. If therearestill uncoveredtriangles,we continuetheabove
procedure.The samefathomingrule asintroducedin Section5.3.1canalsobe appliedin
this modifiedenumeratiormprocess.

5.5.2 “Maximal” SequentialStrips

Sofar, we have consideredhe problemof partitioninga giventriangulationinto a setof
sequentiatristrips sothat no triangleis specifiedmorethanonce. It is alsointerestingto
studythe problemin which we allow multiply specifiedtriangles.Not only do we permit
two sequentiaktripsto “cross” eachothetr but alsowe allow a sequentiaktrip to “self-
cross”,asshowvn in Figure5.18.
Let beatriangulationcontaining triangles.Forary triangle in , weuse

to denotea “passing”patternin which a sequentiastrip can“pass”throughtriangle using
the thand thedgeof , where and . Apparently thereareexactly three
“passing”patterndor eachtriangle.
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Figure5.18: Left: two sequentiaktrips“crossing” eachother Right: one“self-crossing”
sequentiasktrip.

Let bethesetof all “passing”patternsin , and bearelationon suchthat

if thereis a sequentiabtrip connectinghem. It is easyto verify

that is anequvalencerelation. Therefore all of the derived equivalenceclassesorm a

partitionof . We call eachsuchequvalenceclassin a maximal(sequential)strip on

. Note that maximalstrip(s) canoverlap. Also notethata maximalstrip eitherforms a

self-loopor hastwo “hard” endsonthe boundary

We denotehesetof all maximalstripson by . A subset of iscalledamaximal-

stripcoverof if eachtrianglein iscoveredbyastripin . It is easyto seethatary has

compleity sinceit specifiesatmost  triangles.As ananalogyto the traditional
setproblemswe canalsopostthefollowing optimizationproblems.

Minimum Maximal-Strip Cover: find asubset of with minimumcardinality

Minimum Exact Cover: find asubset of suchthatthe sumof the cardinalitiesof all
setsin  is minimum.

Thereexist approximatioralgorithmsto the above problemsthat obtainsolutionswith
objective beingwithin timesthe optimality [25].

We shaw in Figure5.22a maximalsequentiaktrip thatalmostcoversthe wholetrian-
gulatedsurfacemodel.
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5.6 Conclusion

We have devisedan integer programmingformulationfor the problemof finding a mini-
mumnumberof (disjoint) sequentiastripsto coveragiventriangulation.We thensolvethe
IP usingCPLEX. We alsodevelopa branch-and-bounthethodto solve this problem.Fur-
ther, we incorporateheoptimizationalgorithmsinto the pathpeelingalgorithmandobtain
improved stripificationson a large variety of 3D models,while consuminga reasonable
amountof CPUtime.
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Figure5.19: Sequentiaktripificationsof a “grid” modelcontaining triangles. Left:
strips are obtainedusing branch-and-boundhethodin seconds.Right:  stripsare
obtainedusingoptions“-dfs -alt -DP” in seconds.

Figure5.20: Sequentiaktripificationsof a “sphere”’modelcontaining triangles. Left:
stripsareobtainedusingbranch-and-bounthethodin secondsRight:  stripsare
obtainedusingoptions“-dfs -alt -DP” in seconds.
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Figure5.21: Left: patchesobtainedby groupingsequentiaktrips (generatedy DP) of
length into connected@omponentsf size . Right: thefinal stripificationobtained
afteroptimally decomposingachpatchinto a minimumnumberof sequentiabtrips.

Figure5.22: Onemaximalsequentiaktrip thatalmostcoversthewhole cow model,except
for afew triangleg(in white). Subsequeritianglesin thestrip areshadedlarker anddarker.



Chapter 6

Strip Encoding Using On-board Vertex
Cache

In this chapter we discusshow to computea tristrip-basedencodingof a triangle mesh
usinganon-board -entryvertex cache.The goalis to minimize the total bits transmitted
to thegraphicsbhoard.

6.1 Overview

Mesh compressiortechniqueshave beenwidely studiedin recentyears. Many methods
developedcancompresshe meshconnectvity usingonly afew bits pertriangle[20] [32]

[33] [24]. However, the hardware-assistedenderingof thesecompresseaneshesoften
requiresa large on-the-graphics-boardertex cache(or buffer). It limits the useof com-
pressedjeometrieonthelow-endgraphicssystems.

Deering[9] pioneeregnovel compressiotechniquébasednusinggeneralizedristrips
sothatonly asmallFIFO cachestoringupto  verticess neededo renderthecompressed
mesh.Chaw [7] furtherextendedDeerings work by providing a practicalimplementation.
Later, Hoppe[23] developedmethodsof generatingristripsfor transparentertex caching.
Their stripencodingschiaze similar cachemissratesin the rangefor themodels
selectedn their experiments.However, no optimal solutionsareknown accordingto ary
measureAs thecachemissratehasalowerboundof it appearshereis moreroomfor
improvement. Basedon Deerings framavork, asintroducedin Section2.3, we poseand
studythefollowing optimizationproblem.

The CacheOptimization Problem Givenasetof tristripsthatsubdvidesatrianglemesh
andis pre-orderedo form onevertex sequence with repeats,
andgivena -entryvertex cachehow canweencode byreplacingepeatedertices
with cachereferencesoasto minimizethetotal numberof encodingpits?

62
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By assuminga small cache( ), eachcachereferencecostsonly bits, whereas
vertex datarequires bytesfor positions( bytespercoordinatepnly andrequiresmore
if normals,colors, andtexture coordinatesare included. Thus, it is strongly desiredto
maximizethe numberof cachereferencegor minimizethe cachemissrate).

We introducevertex cachingschemesn Section6.2. Thenin Section6.3, we discuss
variousalgorithmsto minimize cachemissrate. Experimentatesultsareprovidedin Sec-
tion 6.4. We concludeour work in Section6.5.

6.2 Vertex Caching

We startwith a brief introductionto the graphics-relatettardwarearchitecture As shovn
in Figure 6.1, the encodedtriangle mesheqin variousformats) are storedin the main
memory which is connectedo the high speedgraphicsprocessingunit by a local bus of
limited bandwidth. On the graphicsboard,thereis a three-ertex registerfor processing
thecurrenttrianglefor renderinganda -entryvertex cache.

system/video memory graphics board
“fat" vertex stream 3-vertex register
Va| Vb| Vc
vl|v2|v3]| ..
: t vertex cache
vertex array . vl
T isrips 2
V2 P bus v
V3 17934 -
REELE vk

Figure6.1: Graphicssystemarchitecture.

Deerings generlizedtriangle meshencoding,asintroducedin 2.3, canbe seenasa
sequencef “fat vertices”,eachof which consistsof vertex dataor cachereferencegspec-
ified by anidentity bit), a -bit vertex replacementode(or “vrc”, specifying“restartcw”,
“restartccw”, “replacethe oldest” vertex in theregister or “replacethe middle” vertex in
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theregister),anda pushbit to specifywhetherthe vertex is cached.ldeally, eachvertex
dataappear®nly oncein theencodingandtherefores transmittedonly once.

Hoppe[23] usesindexedtristripsto encodetriangulation. One storesan array of ver-
ticesandanindexedtristrip encodingn themainmemory asshavnin Figure6.1. Whenan
index in thetristrip is transmittedo request vertex, the graphicsprocessofirst searches
thevertex cachefor it. If found, no datatransmissiorfrom mainmemoryis needed Oth-
erwise,a new vertex is readfrom main memoryandbufferedin the cacheaccordingto a
pre-specifiedn-linestratgy (e.g.FIFO). Notethattheencodingsizeis notthesameasthe
sizetransmittedhroughthe memorybus,whereasn Deerings methodthey arethe same.

As our primaryconcerrnis to reducehetransmissiorsize, we adoptDeerings encoding
methodso that we have a commongroundfor comparison.We will considerthe cache
optimization problem underthe following cachingschemesA  -entryvertex cacheis
assumed.

1. Transparent caching Eachvertex readfrom mainmemoryis cachedaccordingo a
pre-specifiedn-line stratgyy, suchasFIFO. No pushbit is needed.Thisis Hoppes
cachingmethod.

2. Selectve caching A vertex readfrom main memoryis cachedonly if its pushbit
is set. If so,thevertex entersthe cacheaccordingto a pre-specifiedn-line stratayy,
suchasFIFO. Thisis whatDeeringsuggests.

3. Full caching Eachvertex readfrom main memoryis cached. It canoccupy ary
cache'slot” specifiedby a -bit cachereplacementode(or “crc”). No extra push
bit is needed.

4. Managedcaching A vertex readfrom mainmemoryis cachednly if its pushbit is
set.If so,a -bit crc determinesvherethevertex goesin thecache.

Note that underdifferent cachingschemesywe have differentbit representationor
each'fatvertex” in thegenealizedtriangle meshencoding.Table6.1shavsthedifference.
Whenusingthemanajedcadingschemea -bit cachereplacementodeis specifiedonly
if thepushbit is set.Ontheotherhand,eachvertex referencas alwaysencodedy a -bit
index into thecache.Therealsocomesa -bit vrc.

Givena cachingpolicy (exceptfor transparentaching),in orderto minimizethetotal
bits neededo representhe meshwe have to maximizethenumberof cachereferencesln
otherwords,we maximizecadereadsandthereforeminimize cache missesor the cache
missrate
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CachingScheme| identity bit | -bit vrc | pushbit | -bit crc
Transparent Yes Yes No No
Selectve Yes Yes Yes No
Full Yes Yes No Yes
Managed Yes Yes Yes | Depends

Table6.1: Extrabits requiredto encodesachvertex datafor the four cachingschemes.

6.3 Algorithms

6.3.1 CacheOptimization

Werealizethat,by cachingeachvertex datareadfrom mainmemory our cachingproblem,
asdescribedelaw, is similar to thetraditionalpagingproblem.

We havea sequencefrequestgwith repeatsjo verticegpages)

anda -entryvertex (page) cadhe If requestedertex (page)is in thecade do
nothing Otherwisgissuea cache miss(page fault), readin the vertex (page)
frommainmemoryand cadeit usingcertainstrategy. Thecostis the number
of cache missegpage faults).

We adopta few definitionsfrom Sleatoret al. [29]. An off-line algorithmworks for
problemsfor which we know all the dataa priori. An on-linealgorithmassumeshatdata
emepgesaswe proceedatherthanexistsin advance.

Definition 1 Anon-linealgorithm is -competitivef for all inputsequences,
, Wwhee is the costof the on-line strategy  for and is the
costof the optimal off-line algorithmfor

For our cachingproblem,LFD (longestforwarddistance)s anoff-line algorithmthat,
whenissuinga cachemiss,replaceghe cachedvertex whosenext requestomedast. Be-
lady [4] shawvsthefollowing:

Theorem 16 LFD is an optimaloff-line algorithmfor caching.

Therearealsoon-line stratgjies(e.g. FIFO, LIFO, LRU) for caching.lt is shavn [17]
that,

Theorem 17 Both FIFO and LRU are -competitiveon-line algorithms,whee is the
cadhesize They are alsooptimalin the sensehat there existsan input sequence sudt
that ,whee is eitherFIFO or LRU.
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We assumea FIFO cachefor transpaent caching, as Hoppesuggests.An encoding
is easily constructedrom the sequencef requestedierticesby replacingvertex already
cachedwith a -bit index. By usingLFD, we canalsoobtainan encodingthat achieses
minimal cachemissratefor full caching. Eachvertex datain the encodings appendedby
a -bit cachereplacementode(computedcoy LFD).

However, not every vertex needto be cached.Figure6.1 shavs thateachvertex trans-
mitted from main memoryfirst entersthe 3-vertex registerto form triangles.If this vertex
is nolongerusedin thefuture,it neednotbe cached.

Thus,we modify LFD to comparea new vertex with cachedvertices.If thenext occur
renceof the new vertex comedlast, it will notreplaceary vertex in the cache.Otherwise,
LFD applies.By usinga proof similar to Beladys[4] for Theoreml6, we have

Theorem 18 ThemodifiedLFD is an optimal off-line algorithmfor the caching problem
thatdecidesvhetherto cadhe dataafter thefirstuse

At last,we studyhow to obtainencodingdgor selectivecadiing, assumin@FIFO cache.
Our heuristicalgorithmusesthe following rulesto decidewhich verticesin the sequence
arechoserto becached.

1. Let be two verticesthat have appearedn the vertex sequence.lf ’s next
occurrenceomesearlierthan ’s,then hasthehigherpriority to be cachedhan
, andvice versa.

2. Eachcachedvertex hasto bereferenceatleastonce.

As an example,we shav how to chooseverticesfor cachingin the following vertex
sequenceassuminga -entry FIFO cache.

By “scanning”the vertex sequencdrom left to right, we find that hasthe earliest
re-occurrenc@ndthusdecidethat would have beencached.Similarly, we candecide
that , and  would have beencached.Whenchecking , we noticethatif  were
buffered,it would have been‘flushed” out of cachebeforeit couldbereferencedThus,by
rule2, shouldnot have beenbuffered. We canalsodecidethat shouldnothave been
bufferedbecausef so, would have been‘flushed” beforebeingreused. , ontheother
hand,canbe bufferedfor reuse.Thus,we comeup with thefollowing encoding:

where in thesquarebraclet meanghatthe datais cached.
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6.3.2 “Cache-friendly” Tristrips

Chaw [7] andHoppe[23] eachdevelopsa methodto generatdristrip encodingghatim-
provesvertex locality soasto reducethe cachemissrate. Chonv’'s methodsimulatessweep-
ing a tristrip throughthe mesh. The sharedverticesbetweentadjacent”stripsare cached
for re-usage.Hoppeusesa greedyapproachwith a look-aheadschemethat determines
whento terminatethe currentstrip andrestartsothatcachedrerticesgetreused.They both
generatestripsthatseemto be“parallel”.

Our heuristic,in contrast,is to generateé'zigzag-shaped’strips, like the one shavn
in Figure2.1. Ideally, startingfrom a triangle,we greedilygrow a tristrip andbuffer the
verticeson one“bank” of the strip until  new verticesentersthe cache. Thenwe turn
the strip aroundsothatit could reusethe bufferedverticeswhile cachinganother new
verticeson the other“bank” of the strip, andso on. We restarta tristrip from a triangle
thathasthefewestnumberof neighbors Whenmorethanonecandidatesxists,we choose
theonethathasa neighbor‘consumed’mostrecentlyby a strip. Specialcareis alsotaken
to handlethe situationin which a strip turns “prematurely” (before  new verticesare
cached).Intuitively, we choose to be half of the cachesize,which will be justified by
the experimentakresultsshaovn in Section6.4.

6.4 Experiments

We useFTSG to generatggeneralizedjristrips andline themup into a singlevertex se-
guenceandthensimulatethe cachebehaiors underdifferentcachingschemesA  -entry
vertex caches assumedThetestsarerun onthe samesuiteof modelsasbefore.Var

ious FTSG optionsareusedto generatalifferentsetsof tristrips, e.g.,options"-hyb -sgi”

useshybridsearchandSGl’s heuristicto find a spanningreeof agiventrianglemesh from

which the path-peelingalgorithmextractsa setof tristrips. The “zigzag-shapedtristrips,
asdiscussedborve, areobtainedby usingoption“-zigzag”. The averagecachemissrates
arelistedin Table6.2.

The secondline in Table 6.2 shavs the ideal cachemiss rate obtainedby dividing
the numberof meshverticesby the numberof triangles. It canbe achiezed by usinga
sufficiently large cache(sothateachvertex causesxactly onemissandthenis cachedor
reuse). The lastline shavs the cachemissratewhenno cacheis used,i.e., eachvertex
resultsin amiss.

As differentcachingschemesequiredifferentencodingswith variousbit representa-
tions(Table6.1),we alsolist theaveragesncodingsize(in bytes)pertriangleneededinder
eachcachingschemen Table6.3. Eachvertex datais assumedo have  bytes( position
coordinates)For comparisorpurposesthe entriesin the“ldeal” and“No cacherows are
obtainedby multiplying the cachemissratesin Table6.2 by

Fromour experimentswe obsenre that
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Cachingscheme -bfs | -dfs-sgi | -dfs-alt | -hyb-sgi | -hyb-alt | -zigzag
Ideal(largecache)|| 0.628| 0.628 | 0.628 0.628 0.628 | 0.628
Managed 0.824| 0.756 | 0.864 0.752 0.825 | 0.706
Full 0.828| 0.760 | 0.867 0.755 0.828 | 0.707
Selectve 0.898| 0.799 | 0.896 0.792 0.864 | 0.752
Transparent 1.003| 0.910 | 0.979 0.900 0.933 | 0.844
No cache 1.247| 1.082 | 1.144 1.082 1.140 | 1.117

Cachingscheme -bfs | -dfs-sgi | -dfs-alt | -hyb-sgi | -hyb-alt | -zigzag
Ideal(largecache)| 7.54 7.54 7.54 7.54 7.54 7.54
Managed 10.69| 9.77 11.08 9.73 10.62 9.25
Full 10.87| 9.94 11.27 9.88 10.79 9.33
Selectve 11.38| 10.09 | 11.28 10.02 10.90 9.58
Transparent 12.47| 11.28 | 12.12 11.16 11.59 | 10.54
No cache 14.96| 12.98 | 13.73 12.98 13.68 | 13.40
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Table6.2: The cachemissratesfor differentcachingschemesisingtristrips generatedy
differentmethods.

Table 6.3: Bytes per triangle for different cachingschemesusing tristrips generatedy
differentmethods.



CHAPTERG6. STRIPENCODINGUSING ON-BOARD VERTEX CACHE 69

. Using managedcachingachiesresthe bestcachemissrate and encodingsize for a
giventristrip encoding.

. For ary givencachingschemeuysing“zigzag” stripsresultsin a smallercachemiss
rateandencodingsizethanusingothermethods.

. By using“zigzag” stripsandselectivecaching, we obtainanaveragecachemissrate
of . Notethatthe averagelower boundis . Chow [7] reportedcachemiss
ratesin therangeof on selectednodels.

. By using“zigzag” stripsandtranspaentcading, we obtainan averagecachemiss

rateof . Hoppe[23] reportedcachemissratesin therangeof

oneexceptionat

5. Among the

), while someothershave ratioslower than
removing thesemodelsandcollectingstatisticsontheremaining

) on selectednodels.

(with

testedmodels,quite a few have high vertex per triangle ratios (

anaveragecachemissrateof
cachemissratein therangeof

) and

usingselectivecaching( or
usingtranspaentcacing.

(asthey arenon-manifolds).By
oneswerecord

modelshave

We showv cachemissratesobtainedby using“zigzag” tristrips and selectiveor trans-
parentcachingon someselectednodelsin Table6.4.

Model vertices| triangles Cachemissrate
Ideal | Selectve | Transparent No cache

57chevry.obj 16049 | 29304 | 0.548| 0.703 0.825 1.077
a3dclock.obj | 5630 | 11056 | 0.509| 0.642 0.789 1.040
car4x401.obj | 3628 3652 | 0.993| 1.017 1.089 1.221
compdesk.obj| 136 204 0.667| 0.667 0.667 1.167
cow.obj 2903 5804 | 0.500| 0.710 0.833 1.073
horse.obj 48485 | 96966 | 0.500| 0.701 0.839 1.058
scale.obj 27328 | 53928 | 0.507| 0.634 0.770 1.048
wdsship.obj || 177039| 349946 | 0.506| 0.629 0.709 1.053

Table6.4: Cachemissrateson selectednodelsobtainedby using“zigzag” tristrips.

In the previous experimentsthat use“zigzag” tristrips, we choose (asdescribedn

Section6.3.2)to behalf of thecachesize,i.e. . We alsoruntestsusingothervaluesof
Thevariationin averagecachemissrateasafunctionof

is shavnin Figure6.2. It showvs

thatwhen equals or , we obtainthe smallestcachemissrates.(Thereis a neggligible

difference.)lt justifiesour choiceof

beingequalto half of thecachesize.
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Figure6.2: Thevariationof averagecachemissratewith the valueof

6.5 Conclusion

For a giventristrip encoding,we study how to minimize cachemissrate using four dif-
ferentcachingschemesWe alsocomeup with methodshatgeneratdristrips suitablefor
caching.Our cacheoptimizationalgorithmscanalsobeappliedto stripencodingobtained
by othermethodqsuchasChon’s andHoppes) to minimize cachemissrate. We have re-
portedexperimentalresultson a large variety of 3D modelsandobtaincomparableache
missrates.



Chapter 7

Conclusion

We summarizethe main resultsof our work in Section7.1, and then addresdssuesfor
futurework in Section7.2.

7.1 Main Results

In this thesis,we study how to computea succinctencoding(with possiblyan on-board
vertex cache)of a givenpolygonalsuriacemodelusingtristrips. Our mainresultsinclude:

1.

an efficient (lineartime) andeasy-to-implemerpath peelingalgorithmthatdecom-
posesagivensurfacetriangulationinto asmallsetof tristripswith guaranteeduality
in termsof vertex pertriangleratio;

. alineartime dynamicprogrammingalgorithmthat extractsa minimum cardinality

setof sequentiabtripsfrom a spanningreeof atriangulation.

. arobustimplementationNFTSG) that experimentallyachieves verticesper tri-

angle,on average,using the dynamic programmingalgorithm, and achiezes
verticespertriangle,on average usingthe pathpeelingalgorithm;

. afavorableexperimentatomparisorwith STRI PE 2. 0 andTonesh in bothqual-

ity andspeed,;

. anintegerprogrammingIP) formulationfor the problemof findingaminimumnum-

berof sequentiaktripsthatcoveratriangulation;

. alineartime algorithmthatestablisheshe above IP formulation,allowing problems

to be solvedto optimality with aleadingoptimizationsoftware CPLEX.
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7.

10.

abranch-and-bounthethodthatdirectly extractsa minimumsetof sequentiabtrips
from atriangulation;

incorporationof our optimizationalgorithmsinto FTSG sothatthe userhasthe op-
tion of spendingmore CPU time in orderto get closerto an optimal numberof
tristrips;

encodingmethoddor differentcachingschemegassuming -entryvertex cache)
thatminimizescachemissratefor a givensetof tristrips;

anencodingnethodhatfinds“zigzag” tristripsandaselectiorof verticesfor caching.
It achievzesan averagecachemissrate of on a large variety of 3D datasetsas-
suminga -entryFIFO cache.

7.2 FutureWork

We wish to explorefurtherthefollowing relatedproblems.

1.

For a giventriangulationwhoseadjacenyg graphis -regular, we suspecthereare
tighter boundsfor the encodingcostusingtristrips. A constructve proof of a new
boundmayresultin a betterstripificationalgorithm.

In our dynamic programming,the objective function is the numberof sequential
tristrips. Practically the objectve maybe anamortizedcostthatdepend®n thedis-
tribution of striplengths.Onepossiblywantsto minimizethenumberof “very short”
strips.It is thusinterestingto studydynamicprogrammingusingotherobjectves.

We wish to improve our branch-and-boundiethodfor the minimum stripification
problem,by addingmorefathomingrulesthattake into accountoundaryeffects.

It hasbeenshown [2] thatalineartime algorithmexiststo testwhetheronesequential
strip sufficesto cover a given triangulation. We wish to comeup with an efficient
(possiblylineartime) algorithmto testwhether stripssuffice, for afixed .

We would lik e to devise a provably goodmeshificatioralgorithmto extractgeneral-
izedtristripsthatimprovesvertex locality andthereforemaximizescacheutility .
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